Conjugates of a single cycle

In S7, calculate oo~ (as a product of cycles), where

1234567
m=(12345), a< )

2 76 3 51 4

» The elements 1 and 4 are sent by 0! to 6 and 7, which are
not moved by 7, and then mapped respectively back to 1 and
4 by 0. So 1 and 4, which are the images under ¢ of the fixed
points of , are fixed points of oo 1.

» The elements o~ sends 2,7,6,3,5 to 1,2, 3, 4,5 respectively.
Then 7 cycles these around, sending the list 1,2,3,4,5 to
2,3,4,5,1. Then ¢ maps the list 2,3,4,5,1 back to
7,6,3,5,2.

» Overall omo~! = (27 6 3 5). In particular,ocmo ™! has the
same cycle type as 7, and the elements that it cycles are the
images under o of those cycled by .



Conjugates of a general permutation

Suppose 7 € S, and write m = 71 o, ..., Tk be the disjoint cycle
representation of . Let o € S,. Then

oot = (omo H(omo™ ). .. (omo ).

1

This the disjoint cycle description of oo !, since (omjo~!) cycles

the images under o of the elements cycled by ;.

Example In 519, write

\

123 4 56 9 10
9 56 3 10 1 2 7

/

7
T—(1487)210365), o 8

4 8
Then

(oo )=(9 3 8 4)(5 7 6 1 10).

In particular, elements of S, that are conjugate to each other have
the same cycle type, the same numbers of cycles of each length in
their disjoint cycle description.



Same cycle type

Finally, if two elements of S,, do have the same cycle type, they are
conjugate in S,,.
In Sg, write

T=(258)(167), m=(416)(5302).

1 — 7, provided

Then 7 and 7 have the same cycle type, and o170~
that the permutation o maps elements permuted by the 3-cycles of
T to elements permuted by the 3-cycles of 7, preserving the cyclic

order. For example we could take

o 1 23456 7 8
\'5 478 1326]



Partitions and Conjugacy Classes

So the conjugacy classes in S, correspond to the possible cycle
types of a permutation in S,,. The number of these is the number
of ways to write n as a sum of positive integers: the partitions of n.

fn="7:

» The partition 2 + 2 + 3 corresponds to permutations with the
same cycle type as

(12)(34)(567).

The number of these is (;) x 21 x 3 = 210.

» The partition 1 + 1 4+ 2 + 3 corresponds to the permutations
with the same cycle type as

(12)(3 4 5).

The number of these is (;) x 21 x (g) = 420.



Challenge for Week 7

In Sg, write

T=(258)(167), m=(416)(532).

How many elements o of Sg have the property that o701 = 77?



