The Centre of Group

Definition Let G be a group with operation x. The centre of G,
denoted by Z(G) is the subset of G consisting of all those
elements that commute with every element of G, i.e.

Z(G)={xe€ G:xxg=gx*xforall ge G}.

Example The centre of Dg can be read from the group table. It
consists only of the identity element.

° id Rio Roao T Tu Ty

Rio | Ri2o Roao id Ty Ty Ty

Roso | Roao id  Ripo v T Tm
Te | Tt Tn Tm id Rao Rizo
Tv | Tmv T Ty R0 id  Raao
Tnv | Tne Tm Tr Rogo Rio id




Notes and Examples

» The centre of a group G is equal to G if and only if G is
abelian.

» The centre of G is usually denoted by Z(G).

» The identity element always belongs to the centre (this is built
into the group axioms).

» The centre of Dy, consists only of the identity if n is odd, and
also includes the rotation through 180° if n is even.

» The center of the general linear group GL(2,R) is the set of
all invertible scalar matrices, which have the same non-zero
entry in both positions on the main diagonal, and zeros in the
other positions.



Theorem 2.2.3 Z(G) is a subgroup of G
Proof

1. idg € Z(G), from the group axioms.

2. Z(G) is closed under the operation * of G.
Suppose x,y € Z(G) and let g € G. We must show
(xxy)*g =g*(x*xy). We know

(xxy)rxg = x*(yxg)=xx(gxy)
= (xxg)xy=(g*xx)*xy=gx(xxy)
3. Suppose x € Z(G). We must show x~1 € Z(G) also.
Let g € G. Then

1 1 -1

Xxxg=gxx = x Tx(x*xg)xx T =x"1x(gxx)kx

- g*x‘1 :x_l*g

so x~1 e Z(G).



