This poster will discuss one of the Lagrange’s lasting legacies;
Lagrange’s theorem on groups, as well as the developments it underwent to
become the theorem we recognise today.

Lagrange’s theorem is a well known result which is used in group theory and
other fields in mathematics, it is defined as followed:

“Let G be a group of order n and H a subgroup of order m. Then m is a divisor for
n”

Joseph-Louis Lagrange was an ltalian mathematician born in Turin in 1736.

By age 19, Lagrange had become a professor of mathematics Royal Artillery
School in Turin.

Due to his prolific contributions to mathematics and physics, he soon became
known as one of the greatest mathematicians in Europe.

Lagrange was born into a changing world in 18th century ltaly.

Growing up he was surrounded by great developments in medicine, physics, and
the natural sciences, pioneered by his fellow Italian scholars.

There is no doubt that Lagrange soon went on to become one of the defining
academics of the age of enlightenment in ltaly.

Fig. 1: Joseph-Louis Lagrange.

GROUP: a non-empty set equipped with a binary operation that together satisfy
the properties of closure, associativity, the identity property, and the inverse

property.

SUBGROUP: Suppose G is a group under the operation *, and let H be a subset
of G. Then H is a subgroup of G if H satisfies the four properties of a group under
the operation of G.

ORDER: the order of a group is the number of elements in its set.

LAGRANGE'S THEOREM
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When Lagrange first proposed his theorem, group theory had not yet been defined.

The theorem was first developed in 1770 when Lagrange published workings on the theory
of equations.

In this he aimed to derive a formula that could be used to solve a polynomial of 5 degrees
or higher.

He reasoned that if solving the quadratic and cubic polynomials involved solving supple-
mentary polynomials of a lower degree then the same might stand for a polynomial of the
5th degree.

This led to the original theorem which stated: If a function F(x1, x2, . . . , xn) of n variables
Is acted on by all n! possible permutations of the variables and these permuted functions
take on only r distinct values then r is a division of n.

This original theorem is vastly different from the one we know today. As the study of group
theory developed and changed so too did the theorem originally propose by Lagrange back
in 1770.

Many later developments were made on Lagrange’s original work.

In 1799, Paolo Ruffini published a book in which he provided proof that the converse of
Lagrange’s Theorem does not hold.

In 1815, a paper by Cauchy tied together the prior developments made on Lagrange’s The-
orem. Cauchy provided a proof of the original theorem as well as a generalised version of
Ruffini’s theorem.

Cauchy later went on to prove that order of a subgroup Sn is a divisor of nl.

This was the first solid proof of Lagrange’s theorem in the case of symmetric groups.

It wasn’t until the twentieth century that the language of cosets was used to prove Lagrange’s
theorem.

Though it is hard to accredit anyone in particular with the first formal proof of the theorem,
the coset approach is said to have been inspired by Galois.

Fig. 2: Austin Louis Cauchy
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In order to proof Lagrange’s theorem we start with a subgroup H of the finite
group G.

If we find that H = G then the theorem holds.But if H G then we choose an
element x of G with x not being an element of H (xH).

Then the coset xH is disjoint from H and has |H| elements. If H xH = G then |G|
= 2|H| and we are done.

If not, choose y 6 H xH and add the coset yH.Eventually we find that G is the
union of k disjoint left cosets of H, and |G| = k|H|.

In this case the term “divides” tells us that the order of subgroup H is a factor of
the order of group G.

An example of the theorem in practice is the group S4. S4 has 4! (or 24) ele-
ments.

A subgroup of S4 could possibly have 1,2,3,4,6,8,12, or 24 elements as these
are all factors of 24 (the order of S4).

The subgroup could not have, for example, 9 or 11 elements as these do not
divide 24.

The converse of the theorem is not true.

Lagrange Theorem can be widely applied in mathematics’'s to prove other
theorems.

This can be used to prove Euler's theorem and Fermat Theorem (an integer
raised to a prime power leaves the same remainder as the integer itself when
divided by the prime) and its generalization.

In addition to this we can use Lagrange to illustrate that there are infinitely many
primes.

Lagrange’s Theorems can be seen today used in the modern world of the digital
payments system namely Cyptocurrencies (eg.Bitcoin).

The Future of Lagrange lies in the hands of two very capable students of the
School of Mathematics at NUI Galway.
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CARD SHUFFLING AS A GROUP AND THE FARO SHUFFLE

Introduction

In this poster we look at card shuffling a deck of cards is as a group. First, we establish
that shuffling is a group and that it is isomorphic to the group of permutations Sy
where NN is the number of cards in a deck, typically 52 in a standard deck. We then
discuss a specific type of shuffle known as the Faro or Perfect Shuffle used by magicians
and gamblers, that has interesting properties when considered as a group. We prove
the Fundamental Theorem of Faro Shuffling. We discuss the generating set of shuffies.
We give an example of a card trick that applies these concepts.

Why Is Card Shuffling a Group?

The set of all shuffles can be represented by the symmetric group Sy, where N is
the number of cards in the deck.Let S be a card shuffle that acts on Sso, such that
S:1,2,...,52 = 1.2,...52 (Let T, U also be shuffles on Srs9). The shuffling function is a
form of permutation. Card shuffling is a group because it satisfies the group axioms
as follows:

e Closure: consider shuffles (permutations) S, T, then S o T is also a shuffle (per-

form T, followed by S)

e Identity: This consists of the shuffle which leaves each element in it’s original
position. Let i(x) be the identity shuffle performed on x € 1,2,...,52, then i(1)=1,
i(2)=2,...,i(52)=H2.

e Inverse: Each permutation S also has an inverse S~! contained in the group,
e.g if S(1)=52, S~1(52)=1.

e Associative Property: For shuffles S, T.U it is true that:
—So(ToU)=(SoT)oU.

Faro/Perfect Shuffle

The Faro shuffle is a method of "perfectly” shuffling a deck of cards. A deck of cards
is divided into two equal piles and then pertectly interwoven. There are two ways of
doing this:

e In Shuffle: The In Shuffle leaves the top and bottom card second from top and
bottom respectively.

(1)

123...2526 27...50 b1 52
246...5052 1...47 49 51

e Out Shuffle: The Out Shuffle leaves the top and bottom card in place.

(1 23...25926 27...50 51 52)

135...49 51 2...48 50 52 (2)

By doing a Faro shuffle on a memorized deck, one can always compute where a card in
any given position will end up. What is perhaps more interesting is that Faro shuffles
form a subgroup and will always return to the identity within a set number of shuffles.
As we will see, for a deck of 52 cards, it will take exactly eight Faro Shuffles to return
the cards to their original positions (i.e. Faro® = idsp).
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The Fundamental Theorem of Faro Shuflling

Alex Elmsley found that a series of in and out shuffles can be used to bring the original top
card (at position 0) to any desired position p in the deck. This can be achieved by expressing p
in binary with 0 meaning an out shuffle and 1 meaning an in shuffie. For example to go from 0
to position 7 (where 7 = 111), perform in, in, in.

With a deck of 2n cards, r exists such that 271 < 2n <27,

Where O<p<2n -1, let t = (p;}l)zr.

For p=0,sett=0. Forp=2n-1,set t=2" - 1.

Express t in binary as t = t,_1t,_o...t1tg with £; =1 or 0

Let s be correction terms where s = 2nt —2"p = s,._18,_9...518g with s; = 1 or (
The shuffling sequence is t,_1 + Sy_1,tr—9 + Sy—_9, ..., tg + Sp

For example, it 2n = 52,p = 35. Then r = 6, t = 36§g4) = 44 = 101100 and

s = 2288 — 2240 = 48 = 110000.
Now the co-ordinate sum of 101100 and 110000 is 011100 which is out, in, in. We can ignore
the final two shuflles as they do nothing to the top card.
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Fig. 1. For an 8-card deck, only three out-shuffles are required to restore the original order

The Generating Set of Shuflles

Starting with a randomly shuffled deck of 52 cards, any other shuffle of the deck can
be reached by a combination of swapping the first two cards and putting the bottom
card on top of the deck. In other words S5 is generated by the transposition (1 2)
which swaps the first two cards in the deck and the 52-cycle (1 2 ... 52) which brings
the bottom card of the deck to the top.

Proof:

Let x = (12 ... 52)

x(1 2)x1=(2 3)
v(2 3z~ l=(3 4)

(50 51)x~t=(51 52)

— (i i+1)e((1 2),z) V 1<i<5l
(2 3)(1 2)(2 3)t=@1 3)

(3 4)(1 3)B 4 t=01 4)

(51 52)(1 51)(51 52)~L=(1 52),
— (1 i)e((1 2),z) V 1<i<5h2
Forany 1<1<75<52:

(i )=@Q ) HEA ) 'ef{ 2),2)

Therefore ((1,2),x) generates all transpositions in the group Sko, and so generates
the group itself as every permutation is a product of transpositions.

A Card Trick to Try

Before you start memorise the card on the bottom of the deck. Ask your friend to
pick a card out of the deck, look at it and put it on top of the deck without you
seeing it. Then allow them to cut the deck as many times as they want. Spread
the cards out face up and announce the chosen card which is the card in front the
"bottom card” you had memorised.

Why does this work?

Under the action of cutting the cards the adjacency of pairs of cards is preserved.
The group H is the subgroup of S59 generated by the 52 cycle (1 2 3... 51 52). The
adjacency of pairs of cards is not changed by any action in H and so although H
seems to be shuffling the cards, the chosen card will always remain in front of the
original bottom card making it is easy to find the chosen card.
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Group Theory applied to the Rubik’s Cube
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Introduction

In our 3rd year project of Group Theory, we decided to see how all the information we learned in this module applies to the Rubik’s Cube,
a puzzle designed by the teacher and puzzler Erno Rubik in 1974.

Proof the Permutations of a Rubik’s Cube are a
Group

The 4 axioms that must be fulfilled in order to be a group are
closure, associativity, identity and inverse.

» Closed Property : If A and B are operations then A*B is an
operations as well.

» Associativity : For all A, B, C in G, one has (A*B)*C = A*(B*C))

» |dentity Property : The identity id. can be defined as the move
that does not perform any rotations and remains as is.

» Inverse Property : For each A in G, there exists an element B in

G such that A*B = id., and B*A = id., where id. is the identity

element.

