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ABSTRACT: Covering groups of elementary abelian groups of odd exponent p
can be classified according to the rank of their p—th power homomorphisms,
which may be regarded as linear transformations of F,-vector spaces. This
paper contains a description of the isomorphism types and the automorphism
groups of those covering groups in which this rank is 1. Analogous considera-
tions of elementary abelian 2—groups and their covering groups are included in
the final section.

Let p be an odd prime, let n be a positive integer and let ) denote the elementary abelian
group of order p™. In this paper we associate to every covering group of @ its rank, which
is an integer in the range 0,...,n. We begin by constructing a group H of order p™("+1)/2
which has every covering group of @ as a central quotient. In Section 1 we describe the
automorphism group of H and use it to derive a formula of P. Hall involving the orders
of the automorphism groups of all the non-isomorphic covering groups of (). In Section 2
we define the rank of a covering group and prove a modified version of Hall’s formula for
covering groups of fixed rank. Sections 3 and 4 are devoted to a detailed investigation of the
rank 1 case, using tools from linear algebra. In Section 5 we consider related questions about
elementary abelian 2—groups and their covering groups, but here the information available
is combinatorial rather than algebraic in nature.

We begin with the basic definitions.

For any group G and elements x,y of G, we let [z, y] denote the commutator x~1y~lay.
As usual we denote the commutator subgroup and centre of G by G’ and Z(G) respectively.

Suppose for now that p is any prime and n is a positive integer and let () be an elementary
abelian p—group of order p”. A group @ is said to be a covering group (or stem cover) of Q
if () contains a subgroup Z with the following properties :

e ZCZ(Q)NQ";

e 7 is an elementary abelian group of order p™(»—1)/2;

«Q/Z2=Q.



Any such covering group Q is a central quotient of a larger finite p—group H whose
structure allows us to investigate the properties of all the covering groups in a uniform way.
The group H is defined as follows, see also [3]. Let F be a free group of rank n with free
generators aq, ..., a,. Let R be the fully invariant subgroup of F' generated by

2, [2,y]?, [2*,y] and [[z,y],7]

for all z, y and z in F, and let H = F/R. H is a finite p—group generated by the n elements
h; = a;R for 1 < i < n. Let ®(H) denote the Frattini subgroup of H. This is clearly a
central subgroup of H. Higman shows in [3] that ®(H) is an elementary abelian p—group of
order p"("*1)/2 generated by the n(n+1)/2 independent elements h%, ..., h? and [h;, h;] for
1 <4< j <n. Let C be any complement of H' in ®(H). Then H/C is a covering group of @
and all covering groups @ are obtained in this way as central quotients of H. Since there are
pr’(n=1)/2 *(n—-1)/2

course, different complements may give rise to isomorphic covering groups. In this paper we

complements of H' in ®(H), we obtain p™ such central quotients but, of
will distinguish a special class of covering groups and investigate the automorphism groups
of the members of this class.

1 On the automorphisms of the group H

The group H is a quotient of a free group by a fully invariant subgroup. As Higman observes,
this means that H enjoys the following special property with respect to its automorphism
group. Let M and N be subgroups of ®(H) and suppose that there is an isomorphism
between H/M and H/N. Then there exists an automorphism 7 of H which satisfies 7(M) =
N and induces the isomorphism between H/M and H/N. Conversely, it is clear that, given
any subgroup M of ®(H) and any automorphism o of H, o(M) is then also a subgroup
of ®(H) and o induces an isomorphism between H/M and H/o(M). This phenomenon
allows us to relate the automorphisms of covering groups @ to the group Aut(H) of all
automorphisms of H.

We first determine some information about Aut(H). In general if G is a group and
o € Aut(G), we say that o is a central automorphism of G if o induces the identity on
G/Z(G), or equivalently if o fixes every coset of Z(G) in G.

Lemma 1.1 The group Aut(H) contains a normal elementary abelian subgroup of order
p"z("+1)/2 consisting of central automorphisms and the quotient is isomorphic to GL(n,p)

(the group of all automorphisms of Q).