Subgroups of the Rubik’s Cube

A subgroup of a group is simply a subset of the
group that also satisfies the group axioms. (closed,
inverse, etc.)

Cube

For example, define S to be:
S:={id,L, L2 L}

Then S is a subgroup of the whole group.

» S is clearly a subset of the group

» S contains the group identity

» The composition of 2 elements in Sis alsoin S
(e.g. L*L2 = L)

» Every element in S can be undone by another

element of S (or in the case of L2, itself)

Commutativity and Centre of the
Rubik’s Cube

A group is commutative if a*b = b*aforalla, b € G.
Such groups are known as abelian.

The Rubik’s Cube Group is not abelian. If we rotate
our L axis and then our F axis both in a clockwise
direction, we cannot return to our original position
just by repeating those moves in reverse order.

The centre of a group is the set of elements that
commute with EVERY element in the group. In our
Rubik’s Cube, the centre of the group consists only
of our identity element and a move known as the
"Super Flip”

The Notations of the Rubik’s

The Super Flip

The Super Flip of any Rubik’s Cube is a
series of 20 moves that, when
completed, transforms the cube so that
the corners and centre of each face
remain in the same position, but the
edge pieces ("cubies”) are flipped. If we
were to complete the Super Flip twice,
we get our original cube (The Super
Flip has order 2).

Super Flip: UR2*F*B*R*B2*R*U2"
L*B2"R*U™D"*R2*F*R"*L"B2*U2*F2

Notation of the Rubik’s cube

Generally, the actions on a Rubik’s cube are notated as follows:

F - rotate the front side of the cube 90° clockwise

B - rotate the back side of the cube 90° clockwise

L - rotate the left side of the cube 90° clockwise

R - rotate the right side of the cube 90° clockwise

U - rotate the top side of the cube 90° clockwise

D - rotate the bottom side of the cube 90° clockwise

Placing a ’ after the letter implies you rotate the face anticlockwise
instead e.g. F’ would mean rotate the front face anticlockwise.

Placing a ‘2’ after the letter implies rotation by 180° instead. e.g.
B2 means rotate the back face 180°.

Orbits of the Rubik’s Cube

The orbit of a point (e.g. face, corner,
or even one of the cubies) of the cube
under a group is every position that

point can be in under the action of the

group.

For example, each of the corner cube
form an orbit under the whole group,
as each corner cube can only be
moved to another corner. The order of
this orbit is 8 as there are 8 corners.

Similarly, the "cubies” form an orbit of
order 12.

Finally, the centre squares don't
change position (apart from rotating,
but this is irrelevant), so its orbit size
IS just 1.

Stabilizers of the Rubik’s
Cube

The stabilizer of a point under a group
is every element of the group that
keeps that point exactly where it is.

For example, performing any of B, B2,
or B’ wont move any of the faces on
the front side of the cube, so we say
B, B2 and B’ are in the stabilizer of
these faces.
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Quantum Mechanics: The Stabilizer Formalism
Billy Ray

Introduction

The stabilizer formalism of quantum mechanics presents a novel way of describing the machinery of quantum mechanics using concepts
from Group Theory. The stabilizer formalism uses the concepts of the stabilizer of a group and generators of a group in order to
characterise quantum states and the result of operations on those states.

Quantum States The Stabilizer Formalism

» Consider a subgroup S of G, and define the subspace Vs to be
the set of n-qubit states which are fixed by every element of S.
The set of vectors V is stabilized by S and the subgroup S
forms the stabilizer of the subspace Vs, Stabg (Vs).

» The subgroup S can be defined in terms of its generators. To
assess whether a particular n-qubit state belongs to the
stabilized subspace, V, it suffices to check whether the vector

is stabilized by the generators of S[1].

Arbitrary Operations

» Quantum operators are unitary, this means they satisfy the
relation UUT = UTU = T where U is a unitary operator and U’
involves transposing U and complex conjugating all of the
entries.

Multiple Qubit States » Consider an arbitrary unitary operator, U, applied to the vector
space Vs which is stabilized by the subgroup S. For any vector
14)) € Vs and matrix element g € S we find:

Uly) = Uglv) = (UgU"U [¢)

» The new vector U |+)) is stabilized by UgU'. After applying the
operator U to our entire vector space Vs, we can see that our
new vector space UV; has stabilizer USU' = {UgU'|g € S}.

» If the stabilizer S has generators < g1, 9o, ...., gn > then our new
stabilizer, USU', has generators < UgyU", Ug-U", ...., Ug Ut >.

» Quantum states are represented as unit vectors in a complex
vector space. The state is represented using a set of
orthonormal basis vectors which span the space. Let |0) and |1)
represent a basis of two orthonormal vectors in C? such that:

o~ (- ()

Thus, a quantum state, |¢)) € C?, could have the form:

1 (5
!¢>—@(\0>+!1>) <}§>

» A quantum state in C? is called a qubit state. The basis of
quantum computing consists in manipulating qubit states
through matrix-vector multiplication.

» The tensor product operation combines multiple qubits into a
single composite system. The composite system of two qubits,
) ® |¢), occupies the complex vector space C? ® C2 = C*.
Thus, a 2-qubit state can be represented using a set of four
orthonormal basis vectors spanning the space C*.

» In general, a composite system of n qubits is defined in
C?®C3® ... C2=C?. An arbitrary n-qubit state can be
represented using an orthonormal basis consisting of 2"
vectors which span the vector space C?".

The Pauli Group

» Operators are matrices which act on quantum states.
Operators acting on separate qubit states are also combined
using the tensor product operation. For two operators U acting
on a qubit |¢1) and U> acting on another qubit |¢»), the total
action on the composite system is simply:

(Ur @ U2)([11) @ [h2)) = (Un [th1) @ Uz [1b2))

» For the qubit state, |¢)) € C?, there exist a special class of
operators known as the Pauli matrices:

=(07) x=(o) =) 2= (%)

» A group under the operation of matrix multiplication, known as
the Pauli group, G1, can be defined using these operators with
the multiplicative factors +1 and +i:

Gy = {1, 401, + X, £iX, £ Y, +iY,+Z, +iZ}

The Pauli group generalizes to the n-qubit case, where each
element of the Pauli group, G, is a distinct tensor product of n
individual Pauli matrices with multiplicative factors +1 and +/[1].

» Every matrix in the group G; can be generated by the elements
X,Y and Z:

Benefits of the Stabilizer Approach

» It can be shown that the Pauli Z gate stabilizes the |0) state i.e.
Z 10) =|0). Thus, an n-qubit state:

¢) = (10); ®0), @ ... ® |0),) = [0)"" € C”

has a stabilizer with a single element, S={Z; R £ ® ... ® Z,}.

» Define a unitary operator, H, with the property
H10) = —5(|0) + |1)). Applying this operator to [¢) gives:

H®"|¢) = Hy |0), ® ... ® H,|0), € C?".
» However, the Pauli X gate stabilizes this resulting state:

1 1
x<ﬁ(!0>+ |1>)) = 500+ 11)

» This means our new state H*" |¢) also has a single-element
stabilizer, S' = {Xi ® Xo ® ... ® X,}. Our stabilizer still has n
terms, but the vector representation of our new state has 2"
terms! For 100 qubits, this is a ~ 10%® improvement...

» A group-theoretic approach to simple quantum computations
allows for classical simulations as we can keep the number of
terms linear in n.
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Introduction

Joseph Louis Lagrange and his theorem are core

principals to grouping theory. Through this

Informative poster we intend to examine the

history of this theorem including:

e A brief history on the creator Joseph Louis
Lagrange

e Why did he create this theorem?

e Other famous mathematicians’ contributions
to the theorem

e Examples of this theorem

e Applications of the theorem in today’s world

Joseph Louis Lagrange - The Man

Behind The Theorem

Joseph Louis Lagrange was born on the 25th of

january 1736 in Turin. He studied at the
University of Turin where his favourite subject
was classical Latin having no great enthusiasm in
mathematics and found Greek Geometry rather
dull and in his later life is famously quoted as
saying "If | had been rich, | probably would not
have devoted myself to mathematics".[1] After
having his interest in mathematics sparked by
reading a paper published by Edmond Halley.
From this he improved his stature in the world
of mathematics with feats like solving the
iIsoperimetrical problem at only 19 years of age.
Then in 1766 he moved to Berlin to start work
on his theorem of which is named after him,
Lagrange’s Theorem. Later in life he moved to
France and became a naturalised frenchman.
He would pass away in Paris in April 1813.

NUI Galway

‘0 UF Gailllimh

History of Lagranges Theorem
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What was he trying to achieve?

With formulas already existing for the quadratic,
cube and quartic equations, Lagrange wanted to
derive a formula for equations of degree five
also known as quintic equations and more
specifically for equations of nth degree. He saw
that when solving more known polynomials
such as quadratic and cubic resolvent
polynomials of lesser degrees. From this he
noted that the roots of the polynomial x1,x2,x3
and x4 could be permuted 24 times or (4!)

Other Famous Mathematician’s

Contributions

Augustin-Louis Cauchy contributed twice to
Lagrange’s theorem writing a paper on
permutation groups before the idea of groups
was even formalised and again in 1844, proving
lagranges theorem for symmetric groups.
Camille Jordan added to Cauchy’s work in 1861
by proving the theorem for finite permutation
groups

Evariste Galois was the man who formalised
the idea of groups in 1831 in a paper on solving
solutions of permutation groups by radical

Contributors To This Theorem

Figure:

Examples of this Theorem

e Lagrange’s Theorem: If G is a finite group and
H is a subgroup of G, then the order of H
divides the order of G.

e Let D6 be the set of symmetries of the
equilateral triangle, with rotations id, R120,

R240 and reflections TL, TM and TN as
shown.[2]
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e Then H=1d, TL is a subgroup of D6 of order 2,
and left cosets of H in D6 determined by the
six elements are:
l.idH=id oiid,id o TL=1id, TL = H
2.TLH=TLoid, TLo TL = TL, id = H again.
3.R120H = R120 o id, R120 o TL = R120, TM.

4. TMH=TMoid, TM o TL = TM, R120 = R120H again.
5.R240H = R240 o id, R240 o TL = R240, TN
6.TNH =TN o id, TN o TL = TN, R240 = R240H again.

Figure:

Application in Todays World

e |t seems fair to state that Lagranges theorem is
going to be used a lot more in the everyday life
of a mathematician than that of say an
electrician. If you are a mathematician
however its applications are bountiful. For
example, Lagranges theorem can be used to
prove Euler’s theorem as well as Fermat’s little
theorem aswell as its generalization.[3]

e |t also has uses in cryptography.Due to its use
In computing the power of an integer modulo
a prime number. This shows the theorem to be
applicable even in the general public’s lives
whether they know it or not as cyber-security
plays such an important part in our lives.

Conclusion

Lagrange is such an interesting Mathematician

to study to say the least. It seems bizzare that
someone so intelligent and mathematically
skilled had no great passion for his field of study.
Inspite of this he has produced one of the most
important theorem’s used in Group theory to
this day. It’s core use in group theory will
preserve Lagranges name in the minds of
mathematicians for centuries to come.
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Introduction

What makes a frieze group
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Background and History of frieze groups
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Examples of frieze groups in the real word
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Introduction

Lagrange’s Theorem can be regarded as one of the most
central theorems of abstract algebra and considered by
many "the most important theorem of group theory". How-
ever, the converse of this infamous theorem is undoubtedly
false. This poster will explore why the converse fails as well
as other methods of finding subgroups

Joseph Lagrange

Fig. 1: Joseph Lagrange.

Giuseppe Luigi Lagrange was born in Turin, ltaly on 25th
January 1736. He made many significant contributions to-
wards analysis, number theory and analytical and celestial
mechanics although, sadly, did not prove his own theorem.
In 1801 Gauss proved Lagrange’s theorem for the multi-
plicative group of non-zero integers modulo p, (Z/pZ), in
1844 Cauchy proved the theorem for the symmetric group
Sn, and, finally, Jordan proved Lagrange’s theorem for the
case of any permutation group in 1861.

Applications of his work

Lagrange’s Theorem displays some key properties that al-
low for further theorems such as Fermat's little theorem
and Wilson’'s theorem to be proven as well as showing
there to be infinitely many primes.

THE CONVERSE OF LAGRANGE’S THEOREM

Megan McGlinchey and Eoin Mulvihill
Group Theory MA3343

Converse of Lagrange’s Theorem

NUI Galway

OF Gaillimh

Cauchy’s Theorem

Every divisor of the order of group G is the order of some

subgroup H of G

Where the converse fails

The most basic example to demonstrate where the converse

fails, is the alternating group A, of even permutations.

A,={ 1D,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3),(123),(132),(124),(142),

(134),(143),(234),(243)}

|Ay|=12 , With the divisors of the group being {1,2,3,4,6,12}

Lets assume there exists a subgroup H, in A, with the order of

H|=6.

Let V' be a non-cyclic subgroup of 4, — Known as the Klein

four group.
V={ID,(12)(34),(13)(24),(14)(23)}

Let K = HNnV,Since H and V are subgroups of A,, then so to

IS K.

By Lagrange’s Theorem, K’s order divides both 6 and 4. So

|[K|=1or|K|=2

If |K|=1, the map (h,v) -> h.v defined from H x V to A, has a
one to one relationship implying A, has 24 elements which we

know Is not true.
SO |K|=2where he Handv eV

The index |A, : H|=2 shows that there is exactly 2 distinct

cosets and as such, we know H is a normal subgroup.
This implies H = tHt L vt € Ay,

Take v = (ab) (cd) and ¢t = (abc), where (a, b, c, d)= (1,2,3,4)

tot 1 = (bc) (ad) — (ab) (cd)
tot 1 7= v
but V' contains all disjoint transpositions so,

tot— L eV and tvt— 1 e H So, tvt— e HNV =K. Thus, we

Cauchy’s Theorem states that a group G whose or-
der g is divisible by a prime number p contains an
operator of order p.

Proof:

Suppose G is abelian and generated by a sin-
gle operator S of order np. s"=+1 although
(s7)P =1, showing that " is the required operator.
If G Is not generated by a single operator, we
can examine a set of generating operators
{S1,59,...,Sr}, which are all commutative. Since
these operators are commutative there exists
at least one generator for which the order is
divisible by p, and some power of this gener-
ator must be the required operator of order p.

Fig. 2: Augustin-Louis Cauchy.
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tradicts our assumption that |K|=2 and so there is no subgroup
of order 6.
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Introduction

Currently the majority of cryptographic schemes are based on commu-
tative algebraic structures such as Abelian Groups. In terms of classi-
cal computing, these schemes are considered secure. This i1s because
the problems which underpin their operation are considered "hard’ or
intractable. This means that no solution can be found in reasonable
time. For example it takes approx. 2.73 « 109! years to crack AES-256
encryption using a home computer. However, recent advancements 1n
quantum computing theory have shown that not all these problems are
indeed intractable. The use of non-commutative algebraic structures
such as non-abelian groups offer a possible solution to this security
issue.

Abelian Groups in Cryptography

Abelian Platform Groups:

Many abelian groups can be used for cryptographic schemes. A simple
example is the additive group G = Z/dZ. However, in practice much
larger and complex groups are used. Groups of points on suitable ellip-
tic curves are usually used. An elliptic curve is given by the equation
y? = 23 + azx + .

&
= O - =] ==
¥ ¥

Figure 1: Examples of an Elliptic Curves

Discrete Logarithm Problem (DLP):

The DLP 1s one of the main problems that current crypography relies
on. It is described as follows where G is a cyclic group with generator
g:

Let G = (g)

Given h € G find x such that g* = h

e Currently the DLP problem is intractable using current computing
methods for certain large groups of G.

e However, Shor’s quantum algorithm has been shown to solve this
problem in polynomial time, therefore making the DLP tractable
even for complex, large groups such as elliptic curves.

 Fig. 2 shows the difference between tractable problems (polynomial,
linear, logarithmic) and intractable problems (exponential) in terms
of time.

ai)
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Figure 2: Time Complexity

Diffie-Hellman Key Exchange:

The Diffie-Hellman Key Exchange protocol 1s a fundamental method
of establishing a secret shared key between two parties over an inse-
cure connection. Suppose Alice and Bob wish to create a shared key,
K using the cyclic group G where the order, d, and generator, g of G
are publicly known:

Figure 3: Diffie-Hellman Protocol

e From the above protocol we can clearly see that the Diffie Hellman
Key Exchange relies on the DLP being intractable as do many other
cryptographic protocols.

 This highlights the need for a more secure alternative for the quan-
tum computing age.

Non-Abelian Platform Groups

The 1dea of using the complexity of non abelian (infinite) groups in
cryptography dates back to the work of Wagner and Magyairk in 1985.
A cryptographic platform group G must have several key requirements
in order to tackle the conjugacy search problem:

* The group GG must be well studied/understood.

* The word problem in GG should have a linear/quadratic solution by a
deterministic algorithm.

e There should be a way to disguise the elements of G so that they
it 1s impossible to to recover individual elements from a product of
elements just by inspection.

* (= should be a group of super, polynomial growth. This insures that
the number of elements in G of length n will grow faster than any
polynomial in n.

Braid Groups:

Braid Groups were one of the first non-commutative groups to be sug-
gested as a "good” suggestion as a cryptographic platform. There are
many advantages and disadvantages of using braid groups in cryptog-
raphy . It appears as if the conjugacy search problem in a braid group
does not provide sufficient security unless keys are selected by narrow
and yet to be determined subsets of the entire group.

A braid 1s obtained by laying down a number of parallel pieces if string
and intertwining them without forgetting that they are essentially the
same direction.

p— p— p— — — DR

Figure 4: Five Strand Braid - Vertical direction

There are exactly n — 1 crossing types for an n strand braid.
(x1,....TH_1).7; 1s a positive crossing of of the 1th and 1 +1st strands.
the set x1, ....x,,_1 generates 5y.Each crossing is subject to the relation

g, w5 =1
for every ¢, 7 s.t |[¢ — j| > 1 and

LiLi41L5 = Li4+1LiLi41

That 1s , the braid group 5, 1s denoted :

B — {:C . ’ Tl T = TjX;T Zf |Z —]| =1 }
" b=l TiTj = Tjx; v f |Z —]’ > 1

Words and Normal Groups:

e A word 1s any written product of group elements and their inverses.
For example if x,y, z € G then xy, z_lxzz, y_lz:m:_lyz_l are
words in the set x,y,z. Two different words may evaluate to the same

value in GG

e A word 1s called reduced if it contains no string of the form

aa” b a €it’s generating set

e Normal form for a free group G with generating set .S is a choice of
a reduced word in S for each element of GG

Conjugacy Search Problem (CSP):

Let G be some platform group. For example:
G — Bn

Given words x,y € G find z such that:

Yy = 2z !

e It has been shown that for Braid groups and other suitable platform
groups this problem 1s undecidable.

e This means that no algorithm can be designed such that leads to the
conclusion whether z exists or not and therefore offer more security
potential.

Non-Abelian Cryptographic Protocols

Many different protocols exist which rely on non-abelian platform
groups to perform key exchanges, encryption/decryption and authen-
tication. These protocols aim to provide greater security than their
commutative equivalents.

Anshel-Anshel-Goldfeld Key Exchange:

e [s a non-abelian alternative to the Diffie-Hellman Key Exchange.

e Requires that the platform group used has easily computable nor-
mal forms. Because of this, braid groups are primarily used as the
platform group for this protocol.

Let G = By,
a = (al, ...,ak), b= (bl, ...,bm) cG
a and b are publicly known.

Alice selects a word in a and computes its product A:

el el
A — a/z'l LA

YO a;, < a, €. = =1

Bob selects a word in b and computes its product B:

B =0l 000 bj, €b, 0) =1

1 JL’
Alice sends Bob the conjugates.

Abi A~ Ab, AT
Bob sends Alice the conjugates:
BaB7!,...,Ba; B!
Alice computes:
A Y Ba'B™)...(Ba*B™ = A7'B71AB
1 L
Bob computes:

(ABTA™).(AVFA B = A7 B AB

Conclusion

Non-abelian cryptography clearly shows promise in resisting quantum
computing attacks due to the CSP being undecidable for suitable plat-
form groups. However, with their added complexity and relative lack
of research they are not often implemented at present. With this said,
they are one of the main candidates for the future of cryptography in
the quantum computing age.
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Proof of Lagrange’s Theorem

This poster takes a look at mathematician Joseph Louis Lagrange,
and his most famous work, ‘Lagrange’s Theorem'. Born in 1976, Iin
Turin, Italy, Lagrange made huge contributions to the field of math-
ematics. One of his most important findings came in Group Theory
where he proved a theorem that states if H is a subgroup of a finite
group G, then, the size of H divides the size of G. We will take a
look at Lagrange himself, his theorem, and some applications of the
theorem.