Proof: We note that H/®(H) = @ and thus we have a homomorphism from Aut(H) to
Aut(Q) = GL(n,p). Now the discussion above about lifting isomorphisms of quotients of H
implies that the homomorphism considered above is surjective. We have therefore only to



determine the kernel of this automorphism. Suppose then that for some automorphism o of
H we have o(2)®(H) = 2®(H) for all z in H. It follows then that

o(x) = z7(x),

where 7(z) € ®(H). Thus o is a central automorphism of H. It is straightforward to see that
7 defines a homomorphism from H into ®(H). Conversely, any such homomorphism from H
into ®(H) determines a central automorphism. Thus the number of central automorphisms
is the number of homomorphisms from H into ®(H). Now ®(H) is an elementary abelian
group of order p™("*1/2 and the largest elementary abelian quotient group of H is H/®(H)
of order p". It follows that there are p” ("*+1)/2 central automorphisms, as claimed. O

We now prove a theorem of P. Hall, [2], formula (18), p.202. While several proofs can
be found in the literature, we include this proof, as it illustrates the utility of the group H,
and also as we intend to extend the formula in the next section.

Theorem 1.2 LetT'y, ..., I', be representatives of all the non—isomorphic covering groups

of Q. Then
1

- 1
L]~ 2 At
Proof: Aut(H) acts on the p™ ("~1/2 complements of H' in ®(H), and it follows from
Higman’s argument that two complements are in the same orbit precisely when their corre-
sponding central quotient groups are isomorphic covering groups of ). Suppose for each i
that

I 2 H/C;

for some complement C; and let A; be the subgroup of Aut(H) that fixes C;. We have
then a homomorphism from A; into Aut(I';), and Higman’s argument implies that this
homomorphism is surjective. Furthermore, the kernel of the homomorphism consists of
those automorphisms of H that satisfy o(z)C; = xC; for all x € H. It is easy to see that
there are p”2 such central automorphisms.
The orbit-stabilizer theorem implies that
r
P02 = 3 At (H) ;A

=1
=3 pV M 2GL(n, p)| /p" | Aut(Ty)|,
=1

and this gives us the required result. g
We note that Hall gives an illustration of this formula when considering the ten non-—

isomorphic covering groups of an elementary abelian group of order 8, [2], p. 203.



Each covering group I'; considered above has p”Q(”_l)/ 2 central automorphisms, which
form a normal elementary abelian subgroup of Aut(I';). Thus in the formula of Theorem
1.2, p”’=1D/2 divides cach term |[Aut(T;)|. U. Webb shows in [6], Theorem 2, that for
odd p, as n — oo, the proportion of covering groups I'; for which |[Aut(T;)| = p”g("’l)/2
approaches 1. Clearly, any attempt to classify such groups by conventional invariants such

as automorphisms is unlikely to succeed.

2 The p—th power homomorphism

Since H is nilpotent of class 2, we have

(wy)? = aPyP [z, yP P~/

for all z and y in H. Now H’ has exponent p and we deduce that
(zy)? = aPy?

if p is odd. We assume henceforth that p is odd. Thus x — zP is a homomorphism and
the p—th powers of elements in H form a subgroup H?, generated by hY, ..., h?, which is
a canonical complement to H' in ®(H). The corresponding quotient H/HP? is distinguished
by the fact that it is the unique covering group Q of exponent p. It is straightforward to
see that this covering group admits a subgroup I', say, of automorphisms isomorphic to
GL(n,p) and the full automorphism group is the semi—direct product of the group of central
automorphisms with the subgroup I'.

Let now C be a complement of H' in ®(H) and let G = H/C be the corresponding
covering group of Q. G/®(G) is an elementary abelian group of order p"” and ®(G) is an

n(n=1)/2  We switch to additive notation and consider

elementary abelian group of order p
G/®(G) as a vector space V of dimension n over F,,. Then G’ = ®(G) is naturally isomorphic
to the exterior square V' A V under the identification [z1,y1] <> « Ay, where  and y are
elements of V' that have preimages x1 and 1, respectively, in G. This is well defined, as G’
is central. In this vector space context, the p—th power map of G into itself determines an
F,-linear transformation, ¢, say, from V into V A V. It is this linear transformation that
determines the structure of G, since this structure depends only on knowing the p—th powers
of the generators of G in terms of products of commutators.