Joesph Louis Lagrange

Giuseppe Luigi Lagrangia was born in Turin on the 25th of January
1736. He made for significant contributions to many areas of math-
ematics including analysis, number theory and mechanics. Areas
In mathematics such as Lagrangian in mechanics and the Euler-
Lagrange equation in calculus have been given his name as testa-
ment to his work. He passed away in Paris on the 10th of April 1813,
aged 77.

The Theorem of Lagrange

Lagranges theorem states, If a function f(xz1, x2...2n) at n! variables
Is acted on by all possible permutations of the variables and these
permuted functions take only r distinct values then r is a division of
nl.

Lagrange discovered this while he was trying to find an algebraic
formula solution for a 5th degree polynomial and more generally for
the nth degree polynomial where n > 4. He observed that the so-
lution for quartic and cubic equations could be solved by finding an
equation of a lower degree. These types of polynomials are known
as resolvent polynomials. For this example we will write the roots
as:

T1To + X3XLy4 X1XT3 + oLy XT1T4 + To + T3
2 ’ 2 ’ 2

where x1, 2, 3, x4 are roots of the original polynomial. In addition,
he observed that all of the 4 roots are permuted in 4! = 24 ways and
only these 3 values would occur. Lagrange then said that in order to
solve a quintic equation, we would need a function which only takes
4 values when the variable is permuted permuted in 5! = 120 ways.

Theorem:
If G is a finite group of order n and H is a subgroup of G of order k, then k|n
and 7 is the number of distinct cosets of H in G

Proof:
To prove this theorem we start by considering the 3 lemmas outlined below.

Lemma 1:If G is a group with subgroup H, then there is a one to one
correspondence between H and any coset of H

- Lemma 2:If G is a group with subgroup H, then the left coset relation, g;~
goifandonlyifggx H =g« H
IS an equivalence relation.

Lemma 3:Let S be a set and ~ be an equivalence relation on S. If A and
B are two equivalence classes with A N B # (), then A = B.

Fig. 1: Joespeh Louis Lagrange

Let ~ be the left coset equivalence relation defined in Lemma 2.
It follows from Lemma 2 thatis an equivalence relation and by Lemma 3 any
two distinct cosets of~are disjoint. Hence, we can write

G=(g*H)U(gpxH)U...U(g,*H)

where the g; « H, i= 1,2,...are the disjoint left cosets of H guaranteed by
Lemma 3. By Lemma 1, the cardinality of each of these cosets is the same
as the order of H, and so

Gl=|g*H|+|ga*xH|+...+|gx H
G|=|H|+|H|+...+|H|
Gl=nx*|H|=nxk.

where k = the order of H
Q.E.D

AT NUI Galway
‘W OE Gaillimh

Applications

Lagrange’s theorem is often used to prove the special cases of Fer-
mat’s little theorem and its generalization, Euler's theorem, which
were already known before Lagrange’s theorem. Lagrange’s the-
orem can also be used to show that there are an infinite number
of primes. The theorem is also very important in the field of cryp-
tography. With the rise of cryptocurrencies such as Bitcoin and our
move towards a cashless society, work in cryptography is sure to be
very important in the coming years. Bitcoin has recently reached
its all time high of over 20,000 USD further proving our shift to-
wards cryptocurrencies. Having a good knowledge of Lagrange’s
theorem may help you get into the world of cryptography!

Lagrange Fun Facts

Here are a few fun facts around Lagrange and his theorem

 Lagrange’s interest in mathematics began by chance after read-
iIng a memoir by Edmond Halley

*In 1764, Lagrange was awarded a prize by the French Academy
of Science for an essay on how apparent oscillation causes in-
significant yet tangible changes in position of lunar features on
the visible face of the moon. This essay included the famous
equations we use today.

The Moon is tidally locked: a side of the Moon is always

facing the Earth. However, due to libration, we can take
a glimpse of parts of the Moon that are not always visible.

hidden & W hidden

vishle & SO Visible

Lunar libration rules out many Moon-related 'theories'
invented by flat-Earthers. Libration shows the Moon is
a sphere and confirms the orbital motion of the Moon.

Fig. 2: The basis of one of Lagranges famous papers

e Lagrange, at Leonhard Euler's recommendation, was made Di-
rector of Mathematics at the Berlin Academy in 1766.

 Despite being both an academic, and a foreigner, Lagrange sur-
vived the French Revolution and Reign of Terror.



The Group of Symmetries of the Cube
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Introduction

This is a poster about the group of symmetries of a cube. A cube is a 3D shape with 6 square faces, 8 vertices and 12 edges. There is a
total of 48 symmetries of the cube. Comprising of 24 rotational symmetries and 24 reflections.

Reflection Symmetries Plane Reflections

There are a total of 24 reflection symmetries of the cube and these are The cube has 9 reflection planes which are:
consisting of: » 3 planes lie parallel to the side squares and go through

the centre.

» 6 planes go through opposite edges and two body
diagonals. They divide the cube into prisms.

» 15 turn reflections.
» 9 plane reflections.

i Reflection Symmetries Graphic

There are 3 axes which exists from the center of one face to the center of
the opposite face and they can each be rotated 4 times. These degrees of
rotation are 90°, 180°and 270°, not counting the identity. However since
a 180° turn reflection is actually the antipodal symmetry, there are actually The 9 Plane Reflections of the Cube
6 turn reflections. Consisting of 3 each for the 90° and 270 ° rotations.

There are 4 axes which exists from a vertex to the diagonally opposing
vertex and they can each be rotated 3 times. These degrees of rotation
are 120°and 240 °, not counting the identity. Therefore there are 8 of
these turn reflections.

There are 6 axes which exists from the midpoint of one edge to the
midpoint of the diagonally opposing edge and they can each be rotated
twice. Again, not counting the identity, this degree of rotation is 180°. But
since each of these 180° rotations are really the antipodal symmetry, there
are no turn reflections for this axis either.

Finally we have the antipodal symmetry which was not counted in any of
the above turn reflections. This is the 180° turn reflection. This is 1 turn
reflection and combined with the previous 6 and 8 turn reflections stated
above, brings the total to 15.

Rotation Axes Graphics Rotational Symmetries

Rotational axes throush th There is a total of 24 rotational symmetries of the cube, all of which
. . orational axes Ehrough the are anti-clockwise. These consist of:
Identity rotation centres of opposite faces.

» 9 rotations about lines through the centres of opposite faces.
’ ” There is a total of 3 axes of rotation, each of which has 3
rotations. Consisting of 90°, 180°, 270°.

. IR » 8 rotations about lines through diagonally opposing vertices.
(0 There is a total of 4 axes of rotation, each of which has 2
J rotations. Consisting of 120°, 240°.

.......... S
» 6 rotations about lines through midpoints of diagonally opposing
: edges.

There is a total of 6 axes of rotation, each of which has 1 roation.
Rotational axes through each of Rotational axes through midpoints This is the rotation through 180°.

the diagonally opposing vertices. of diagonally opposing edges. » Identity which is a rotation 0° or 360° through any of these axes.

References
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Rubik’s Cubes & Group Theory

by Joshua Conneely

RUBIK’S CUBE

The Rubik’s Cube is a 3-D combination puzzle invented in
1974 by Hungarian sculptor and professor of architecture
Ernd Rubik. Although it reached it’s peak popularity in the
1980’s it is still widely know and used today.

Many ”speedcubers” still use it and continue to improve
on solve times.

The current world record for solving a cube is 3.47
seconds and is held by Yusheng Du.

How Group Theory and Rubik’s Cube’s
Relate

All the possible rotations of a Rubik’s Cube can be proven
to be a group. First we need some notation for these
rotations. Let (R,x) denote the group, where R is the set
of all possible rotations, and R+ x Rz is defined as rotating
by R1then by R. Let G represent the Rubik’s Cube.

CUBING NOTATIONS

U v’ D D’ R R’
ﬁ ﬁ Ty ﬁ
3
L

L i F ? B B’

F
U: Up, D: Down, L: Left, R: Right, F: Front, B: Back & ' is
the inverse.

Proof that a Rubik’s Cube is a group

Identity Element

Let R be any rotation, Let e be the Identity. Then
exR=R, Rxe=R

Therefore e is the Identity.

Closure

Let R1 & R2 € G.

For any R1 xRz it will produce a valid move, therefore
Ri1 x R2 € G. Thus is closed.

Inverse

Let R be any rotation in G, Let R’ be the inverse to R. So
Rx R = e and R x R = e, this shows that every rotation
R has an inverse in G.

Associativity

Let R1, Rz, Rs € G.

R1 x(R2xRs ) = (R1 xR2) xRs

This is clearly true as for example, If you do the move
R x (R = U) its the exact same as (R x R) = U.
Therefore its associative and thus is a group.

How Group Theory Helps with Solving
Rubik’s Cubes

Group theory helps with solving cubes is by helping us
find algorithms to solve them, as there is a very large
number of permutations it is impossible to solve randomly
SO we need these algorithms.

These are made by looking at the commutativity of the
group. The Rubik’s Cube group is non-abelian ie, does
not always commute

This property helps with solving them tremendously as
we can devise algorithms to swap certain "cubies” (these
are what the individual "cubes” are called), being able to
swap these like this and not move the rest of the cubies is
fundamental to solving a Rubik’s cube.

Another way groups helps with solving a cube is with
conjugates.

If R+ and R2 are two moves then the conjugate of R is
equal to R2R1R’2

The conjugate has the same function as the original
move R but does the move in a different location.

This is very useful for cycling through cubies on an edge
for example if you wanted to just move the top 3 corners a
conjugate would be very useful here.

Other fact’s

Number of permutations

The number of permutations possible for a Rubik’s cube
is a very large number.

First we need to take the 8 corner pieces so they can be
arranged in 8! ways.

Then each corner piece can be arranged in 3% ways.
There are 12 edge pieces which can be arranged in 12!
ways, then each of them has 2'2 ways to be arranged.
But only % of the permutations have the rotations of the
corner cubies correct.

Only  of the permutations have the same edge-flipping
orientation as the original cube, and only % of these have
the correct cubie-rearrangement parity. So we end up

with
(8))(3%)(12!)(2"%)

- 19
2)(2)(3) = 4.3x10

permutations.

God’s Number

What is God’s number, its the minimum amount of moves
necessary to solve any Rubik’s Cube from any state.
First we need to make a distinction between the half turn
metric and the quarter turn metric.

A half turn is where any turn of 90, 180 or 270 degrees is
one move Whereas a quarter turn any twist of the face is
said to be a move.

God’s Number is exactly 20 for the half turn metric, this
was proved by Tomas Rokicki, Herbert Kociemba, Morley
Davidson, and John Dethridge in 2010. It’s 26 for the
quarter turn metric, this was proved by Tomas Rokicki
and Morley Davidson in 2014.

The superflip is the first position proven to require 20
moves (or 26 depending on which metric you prefer) the
superflip is the position where all the corners are correct
but all the edge pieces are flipped, the superflip actually
commutes with every possible move.
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Introduction

There exists many philosophies among architects as to what constitutes good architec-
ture. From the artistic vision down to the budget which funds it, dozens of factors are
influencing what a structure will look like. With the rise of software such as autoCAD,
which allows the modern architect to manipulate 2d geometry to design 3d models, a
portal has been opened between what can and cannot be done with respect to exploring
new ways in approaching architectural projects. Mass housing, in particular, has cre-
ated a unique opportunity to combine structural design with group theory in new and
interesting ways. We intend to show how group theory, in particular the application
of frieze groups, can be employed to relieve the monotony of mass housing in a way
that distinguishes each unit from its neighbour while maintaining the fundamental ar-
chitectural properties of symmetry. This new approach towards repetitive architecture
revitalises the stale aesthetics of mass housing, with methods that are precise, efficient
and innovative. The thesis of this project is largely built on the work of Jin-Ho Park,
as well as Alice V. James, Davd A. James, Loukas N. Kalisperis and Cornelie Leopold.

Principal Objectives

1. Introduce the concept of frieze groups.
2. Discuss the seven types of frieze groups.

3. Relate frieze groups as a solution to the issue of mass housing.

1 Frieze Groups

In design, a frieze is a pattern that regularly repeats along a given direction. Often,
these friezes appear horizontally along a wall or bench. In group theory, we imagine
that friezes are infinite; extending left and right. All friezes are constructed such that,
if they are moved to the left or right by one unit, the overall appearance of the frieze
is left unchanged. Also, there may be ways of rotating or reflecting friezes that leave
its appearance unchanged. However not all friezes have this property. Each frieze be-
longs to a frieze group. The elements of the associated frieze group are the actions that
leave the frieze’s appearance unchanged. There are 5 actions that can be performed
on friezes: (1) Translations r, (2) Vertical Mirror M,,, (3) Horizontal Mirror M, (4)
Half Turn 1/2, and (5) Glide Reflections g. Using these actions we can construct the 7
standard frieze groups.

Mirrors

Type 1:  XXXXX Horizontal & vertical mirrors & half turns {my, m,, 1,/2)
Type 2: YWY Vertical mirrors & half turns & glide reflections {m,, 1,/2, gl
Type 3:  AAAAA Vertical mirrors & no half turn {m,)

Type 4: EEEEEE Horizontal mirrors & no half turn {my/

No Mirrors

Type 5: SSSSSS  Half turns {1/2}

Type 6: qdgdqdg  Glide reflections & no half turns (g}

Type 7/: RRRRR Translation only

Table 1: The seven standard frieze types.

2 Frieze Patterns in Pirgi

In 2004, a paper® publised by Alice V. James, Davd A. James and Loukas N. Kalisperis
explored the facades of friezes in the village of Pirgi on the Greek island of Chios. The
paper discovered a series of patterns which “are used to create a lively geometry, rang-
ing from the straightforward to the complex, to give each house its distinctive identity;,
its own unique face to display to the world. While analyzing the frieze designs, the
authors discovered that the frieze artists intuitively obey a unique set of color-reversing
rules.”

2.1 Notes

The paper offers three important findings: (1) that the geometries used in Pirgi obeyed
the laws of frieze theory; (2) that all seven frieze types were used across the decora-
tions of the village (see Figures 1-7); (8) and that frieze groups offers a unique way to
establish a sense of diversity that works best when the structures are uniform and even
identical.
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2.2 Examples
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Figure 1: Type 1, Horizontal and vertical mirrors, half turns (my,, m,, 1/2)

Figure 3: Type 3, Vertical mirrors and no half turns (bottom frieze) (m,)

Figure 4: Type 4, Horizontal mirrors and no half turns (my,)

D LS <

Figure 6: Type 6, No mirrors, glide reflections (g)

Figure 7: Type 7, Translation only, marching right triangles

3 Modern Solutions to Modern Prob-
lems

Evidently, if you were to hold these examples up to a mathematical lens, you would
undoubtedly find that these patterns are not exactly obeying the laws of group theory;
this is primarily due to the fact that these facades were hand-painted and likely did not
use strict measurements. However, an exact rendition of these patterns has been made
infinitely easier since the conception of applications like autoCAD and ProkE.

3.1 Mass Housing

As hinted in the introduction, the practice of architecture is subjective, in this project we
consider the design of mass housing as the primary subject since it has more limitations
(e.g. government funded, generally attached /semi-detached, relatively small units) and
the crucial property of being repetitive. The fundamental application of frieze groups
will be in making the facade of housing less repetitive by combining common elements
in housing to subvert the generic, dissatisfying, monotonous traits typically associated
with it in a cheap and efficient way:.

3.2 The Work of Jin-Ho Park

In 2017, Jin-Ho Park published a paper, entitled “Subsymmetries for the Analysis and
Design of Housing facades?,” in which he sets forth an innovative approach in applying
frieze groups (and combinations of their subsymmetries) to repetitive rows of housing.
The application process involved using computer software to generate a 3-dimensional
model of the streetscape. As mentioned already, not only does Park employ the concepts
of freize theory but also introduces a “combinatorial” approach in which he combines
different constituents of symmetry and subsymmetries. In his own words, “by using all
or just some of the subsymmetry principles, the application results in a huge number
of compositional possibilities.”

3.3 Park’s method

1. A series of 2-dimensional diagrams are created with respect to the frieze groups’.
These are unique elements of the fagade (not the fundamental building structure) such
as doors, partial walls, windows, etc., as seen in Table 2 below:

a. rooffstair I
b. flower box
c. handrail/gutter am —_— =S ¥ = S =S — —_—
d. door i _ | i |
I [ [ l r
e, partial wall
Cinindi IH 5 %F WF W W W W W
. window
ﬂl dk 4k 4k 4k 8k 4k Ak &

g. wall

1 il

1

Table 2: Seven frieze groups with design elements: a detailed example of how the
complete set of frieze groups is used to design the facade

2. These elements are then uniformly superimposed on each other without any vari-

ation in subsymmetries in Figure 8:

Figure 8: Final design where all elements are superimposed to form a housing facade

This creates a typical uniform housing facade. As Park notes, “Proper positioning
of each symmetric element produces an orderly superimposed pattern of seven distinct
symmetry operations. When overlaid together, separate building elements dissolve in a
facade, having no meaning as separate rules of their juxtaposition in the entire facade,
and making each underlying layer invisible.”

3. Park then renders the facade elements in 3-d space, in which the underlying geom-
etry is “not revealed,” or subdued, due to its inherent asymmetrical design - offering
a “dynamic look and aesthetic variety” regardless of the underlying uniform layout of
subsymmetries.

Figure 9: Three-dimensional computer model is depicted on a streetscape

4. Finally, Park begins to vary the subsymmetries of the facade: "Depending on how
different parts of elements are superimposed on the facade, the expression of the final
design will be different, even though it may look as if various elements are permutated,
shifted, and positioned. When combined with different colors and materials, dynamic
views of the alternating facades are created... In addition, a few elements may be re-
moved, or a few subsymmetry principles left unused, thereby destroying the overall
symmetry of the facade” Park presents four unique iterations* of the same underlying
principle in Figure 10:

qv
-1

l‘li T
_ .F.

i | Wy

Figure 10: Four possible facade designs in that a few elements are removed or a few
subsymmetry principles are not used. Although they appear similar, they are different
from the ways that the principles are applied

4 Conclusion

« Group theory, and in particular the concept of frieze groups, has huge importance
in structural and facade design.

« Although it has manifested in the past, modern technology now allows frieze patterns
to be rendered with precision in complex and innovative ways.

« The first technological procedure for the technical application of frieze groups in ar-
chitectural design was proposed (very recently) by Jin-Ho Park, whose method we
have summarised and explored.

 This method can be universally applied to resolve the monotony of mass housing in
a cheap, eflicient way:.
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Figure 1:Rotational symmetries of Dys.

Let G be a group with operation .

(G I1s a cyclic group if all elements of G can be generated by a single element
a and a~ !, where a € G.

l.e G iscyclicif G =< a > forsomea € G.

Cyclic subgroups may have more than one generating element a.

Cyclic Subgroups

A cyclic subgroup of a group can be generated by taking + € G and

combining it with itself and ! to assemble a sequence of elements.
1 1 1 1 1

A R A R S e e A R R A A X
= A cyclic subgroup also happens to be the smallest subgroup to
contain x.
= Example of a cyclic subgroup of Z : 9Z under the addition operator.

.. —36,-27,—18,-9,0.9,18,27.36 . . .

= Example of a subgroup of the dihedral group D;5 :The rotational
symmetries of Dy, (D-,, where n=6 polygon). fisure 1
The group consisting of rotations by % forn ={1,2,...,6} in the
anticlockwise direction.
The rotation %” IS an iImmediate example of generating element of this
subgroup.