Let k be the rank of ¢ as a linear transformation. Then p* is the order of the group
of p—th powers in G, and if G}, denotes the subgroup of elements of order dividing p in G,
|G : G,| = p¥. We also have |[H? : C' N H?| = p*. We will say that G has rank k as a
covering group. Thus the covering group of exponent p has rank 0. In Sections 3 and 4
of this paper we will classify the covering groups of rank 1 and give a description of their
automorphism groups. This is largely a problem in the theory of skew—symmetric forms.



We feel that it might just be feasible to classify covering groups of rank 2, although this is
probably a difficult problem of linear algebra. We doubt if covering groups of rank greater
than 2 can be classified in any reasonable way.

Before starting on our classification of the covering groups of rank 1, we pause to extend
Hall’s automorphism formula for all covering groups to those of rank k.

Given integers k and n with 1 < k <n, we define f by

=" =1 (" —p* ).

We note then that the number of subspaces of dimension & in a vector space of dimension
n over I, is
I
|GL(k,p)|
Moreover, if k < min(n,m), it is straightforward to show that the number of linear trans-
formations of rank kK from a vector space of dimension n over IF, into a vector space of
dimension m over [, is

Sl
|GL(E, p)|
Theorem 2.1 Let 'y, ..., I'; be representatives of all the non—isomorphic covering groups
of Q of rank k, where 0 < k <n. Then
e :
sest? -

T GL Gk pCL( 7]~ 2 An ]

Proof: A covering group of rank k is determined by a complement C' of H' in ®(H) satisfying
|H? : C N HP| = p*. Tt is an easy argument of linear algebra to show that the number of
such complements equals the number of linear transformations of rank & from a vector space
of dimension n over F, into a vector space of dimension n(n — 1)/2 over F,. (We remark
that this equality also follows from our discussion of the way that covering groups of rank
k arise when the p—th power map determines a linear transformation of rank k.) Thus the
number of complements that determine covering groups of rank k& is

s
|GL(k, p)|
Aut(H) acts on these complements and Higman’s argument shows that two complements are
in the same orbit precisely when their corresponding central quotient groups are isomorphic
covering groups of rank k. If we follow the rest of the proof of Theorem 1.2, we obtain

()
|(§1]if1§p Z|Aut : Al



where as before A; is the stabilizer in Aut(H) of a complement C; for which H/C; 2 T;.
This formula may be rearranged to give

i) N

T GL Gk pCL( )] 2 AT

as required. O

3 The rank 1 case

Let V be a vector space of dimension n > 2 over I, and let ¢ : V. — V AV be a linear
transformation of rank 1. Choose a generator r of Im ¢, and choose a basis B = {z1,...,z,}
of V. Then r and B together determine an alternating bilinear form f:V xV — F, by

r= Z flaa, @j)a; ANz,

1<i<j<n

Thus for elements z,, x; of B, f(xs,x:) is defined as the coefficient of 23 Az, in the expression
for  as a linear combination of the elements of the basis {z; A }1<icj<n of VAV fis of
course extended to all of V' AV by bilinearity.