Finite Cyclic Group C,

Elements of C,, (cyclic group with n elements) can be represented as such
{x,2° ...2"}, id=2"

The exponent of 2" n indicates that 2" has been generated by applying

x under the operation * by itself n — 1 times. e.g

$3:$*I*$

Generating elements of C,, from elements of (), can be achieved by
multiplication under modulus n.

(I/’Z . :E.] — aj(z—l_.])/n

Where (i + j)/n denotes the remainder on dividing i + j by n.
This enables us to understand which elements of C), are generating ele-
ments of the cyclic group.

Generating Elements

Lets choose z' as a candidate to be a generating elelment of C,,.
Applying x' to itself under the group operation creates elements 2= where
m € Z

For 2'to be a generating element % must create the set {1,2,... n} relating
to each 2t € C,

f 2t € C,is to generate C, as a cyclic group ¢ and n must be coprime in
order for all elements to be produced.

Example of coprimes: 7 and 9 as they only share the factor 1.

= E.x:cyclic group 97 = {0, 1,2,3,...,8}.
let ' =2 as 2 is coprime with 9

(2:0/)9 =0, (2-1)/9 = 2,(2-2)/9 = 4,(2-3)/9 = 6, (2-4)/9 = 8, (2-5)/9 = 1
(2:6)/9=3,(2-7)/9=5,(2-8)/9 =T,

<2>=1{0,1,2,3,4,5,6,7,8} = 9Z

= E.x: Rotational symmetries of Do = {R@Q, RlZO; ngo, R24(), Rgoo, Rg@()}

id=R360.
let ' = x° = Rsp, clear that 5 is coprime to 6.
x| id Rsoo R3p9 Ry R Rgoo
R300 Rsoo| Raao | Rign Ri20 | R | 1d

< R3p0 >= { R0, R120, R1s0, 240, R300, R360}

If I and n are not coprime, (i - m)/n where m € Z will cycle through a set
containing some but not all elements of {1,2,...,n} relating to each ' €
C,.. Such 2 fail to generate all elements of C,,.

Generating Sets

2’ is an element which will generate C,, as a cyclic group, as j and n are
coprime.

The order of the set of all such elements is simply Euler's totient function
¢ of nie( the order of the set of numbers < n which are co prime to n).

e.qg: ¢(9) = |a|, where a is the set {1,2,4,5,7,8}
$(9) = 6

= The generating set of the group of rotational symmetries of Ds.
Order of R = { Rgo, 120, Rig0, Roao, Ro0, Raeo} 1S 6.

¢(6) = |r|, where r is the generating set { R, R300}

$(6) =2

Infinite Cyclic Group

Let < g > = G be an infinite cyclic group. For any infinite cyclic group G
there are 2 generators. These generators are ¢~* and g. .

Proof

fG=<g>and G=<h>

Then g = h" for some integer n and h = ¢g""

G 1s infinitely cyclic so mn =1

m and n are integers so they can only satisty mn =1 1f m =1 and n=1 or
(m=—1andn = —1)

Thereforen =1orn = —1

Thus the only possible generators are g and ¢!
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The Group of Symmetries of the Regular Tetrahedron

Evan O’Riordan Laura O’Donnell

Introduction to the Group of Symmetries of the Regular Tetrahedron.

This is a study of the regular tetrahedron, a three-dimensional object that consists of four vertices A, B, C, D (we could also say 1, 2, 3, 4), six edges (AB), (AC), (AD), (BC), (BD), (CD), and four
faces. Four vertices give us 4! = 24 permutations or symmetries in this group. There are 12 rotations and 12 reflections. What are these symmetries, and what do they look like?
Note that we will be representing our symmetries using array representation, where an element on the top row is being mapped to a corresponding element on the bottom row (see examples below).

Rotation About the Edge Axes

Three more symmetries can be found by
rotating the tetrahedron 180° along each of
the axes that connect opposite edges
through their midpoints, i.e. the lines
connecting the midpoint of AB to CD, AC to
BD, or AD to BC.

The Identity Element

The figures below represent the four rotational axes of symmetry that connect a vertex to the center
of its opposite face. For example, the axis at vertex A is the line that connects the vertex A to the
center of the triangular face BCD.

Eight rotational symmetries can be found by rotating the tetrahedron by either 120° or 240° about
each of these four axes. These rotations keep one vertex fixed and cycle the other three. They are as

In group theory, the identity element is the
element of the group that when combined
with any other element under the group’s
binary operation, regardless of the order
performed, returns that other element of the
group. following:

For the symmetries of a tetrahedron, the About A About B About C About D These rotations can be seen as swapping
identity element is the transformation that /A BCD ABCD ABCD ABCD any two pairs of points. They are as follows:
leaves all the vertices in the same place. It 120 (A C D B) (D B A C) (B D C A) (C A B D) ABCD

can be thought of as not moving the AB C D ABCD ABCD ABCD AB to CD (B A D C)
tetrahedron, or else as rotating the 240° (A D B C) (C B D A) (D A C B) (B C A D) ABCD
tetrahedron 360° about any of its axes. AC to BD (C D A B)

With array representation (vertices ABCD
{A,B,C,D}), the identity element is A ) AD to BC <D C B A)

represented as :
These rotations can also be found by

composing two of the vertex rotations with
opposite rotations on different vertices (e.g.
120° about A followed by 240° about B).

ABCD
ABCD

Reflections composing of a Rotation & Reflection

Reflections of Two Vertices

We can find 6 of the tetrahedrons 12 reflections by taking a pair
of vertices and swapping them, while leaving the other two fixed
in place. These 6 reflections are as follows:

The last 6 reflections can be found by combining one of the reflections with six of the rotations. We need to pick our rotations
and reflections so that after composing the rotation and reflection none of the vertices are in their original position. Here are the
six reflections and examples of how to find them:

AB AC AD (120° A) o AB[(120° B) o AB | (240° A) o AB [ (240° B) o AB | (AC to BD) - AB | (AD to BC) o AB
(ABCD> (ABCD><ABCD) ABCD\|(ABCD\ (ABCD\ (ABCD ABCD ABCD
BACD) \CBAD) \DBCA CADB) \BDAC) \DABC)|\BCDA DCAB CDBA

BC BD ¢D The resulting symmetries are derangements of the four vertices. Notice how we used the reflection of AB alongside the four
ABCD ABCD ABCD . : . : . .
ACBD ADC B ABDC rotations about the vertex that kept either A or B fixed, as well as the two edge rotations that did not swap A with B. If we used

any of the other rotations, at least one vertex would have stayed fixed, meaning we would not have uncovered a new reflection!

Additional Information & References

Armstrong, M. A. (1988). ‘Symmetries of the Tetrahedron’, Groups and Symmetry. New York: Springer, pp. 1-5.
Johnson, P. (2009), Full Tetrahedral Symmetry. viewed 6 December 2020, <http://patrickjohnson.name/311PROJ/Tetrahedron2.html>.
The figures used to represent rotations were created using Geogebra (www.geogebra.org).



Introduction

In group theory, there is a well-known theorem which defines the correlation be-
tween the order of a group and the order of its subgroup. This theorem is called
Lagrange’s Theorem named after the ltalian mathematician Joseph Louis La-
grange. This poster will explore the man himself, his theorem and its evolution
iInto what we know Lagrange’s Theorem as today.

What did Lagrange do?

Lagrange’s was concerned with the question of finding an algebraic formula for
the roots of the general 5;:/ degree polynomial and more generally for the nth (n
> 4), since the quadratic, cubic and quartic formulae were already known. He
observed that to solve the quartic and cubic equations involved solving supple-
mentary polynomials of lower degree, whose coefficients were rational functions
of the coefficients of the original polynomial. These polynomials are also known
as resolvent”([2]) polynomials. For this example we can write the roots as:

rlx2 + x3x4
2

rlxd + x2x4
2

rlxd + x2x3

2
where x1, x2, x3, x4 are roots of the original polynomial. Lagrange also observed
that all four roots could be permuted in 4! = 24 possible ways and only these
three values would occur. He then concluded: To solve 5:h degree polynomials
one should try to find function in 5 variables that takes on 3(or 4) different typical
values when the variables are permuted in all 5! ways.

Example: Lagrange’s Theorem for ¢;

We can illustrate the key ideas behind the proof of Lagrange’s Theorem using the
example of Cs = (1, 9, 9%, ¢°, ¢°*, ¢°) (whereg® = 1)
which has as one of its subgroups H = (1, g°).
If we multiply H on the right by each element of (s in turn we find the different
right cosets of Hin G. (1, %), (g, ¢%), (¢°, ¢°)
Using some color we can see how
H=(1,g")
gets “shifted” through the elements of Cs as we multiply H on the right by elements
of 06-

2 3 A4 5)

06 = (1’95 97,9,9 ,49
There are three distinct cosets.

1. Each right coset has the same size as H.
2. Two cosets are either equal or disjoint.

3. Every element of G is in exactly one right coset.
These are the key ideas needed to prove Lagrange’s Theorem.

L AGRANGE'S THEORM

Keyleigh Magee, Elli-Mae Maguire, Niall Carney
MA3343 Groups Poster

Joseph Louis Lagrange

Key Achievements

Joseph Louis Lagrange (Giuseppe Luigi Lagrangia) was born in Turin, ltaly on the 25th of
January 1736. He made many contributions to several areas of mathematics, including
mechanics, analysis and number theory. He is renowned in mechanics, where he re-
formulated Newtonian mechanics in order to simplify formulae and calculations, this is
known as Lagrangian mechanics. His name is also associated with the Euler-Lagrange
equation in calculus. In 1766, Lagrange moved to Berlin to pursuit mathematics after
studying in the University of Turin. In 1766 he started to work on what became to be
known as Lagrange’s Theorem. He passed away in Paris in 1813, aged 77.

Fig. 1: joseph lagrange.jpg

Built on earlier work by Leonhard Euler to create the calculus of variations — he
called it his ‘method of variations.

Created an entirely new field of mechanics, Lagrangian mechanics, for both
solids and fluids, based on the concept of virtual work and utilizing the La-
grangian function.

Introduced the concept of generalized coordinates. Lagrangian mechanics can
be used in any coordinate system — problems are simplified by choosing an
appropriate one.

*Created the concept of potential: the gravitational field, for example, is a poten-
tial field.