The form f depends both on the choice of generator r of Im ¢ and on the choice of a
basis of V. Since Im ¢ has dimension 1, replacing r by another generator simply amounts to
replacing f by af for some a € F\. Let B’ = {,...,2,} be another basis of V" and let f’
be the alternating form on V' defined by writing 7 in terms of the basis {z} A 2} of V AV,
If A and A’ are the matrices of f and f’ with respect to B and B’ respectively, then it is
easily checked that A = RA’R!, where R is the change of basis matrix from B’ to B, defined
by @, = >"_(R)jiz;, for i =1,...,n. Thus we have the following result.

j=1
Lemma 3.1 Let {y1,...,yn} be a basis of V and let r € VAV be fized. If

r= Z bijyi N ;s

1<i<j<n

and C = (c;5) is a matriz which is congruent in My (Fp) to B = (b;;), then there exists a

basis {y},...,y.} of V with
/ /
r= Z CijY; NYj-
1<i<j<n

The forms f and f’ on V are generally different, since the matrix of f with respect to
B' is RPAR which is typically not equal to A’. However f and f’ certainly have the same
rank. This rank is even and at most equal to n, and is an invariant of the covering group of
@ determined by ¢.



It is not the case that the rank of f fully determines this covering group, but we now
show that the number of isomorphism types of covering group corresponding to a given
possibility for rankf is at most 2.

Lemma 3.2 Let B={x1,...,2,} and B’ = {a},..., 2} be bases for V having the property
that ker ¢ = (xa,...,xn) = (zh,..., 2l ). Letr be a generator for Im ¢ and let f and [’ be the
alternating forms on V defined as above by v and by B and B’ respectively. Then x;, € rad f
if and only if ) € rad f'.

Proof : Let A and A’ denote the matrices of f with respect to B and f’ with respect to B’
respectively, and let R be the change of basis matrix from B’ to B. Then the first row of R
has a non—zero entry as its first entry, but otherwise consists entirely of zeroes. Then since
A = RA'R! and R is invertible, the first row and first column of A consist entirely of zeroes
if and only if the same is true of A’. O

Lemma 3.3 Let G be a covering group of @ of rank 1 for which the alternating forms on
V' associated to the p—th power map have rank 2t. Then exactly one of the following holds :

t
1. V has a basis {x1,xa,...,Ty} with ker ¢ = (xa,...,x,) and ¢(x1) = ngi_1 A To;.
i=1

t
2. V has a basis {x1,29,...,2n} withker ¢ = (xa,...,2,) and ¢p(x1) = ngi A Z2i11-
i=1

Proof : Choose a basis {y1,...,yn} for V with ¢(y1) =r # 0 and ¢(y;) = 0 for i > 2. Let
f be the alternating bilinear form on V defined by r and this basis.

Case 1 Suppose y; ¢ rad f. After reordering the elements yo,..., y, if necessary, we may
assume that f(y1,y2) # 0. Define a; = f(y1,y;) for i > 2, and define o = > , a;y;. Then
{y1,22,Y3,.--,Yn} is a basis of V, and

n
T=y1/\$2+zszx2/\yj+ Z bijyi N yj-
j=3 3<i<j<n

Define "
1 =Y — Zbgjl‘j.
7j=3

Then

r=2x /\IEQ-I- Z szyz/\yg
3<i<j<n

Thus if f’ is the form on V determined by r and the basis {z1,22,¥3,...,Yn}, we have
f'(z1,22) =1 and Vi = (ys,...,yn) C ker ¢ is the orthogonal complement of (x;,zs) with



respect to f’. It now follows from Lemma 3.1 that we can find a basis {z3,...,2,} of V] so
that
¢(£U1) =Ty ANxg+ -+ To—1 N\ To.

Then {x1,...,2,} is a basis of V satisfying 1.
Case 2 Suppose y; € rad f. Then it follows immediately from Lemma 3.1 that V3 =
(y2,...,yn) has a basis {z3,...,x,} with

r=x9 ANT3+ -+ Tt N\ Tot41-

Setting 1 = y; produces a basis {z1,...,2,} of V satisfying 2.

Finally, Lemma 3.2 shows that 1. and 2. cannot both be satisfied for the same covering
group of Q. |

For 2t < n we will denote the groups described in 1. and 2. of Lemma 3.3 by G%,zt
and G}wt respectively. In the case where n is even and the bilinear form determined by
a generator of Im ¢ has rank n, rad f = 0 and there is only one possible covering group;
otherwise two covering groups correspond to each possibility for rank f. We have proved the
following result.

Theorem 3.4 Let Q be a non—cyclic elementary abelian group of odd order p™. Then the
number of isomorphism types of covering group of @ in which the p—th power map has rank
1isn—1.

4 Groups of Automorphisms

As in previous sections, let () denote the elementary abelian group of order p™, for an odd
prime p and integer n > 2. If G is a covering group of @, then the automorphism group
of G contains an elementary abelian normal subgroup of order p”z("_l)/ 2. consisting of
central automorphisms. We denote the group of central automorphisms of G by CAut(G).
The quotient Aut(G)/CAut(G) is isomorphic to a subgroup of GL(n,p). We will denote
this group by Aut(G) and refer to it as the essential automorphism group of G. In this
section we describe the essential automorphism groups of the covering groups of rank 1 of
@ discussed in Section 3.

Let V' be a vector space of dimension n over IF, and let ¢ : V. — V AV be a linear
transformation of rank 1. Let G be the associated covering group of @, and let 0 € GL(V).
Then o induces 0* € GL(V A V), defined for  and y in V' by o*(x A y) = o(x) A o(y).
Suppose that o is induced by an automorphism & of G (in this case o is said to lift to G).
Then from the fact that & commutes with the p—th power homomorphism in G and the
identification of G’ with V' AV it follows that o*¢ = ¢o.



Let t, r and the basis {x1,...,2,} of V be defined as in the statement of Lemma 3.3. Let
I" be the subgroup of GL(V') consisting of those transformations which lift to automorphisms
of G, so o € I'. Since 0 must preserve the image of ¢ we have o*(r) = ar for some a € F;.
Since the subspace (x2,...,z,) = ker¢ of V must be o—invariant we must have o(z,) €
a'ry + kerg, where o' € F)S. Finally since ¢(z1) = r and ar = 0*¢(z1) = ¢o(21) = a'r we

see that a' = a.

Case 1: G = GY ,,;. In this case
r=x1 ANxo+ - -+ To—1 N\ Toy,
and o*(r) = ar means

ar =o(x1) ANo(x2) + -+ o(x2—1) A o(x2).

Let R and S denote respectively the matrices of o and f with respect to the basis {x1,...,z,}
of V. Then aS = RSR! by the comments preceding Lemma 3.1, and (R!)!SR! = aS. Thus
the element o’ of GL(V) whose matrix with respect to {z1,...,z,} is R sends z; to az;

and satisfies f(o'(u),0'(v)) = af(u,v), for u,v € V. Thus ¢’ induces on V/rad f an element
of the conformal symplectic group CSp(2t,p). Hence I' = Aut (G%,Qt) is isomorphic (via
the transpose-inverse mapping on GL(n,p)) to some subgroup of that subgroup of GL(V)
consisting of transformations 7 with the following properties

e 7.f =af for some a € F), and
e 7(z1) = ax; (for the same a).

For each of the p — 1 choices for a, the number of elements of GL(V/radf) satisfying these
two conditions is L
21 ISp(2t, p)|.

Each element of I" must restrict to an invertible linear transformation of radf, a space of

dimension n — 2¢. We conclude

_ p—1 “D(n—
‘Aut (G%Qtﬂ < ]ﬁ [Sp(2t, p)| |GL(n — Zt,p)‘p(% 1)(n—2t) (1)

Case 2: G = G}, 5,. In this case
r=x9 ANT3+ -+ Tot N\ Top41-

As above o*(r) = ar for some a € Fx, o’(x1) = ax; for the same a, and o'.f = af.
Furthermore o’ restricts on rad f = (x1, at42,. .., s ) to an invertible linear transformation

preserving the subspace (z1). Thus

e p— 1 n—
|Aut (G 20) | € — =5 1Sp(2t,p) [ [GL(n — 2t,p)| p* ("2, (2)

= e



The next theorem employs Hall’s formula for covering groups of rank 1 to replace the

inequalities (1) and (2) above with equalities.