Discovered Lagrangian orbits.

*Solved century-old problems in number theory posed by Fermat that had de-
feated other mathematicians.

*Was a founder of group theory.

‘Played a key role in the creation of the metric system of weights and measures.

Lagrange’s Theorem

Find the subgroups that some finite group G possesses can be quite difficult.
However, Lagrange’s Theorem gives us more knowledge on how to find those
subgroups, making the process much easier.

If G is a finite group and H is a subgroup of G, then |H|, the order of H divides
|G|, the order of G. This proves very helpful in figuring out which subgroups a
group possesses provided the group is finite.For example, it tells us that a group
G of order 24 cannot possibly have a subgroup of order 11.
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THE TORUS OF REVOLUTION

Anton Sohn, Jack Sullivan, Sam Hudson
Investigating the translations of the surface of a torus.

A Transformation of the Plane

The Torus of Revolution

A torus is a surface of revolution generated by revolving a circle
In three-dimensional space about an axis that is coplanar with the
circle. If the axis of revolution does not touch the circle, the surface
has a ring shape and is called a torus of revolution. This project
will explore the "translations" of the surface of a torus of revolution
(which I will just call torus) as the elements of a group.

Representing Points on the Torus

Since a torus is generated by revolving a circle about the axis of
revolution (AOR), which is coplanar with the circle, any point P on
the torus lies on some circle that results as the intersection of the
torus and the plane that contains P and the AOR.

Define the latitude 6 € R of P to be the angle of the line connecting
P to the centre of this circle, to some arbitrary fixed reference line
through the centre of the circle.

Define the longitude ¢ € R of P to be the angle of the plane
containing both P and the AOR, to some arbitrary fixed reference
plane through the AOR.

Any point on the torus can be represented by only its longitude and
latitude and no two points on the torus share the same longitude
and latitude.

In summary, Every point P on the torus can be represented by a
unique ordered pair (6, ¢) € R?.

[
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Fig. 1: Plan and Elevation of Torus and unrolled Torus

A Transformation of the Surface of

the Torus

Now, we can define a transformation of the surface of the torus
(which I will just call translation, although it technically is not) to be
a transformation that changes the latitude and longitude of every
point on the torus by two given real numbers, Af and A¢ respec-
tively.

This means that every translation can be represented by an
ordered pair (Af, A¢) € R>.

We can define the composition of translations o, as the sum of the
ordered pairs that represent the translations. ie If the translations
x and y are represented by the ordered pairs (A, A¢;) and
(ABy, Ago) respectively, then x o y is represented by the ordered
pair (AG] +Aby, Ap1+Agy). Clearly if (A81, A1), (Aby, Agy) € R?
then (A8 + Ay, Ag| + Agy) € R? so z o y is also a translation.
Therefore, o is a binary operation on the set of translations.

The set of Translations as a Group

Let G be the set of all translations as defined above. Is G a group
under the binary operation o?
1. Let g1, g9, 93 € G where g; = (A0;, A¢;) fori =1,2,3. Then

(g1092) 0 g3 = (AB1 + Ay + Ab3, Ap1 + Ao+ Ag3) = g1 0(g2093)

2. Letid = (0,0). Clearly id € G since (0,0) € R%. Letg =
(MG, A¢) € G. Then

goid=(A0+0,A¢p+0)=g

idog=(0+A0,0+A¢) =g

so there exists id € G that is the identity element for o.
3. Let g = (A#,A¢) € G. Define g~ = (—=A0, —Ag). Clearly,
g1 e G since (—Af, —Ag) € R?.

gog t=(A0— A0, Ap— Ap) = (0,0) = id

so every element in GG has an inverse with respect to o.

(G, o) satisfies all axioms of a group.

Consider a X x Y rectangle in the Cartesian plane with one of it's
vertices on the origin, one side of length X on the positive x axis,
and one side of length Y on the positive y axis.

We can define a transformation of all points of the rectangle”

(z,y) = (x + Az |mod X|,y + Ay |/mod Y)

This is similar to a translation of all points of the rectangle

(x,y) — (x + Ax,y + Ay) except that no point can be moved
to a point outside of the rectangle. The transformation we have
defined acts as a translation by Az in the x direction and Ay in
the y direction, but only on points that are taken to another point
inside of the rectangle by said translation (ie the points (x, y) such
that0 <z +Az < Xand 0 <y+ Ay <Y).

However, suppose we have a point P = (z,y) such that z + Az >
X. In this case the translation would move P to a point to the
right of the rectangle, so our transformation takes the modulus X
of the x coordinate of this translated point, such that it is between
0 and X and is thus inside the rectangle.

Visually this can be imagined as a point being moved by the
transformation in the positive x direction, hitting the right side
of the rectangle, jumping instantaneously to the left side of the
rectangle without changing its y coordinate, and then continuing
to move in the same direction (Like how Pacman can disappear
from the right side of the screen and reappear on the left and vise
versa).

| will refer to this type of transformation as a modular translation
of the X x Y rectangle, although it is not technically a translation.
Every modular translation can be represented by an ordered pair
(Az, Ay) € R,

We can define the composition of modular translations e, as we
would the composition of regular translations, as the sum of the
ordered pairs that represent the translations. ie If the transla-
tions a and b are represented by the ordered pairs (Axq, Ay;) and
(Axg, A1) respectively, then a e b is represented by the ordered
pair (Axl + Azo, Ay + Ayg).

Let H be the set of all modular translations of a X x Y rectangle.
It can be shown that H is a group under e.

*All points of the rectangle refers to all points within the rectangle
as well as one long edge and one short edge of the rectangle.
The only points we exclude are one long edge and one short
edge, the reason for this will hopefully become apparent later.

Unrolling the Torus

Take a 2mr x 2w R rectangle where r < R and roll it it up into a
tube such that the two longer sides (Drawn in red in Fig. 1) of
the rectangle are joined together. The radius of the tube is r and
the height of the tube is 27 R. All lines that were vertical grid lines
on the rectangle are now circles around the circumference of the
tube.

Now, we want to bend this tube into a ring such that the two circles
at either end of the tube, which were once the shorter sides of the
rectangle (Drawn in blue in Fig. 1), are joined together. This won't
be possible without stretching the surface, so we choose the (red)
line where the two longer edges of our rectangle met to remain
of constant length as we bend the tube. We also ensure that the
"centre" of the tube remains the same length as the original tube.
It takes some thought to see that this forces the red line to be on
the very "top/ bottom" of the bent tube. ie the line that, if the bent
tube is placed on a table, touches the table.

Now we join the blue circles at either end of the tube together
In such a way that all lines that were vertical grid lines on the
rectangle, form a loop on the surface of the torus we have created.
The radius of the centre of the now-bent tube, aswell as the red
line (which is now a circle) is R.

The only arbitrary restrictions | have imposed on the construction
of this torus is that the length of the red line and the centre of the
tube remain constant.

Fig. 2: Rolling a Torus

Isomorphism from H to G

Intuitively, we can see that every point on the 27r x 27 R rectangle
that we started with, corresponds to some unique point on the
torus. We might even suspect that every modular translation of
the rectangle corresponds to exactly one translation of the surface
of the torus. To show that this is true, we can find an isomorphism
from H to G.

A good starting point is to realise that the Cartesian coordinates
of a point P on the rectangle can be converted to our latitude-
longitude coordinates of P (in radians) on the torus by the function
(x,y) — (x/r,y/R). | wont go into detail, but this can be seen from
fig. 1.

Now, consider a function f : H — G that takes the modular trans-
lation h = (Ax, Ay) to the translation of the surface of the torus
f(h) = (Az/r,Ay/R). It hy = (Az1,Ay;) and hy = (Azg, Ayy)
are elements of 4 then

f(h1ehg) = f(Axy + Ao, Ayp + Aypo)
= ((Axy + Axo)/r, (Ays + Ays)/R)
= (Axy/r+ Axo/r, Ay /R + Ays/ R)
— (AZCl/T, Ayl/R) © (A:CQ/Ta AyQ/R)
= f(h1) o f(ho)

So fis a Homomorphism.

Every ¢ € G can be written in the form (A0 + 2nm, A¢ + 2mm)
where n,m € Z and 0 < A0, A¢p < 2rw. Clearly g is the same
translation as (A6, A¢) due to the periodic nature of the latitude
and longitude.

Every h € H can be written in the form (Az + nX, Ay + mY)
wheren,m € Z,0 < Arx < X and 0 < Ay < Y. Clearly h is the
same modular translation as (Ax, Ay) due to the modular nature
of the modular translation.

In summary, every ¢ € G can be written as (Af, Ap) where
0 < Af,A¢ < 27 and every h € H can be written as (Ax, Ay)
where 0 < Ax < Xand 0 < Ay <Y.

Now, Let X = 27r and Y = 27 R. What the above tells us is that
h = (Ax,Ay) where 0 < Ax < 27r and 0 < Ay < 27 R can
represent any element of H.

f(h) =1idg=1(0,0) <= (Az/r,Ay/R)=(0,0)
— (Ax,Ay) =(0,0)
<— h= idH

so Ker(f)={h € H : f(h) =1dg} = {idy} which means that f
IS Injective.

Consider f(h) = (Ax/r,Ay/R). Letting Az = rAf and Ay =
RA¢ we get f(h) = (Af,A¢p) where 0 < rAf < 2xr and 0 <
RAp < 2rRso 0 < A8, A¢ < 2m since r, R > 0. Notice that any
element of G can be written in this form. So every g € G is the
image under f of some h € H

so Im(f) ={g € G: g = f(h)forsome h} = G which means
that f is surjective.

f is a both injective and surjective homomorphism, so it is an
isomorphism from H to G.

Subgroups

Two of the Subgroups present within our group are
Ry ={(A0,0) € G: Af € R}

and
Ry={(0,A¢) € G: A¢p € R}

Both of these are very unique.

(0, A¢) represents the change in longitude of all points on the
torus, and is known as a rotation. The torus appears to be spin-
ning like a vinyl.

(A#,0) is the change in latitude of all points on the torus, this one
IS a bit more confusing. If we imagine a torus rotating in towards
Its centre at a constant movement known as a revolution.