Theorem 4.1 Fort <n/2,

—— ~1
1. [AUE (G, )| = 57— I8p(2t,p)||GL(n — 2t,p) [ p* D20,
)| = e
-1
2[Rt (Gha)| = g 19028, ) [GL(n = 28, ) p2/0 2.

Proof: By Theorem 2.1, we have

s _ ["/f:_l B L”Z/ZJ 1
(GL(Lp)IIGL(n.p)l = [Aut(G) o)l (= [Aut(G) 5]
Thus, by (1) and (2)
n s [n/2]1—1 —
1 f1( ) > pr -1

|GL(1, p)||GL(n, p)| (p — pEO(=20|Sp(2t, p)| |GL(n — 2t, p)|

t=1

/2] % g
+ ) P .
— (p—1)pE=Hn=20Sp(2t, p)| |GL(n — 2t,p)|

Since p"~2* — 1 = 0 if n = 2t, this implies that
n (o [n/2]
frst?

> pr—1
|GL(1, p)|[|GL(n, p)| —

(p = 1)p*(=201Sp(2t, p)| |GL(n — 2t,p)|’

(]

t=1

with equality if and only if the statement of the theorem holds.

Since

) e

|GL(1,p)| p—1 ’

we need to show that
_ LHZ/QJ 1
IGL(n,p)| & p*"=2DISp(2t,p)||GL(n — 2t,p)|

Let S denote the set of non—zero alternating bilinear forms on V' x V. Then |S| = p(g) -1
(this is the number of non-zero skew-symmetric matrices in M, (F,)). We have an action
of GL(V') on S defined by

o.f(u,v) = f(o™ (u),07 (v)), for f €S, 0 € GL(V) and u,v € V.

10



If f has rank 2t, then rad f has dimension n — 2¢, and the stabilizer of f under this action
has order |Sp(2t, p)| |GL(n — 2t,p)| p?*("=2Y). Thus

o) 1= Lnfj [GL(n, p)|
— p*'"=29[Sp(2t,p)| |GL(n — 2t,p)|’
as required. O

5 Uniform covering groups in the case p =2

In this section we let Q2 denote an elementary abelian group of order 2", where we assume
n > 2. The squaring map in a covering group G of ()2 is not a homomorphism, but satisfies
the identity
(zy)? = 2°y*[z.y],

for x,y € G. Thus we cannot define the rank of these covering groups as we did in the case
of odd prime exponents. However, if (for p odd) we characterize the rank 1 covering groups
of elementary abelian groups as those that possess a basis consisting of elements all having
the same p—th power, we might by analogy consider those covering groups of ()2 having a
generating set consisting of n elements all having the same square. We will describe such
covering groups as uniform, and such generating sets as uniform bases.

Suppose now that n > 3 and that G is a uniform covering group of Q)2 with uniform
basis B = {z1,...,%,}, where 27 = r € G’ for i = 1,...,n. We note the following facts, of
which proofs can be found in [5].

Theorem 5.1 1. If s € G' and s # r, then s cannot be the square of elements from three
different cosets of G' in G.

2. If v € G and 22 = r, then one of the following holds :

e € x;G for some xz; € B, or
o= H1<j<l<k[x¢j,xil] for some subset {iy,...,ip} of {1,...,n}, with k > 2 even,
and x € z;, ...x;, G, or

er=1andxzcG.

It follows from 2. in Theorem 5.1 that the number of cosets of G’ in G consisting of
elements of square r is either n (in which case every uniform basis consists of a representative
of each of these cosets) or n+ 1. In this latter case, if » = 1 we again have a unique uniform
basis up to a choice of coset representatives. If r # 1 we can replace one of x;,,...,z;, in B
with a representative of x;, ...x;, G’ and so G has k + 1 essentially different uniform bases.

11



We associate to G a graph I'(G) on vertex set {X1,..., X, } as follows. We have

r= H [‘ri’xj]aij7
1<i<j<n

where a;; = 0 or 1 for each choice of 7 and j. We declare the vertices X; and X, to be
adjacent in I'(G) if and only if a;, = 1, i.e. if and only if the commutator [z;, z,,] appears
in the expression for r in terms of the basis elements [x;,z;], 1 <i < j <nof G'. It is easily
verified that the isomorphism type of the graph I'(G) does not depend on a particular choice
of uniform basis; the only case to check is the one where G has a uniform basis {y1,...,yn}
with y? = r = [licicj<klyisyjl for L =1,....n, where k is even and 2 < k < n. In this
case there is more than one choice of uniform basis, and every choice determines a graph
consisting of n — k isolated vertices and a complete subgraph on the remaining k vertices.
Again see [5] for the details. We have the following result (compare Theorem 3.4):

Theorem 5.2 The number of isomorphism types of uniform covering group of Q2 is equal
to the number of isomorphism types of graph of order n.

We now turn our attention to the automorphisms of uniform covering groups of Q.
As in Section 4 we consider the essential automorphism group Aut(G) instead of the full
automorphism group. The first result is that Aut(G) is isomorphic to the automorphism
group of the graph I'(G), except in those special cases where n + 1 cosets of G’ consist of
elements having the same (non—identity) square.

Case 1: Suppose G has a uniform basis B = {x1,...,2,}, 2 = r, and that U_;2;G’ is the
full set of elements of G having square r. Let 0 € Aut(G). It follows from Theorem 5.1 that
o must permute the cosets z;G’ and fix r € G’. Thus associated to ¢ is a permutation 7,
of {1,...,n} defined by
U(l‘iGl) = .%'ﬂ.ﬂ(i)Gl.
Suppose 1 = H [x;, 2] . Then since o fixes r we must have
1<i<j<n

r= I [or @™
1<i<j<n

also. Thus the permutation or of the vertex set {X1,..., X} of I'(G) defined by or(X;) =
X+, (s) is a graph automorphism. The mapping 1 from Aut(G) to Aut(I'(G)) sending o to
or is clearly a group homomorphism whose kernel is the group CAut(G) of central auto-
morphisms of G. To show that v induces an isomorphism between Aut(G) and Aut(I'(G)),
it remains to show that it is surjective.

Let F be a free group of rank n with generators ay, ..., a,, and as before let R be the fully

invariant subgroup of F generated by elements of the form 2*, [z,y]?, [22,y] and [[z, ], 2]

12



for z,y,z € F. Let H=F/R and for i = 1,...,n let h; = a;R. Define
= [T [kl

1<i<j<n

and let C be the subgroup of H generated by {h?r'};—1 . Then H/C = G. Suppose 7 is a
permutation of {1,...,n} for which the function 7 sending X; to X ;) is an automorphism
of I'(G). Then the automorphism 7’ of H defined on generators by 7/(h;) = hy(; fixes r’ and
permutes the h?, hence fixes C. Thus 7’ induces an automorphism 7 of G with 1(7) = 0. We
conclude that v is surjective and Aut(G) = Aut(I'(G)); in particular Aut(G) is isomorphic
to a subgroup of S,,.

It was proved by R. Frucht in [1] that every finite group can be realized as the auto-
morphism group of a graph. Thus by contrast with Theorem 4.1 we obtain the following

result.

Theorem 5.3 If G is a finite group then there exists a uniform covering group G of an

~

elementary abelian 2-group for which Aut(G) = G.

Proof: The groups described in Case 1 are those represented by non-exceptional graphs,
where an exceptional graph is defined to be one consisting of a complete subgraph on a
positive even number of vertices, with any remaining vertices isolated. The automorphism
group of an exceptional graph of order n is isomorphic to Sy xS, —x where 2 < k < n and k is
even. Frucht’s theorem shows that every finite group not of this form can be realized as the
automorphism group of a non—exceptional graph and therefore as the essential automorphism
group of a uniform covering group of an elementary abelian 2—group. It remains to show that
for any positive integers k and n with 2 < k < n and k even, Sy X .S, _j can also be realized as
the full group of automorphisms of a non—exceptional graph. To see this let I" be the graph
on vertex set {X71,..., X, 2} consisting of a complete subgraph on { X7, dots, X1} and the
edge X1 Xk42, with the remaining vertices isolated. Then Aut(T') 2 Sy, X S,,_j, since any
permutation of {Xi,..., X;} can be combined with any permutation of {Xyy3,..., X, t2}
to produce an automorphism of I', and every automorphism of I" arises in this way. Finally
since I' is non—exceptional it describes a covering group (of the elementary abelian group of
order 2"2)) whose essential automorphism group is isomorphic to Sg x Sy, _. O

Case 2: Suppose G has a uniform basis {z1,...,2,} with 2?2 = r for i = 1,...,n and
r = [li<icj<plzi; ;] with k > 2 even. Then if we define y = 2122 ... 25, we have y2=r
also and by Theorem 5.1 we have

{reG:2?=r}= (UmiG’> UyG'.
i=1

If o is an automorphism of G then as above o must permute the n + 1 cosets of G’ rep-
resented by z1,...,Z,,y. In addition ¢ must fix » and from this requirement it follows
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that o must permute the cosets xx11G’,...,2,G'. Now suppose that ¢ maps the set
S ={x1G,...,2;G'} into a subset of S7 := {x1G’,..., 2, G, yG'} with k elements. Then it
is easily verified that o(yG’) is that element of S; not belonging to o(S). In the case where
0(S) = S it is clear that o fixes r. On the other hand suppose o(z;G’) = yG’ for some
le{1,...,k}, and suppose S1 — o(S) = z,,G'. Then o(y) € ., G’ and

or) = ollzyl) [ olwie)

= [y, Tm] [, x]]
1<i<j<k
i,jF#m
= H [mm x]]
1<i<j<k

=
Thus o fixes r. We conclude that every automorphism of G permutes the cosets ©1 G/, . .., G, yG’
and also permutes the cosets xp+1G’, ..., z,G’'. Hence Aut(G) is isomorphic to a subgroup

of Sky1 X Sp—k.
Now let H be defined as before and let 7' = H [hi, hj]. Define C to be the subgroup
1<i<j<k
of H generated by h37/,...,h2r'. Then H/C = G and we can define a automorphism 7 of
H on generators as follows :

e 7 permutes the elements hjy1,...,h,, and

e 7 maps each of hy,..., hy to a different element of the set {hy,..., hg, h}, where h is
defined to be the product hy ... hg.

Then it easily checked that 7 fixes r'. Also 7 fixes C, for suppose 7(h;) = h for some
le{l,...,k}. Then

r(h¥r') = h%’
= hi...h} H [, xj]r
1<i<j<k
= Rh2...hi(r")?
= hi...h}.

That this element belongs to C follows from the fact that k is even and ' € Z(H).

Since 7 fixes C' it induces an automorphism of G. It follows that an automorphism of G
may involve any permutation of {x;G’, ..., z,G’',yG'} combined with any permutation of
{zk11G', ... 2,G'}. Thus we obtain the following theorem.
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Theorem 5.4 Let G be a uniform covering group of Qo for which T'(G) consists of a com-
plete subgraph on an even number k > 2 of vertices, and n — k isolated vertices. Then

TM(G) = Sk+1 X Snfk-
We conclude this section with the following observations.

1. If n is odd, then the maximum possible order of Aut(G) for a uniform covering group

G of Q)2 is n!, and this occurs in the following three different cases :

e ( is generated by n involutions; I'(G) is the null graph on n vertices.

o G = (21,...,25 : T} = [licicj<nlziszs]); T(G) is the complete graph on n
vertices.
o G = (x1,...,2y : 22 = [licicjcnalzis2s]); T(G) consists of a complete graph

on n — 1 vertices and a single isolated vertex.
In each of these cases Aut(G) = 5,.

2. If n is even, then the maximum possible order of Aut(G) is (n + 1)!, and this occurs

in the case where I'(G) is a complete graph on n vertices, so

G=(r1,...,0p: 27 = H (@i, x4]).

1<i<j<n

In this case Aut(G) =2 S,,41.
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