Fig. 3: Rotations (Blue Arrow) and Revolutions (Red Arrow)

Cyclic Subgroups

Let g = (A, A¢) € G. What is the order of (g), the cyclic sub-
group generated by g, and when will it be infinite?

From our definition of composition of translations, it is not hard to
show that " = (nAf,nA¢) where n € F.

So (g) ={...,(—=2A0, =2A¢), (—A0, —A¢), (0,0), (Al, A¢),
(2A0,2A¢), ...}

We will show that if both A8 and A¢ are rational multiples of 7
then the subgroup will have finite order and in any other case the
subgroup will have infinite order.

Consider the elements gy, g4 € G Where gy = (Af,0) and g, =
(0, Ap).

Let A0 = %w where a,b € Z. We want to show that there exists
m € Z such that g;* = (0,0), ie such that mAf [mod 27] = 0.
Take m = 2b, then mAf [mod 27| = 2axw [mod 27| = 0. So {(gp)
has finite order. It can be shown similarly that (g,) has finite order.

As with any group and an element from it, gy can be thought of
as a permutation of the elements of (gy). This permutation can
be written as a single disjoint cycle (idg gs g3 ... gj' ') where
m = |(gp)|. The order of this permutation is just the length of

the cycle, m. Similarly, g, can be thought of as the permutation
(1dg 94 g(2b gg_l) of order n, where n = [(gy)|.
It can be shown that ¢* = g5 o gg Vi € Z, so

(9) = {id, 990 99, 95095 -~ 95 095 '} where ¢ = |(g)]
As above, g can be thought of as a permutation of the elements
of (¢g). With some thought, we see that the permutation that
g represents is analogous to the product of the disjoint cycles
(ide g9 95 - g5 ") and (idg gg g(i gg_l). The order of
the resulting permutation is the LCM of the orders of the disjoint
cycles, and hence |(g)| = LCM (m,n).

Now consider g = (A6, A¢p) where there does not exist a,b € 7Z
such that A = %w. Then Ya,b € Z, bAO # am, so Vb € Z,

bAO [mod 27] £ 0, so Vb € Z, ¢° # (0,0), hence (g) has infinite
order. It can be shown similarly that if A¢ is an irrational multiple
of 7 then (g) has infinite order.
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Fig. 4: Line traced by the action of a cyclic subgroup

Group Actions and Orbits

Theset S = {(6,¢) € R?: 0 < #,¢ < 27} is the set of all points
on the surface of the torus. Intuitively, G acts on S, but to prove
this we check two conditions;

1.9dg-s=5 Vse S

Let s = (6, ¢) then

ida-s=04+0,04+0)=(0,¢9) =s

2.91-(928) =(g1092) -7 Vs€ S Vg,0€ G
Let s = (0, ¢), g1 = (AO1, Ap1) and go = (Aby, Apo) then

g1-(92-5) = g1-(0+Ab, p+Ago) = (0+Abs+ A0, p+Apo+Ag)

and

goga = (AO1+Aby, Ap1+Ago) = (goh)-s = (0+A01+Ab, p-+Ap1+A

Therefore G acts on the set S.

For some point s1 = (61, ¢1) € S we can translate s to any other
point on the torus sy = (69, ¢9) by the translation g = (69— 01, ¢ —

¢1). So,

Vso € S dg € Gsuchthatg-s; = s9

therefore G-s1 =G -s9 =5 Vsy,s9€ S
The Orbit of any point in .S under GG is just S.
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Cayley Graphs for Abelian Groups

To discuss Abelian Groups, we first have to look at commutativity. When some-
thing is commutative, it means that the order in which we operate on them (this
can be addition, multiplication etc.) does not affect the outcome. For example,
addition over the Real numbers is commutative. It does not matter which order
you add any amount of numbers in, the answer will be the same. We can also
say this for multiplication.

a+b=>b+a
It is Important to realise that it is not the object that is being operated on that is at
the root of commutativity, but it is in fact the operation itself. Note that not every
operation on the Real numbers is in fact commutative, like division, for example.
The root of commutativity is actually what is done to the objects (the operation)
rather than what the objects are.

What is an Abelian Group?

In mathematics, an abelian group, also called a commutative group, is a group
In which the result of applying the group operation to two group elements does
not depend on the order in which they are written. That is, the group operation is
commutative.

With addition as an operation, the integers and the real numbers form abelian
groups, and the concept of an abelian group may be viewed as a generalization
of these examples. Abelian groups are named after early 19th century mathe-
matician Niels Henrik Abel.

Fig. 1: Norwegian Mathematician Niels Henrik Abel

The concept of an abelian group is fundamental to group theory. We see it
appear in many areas of the subject. One of the first visual representations we
get is in the form of a multiplication table. For abelian groups, their multiplication
tables are symmetric.

(Note: Abelian Groups can either be finite or infinite.)

There are certainly many implications that arise from a group being abelian. Being able to
define and interpret an abelian group, whilst straightforward, can prove very useful.

1. Every subgroup of an abelian group is normal, so each subgroup gives rise to a quotient
group.

2. Subgroups, quotients, and direct sums of abelian groups are abelian.
3. Every cyclic group is abelian. This is because its group operation must be commutative.
4. If a group G is abelian, the Centre of G ie. Z(G) is equal to G itself.

5. If a group G is abelian (for example, all cyclic groups), then every conjugacy class in G
consists of just a single element.

6.Interestingly, it is possible to find abelian subgroups of non-abelian groups. An example
of this is the smallest non-abelian group, the symmetric group S5 of order 6. All of its proper
subgroups are abelian (the trivial subgroup, three subgroups of order 2 and one subgroup
of order 3).

Fig. 2: Cyclic Group of 6 elements

There are also some other interesting properties relating to abelian groups. These are
called "group metaproperties”:

(i) Subgroup-closed group property: If G is an abelian group and H is a subgroup of G,
then H is also abelian. (ie. Abelianness is subgroup-closed).

(i) Quotient-closed group property: If G is an abelian group and H is a normal sub-
group of GG, the quotient group G/ H is also abelian. (ie. Abelianness is quotient-closed).

Examples of Abelian and Non-abelian Groups

Some abelian groups:

(Z,+) The set of all integers under the binary operation of addition.
(R*,x) The set of all non-negative real numbers under multiplication.

Some non-abelian groups:

(Z.,+) The set of all integers under the binary operation of addition.
GL(2,R) The set of all invertible 222 matrices with real entries.

Cayley graphs give a way of encoding information about groups in a graph.
Given a group with a finite generating set, we can form a Cayley Graph for that
group with respect to that generating set.

Cayley’s Basic Theorem states that every group can be faithfully represented as
a group of permutations. The graph below represents the graph of .S, for all the
rotations of a cube. The colours are the vertices of the RGB color cube which
correspond to the numbers from 0 to 7, each number representing a vertex.
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Fig. 3: Cayley graph of S, showing all rotations of a cube

Fundamental theorem of abelian groups

The fundamental theorem of finite abelian groups states that every finite abelian
group G can be expressed as the direct sum of cyclic subgroups of prime-
power order; it is also known as the basis theorem for finite abelian groups..
This Is generalized by the fundamental theorem of finitely generated abelian
groups, with finite groups being the special case when G has zero rank. (The
rank of a group referes to the smallest cardinality of a generating set for G)
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Generating Sets of Finite Symmetric Groups
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Introduction

This poster serves as an after-class reading for MA3343 students. We assume the readers are familiar with the concepts of groups,
generating sets, symmetric groups, cycles and transpositions. In this poster, we investigate the topic of generating sets of finite
symmetric groups. In particular, we focus on the number of elements in the generating sets and find the smallest such number by
mathematical reasoning.

1. S, is generated by its all cycles 3. Sy is generated by n — 1 transpositions

Every permutation can be written as a product of cycles, so the > S, is generated by (12)(13)(14)...(1n).
set of all cycles in S, generates S,,. However, such set is very Since S, is generated by the set of all its transpositions, it is
large and redundant. Take Sg for example, we have sufficient to show that an arbitrary transposition (ij) can be
{(1),...,(6),(12),(13),,,,(16),(123), ...}, a generating set with written as a product of transpositions containing 1[1]. Consider
415 elements, and clearly not all cycles are distinct. (1i)(1))(11). Element iis sent to 1 and then to j, and element j is
sent to 1 and then to i. Thus, (ij) = (1i)(1j)(1i) for all
! ! w 1 < i#j<n,asrequired.
2. S, is generated by its transpositions > S, is generated by (12)(23)(34)..(n-1 n)
Following the above result, we only need to show that for all
Recall that every cycles can be written as a product of 1 < i< n, (1) is a product of adjacent transpositions.
transpositions. For instance, (123) = (12)(23). Since the set of all We use mathematical induction.
cycles generates S, the set of all transpositions is a ebase case Clearly our claim holds for (12).
generating set of S,,. The total number of transpositions in S, is einduction step Suppose (1i) can be written as a product of
(7) = ™2-U11]. It is a much smaller set compared the set of all transpositions swapping 1 with other elements.
cycles, but it is still redundant as (23) can be written as Then (1 i+1) = (1i)(i i+1)(1i), and the result follows.
(12)(13)(12). » In both cases, we have n — 1 elements in generating sets.

Before moving on...

We have already shown that S = {(12), (13), ..., (1n)} is a generating set for S,. We may ask ourselves..

Q1. Is S non-redundant?
A1l. YES. If we remove any element from S, it is no longer a generating set. This is not hard to see, as removing (1i) from S leaves us a
fixed point i because none of the remaining transpositions permute i. A generating set has such property is called "Minimalf .

Q2.ls S the smallest generating set for S,,?
A2. NO. A minimal generating set is non-redundant, but is not necessarily of the minimum size. We will see in the next section that,
though S is minimal, the minimum size of generating sets for S, where n > 3 is 2.

4. The minimum cardinality of generating sets for S,

» S, is generated by (12), as (1)(2) = (12)(12) and (12) = (12).
» For n > 3, S, is generated by the transposition (12) and the n-cycle (123...n) [1].
Since S, is generated by (12)(23)...(n-1 n), it suffices to show that (i-1 i) where 2 < i < n can be generated by (12) and (123...n).
We use mathematical induction.
ebase case Clearly (12) is generated by (12) and (123...n).
einduction step Suppose (i-2 i-1) is generated by (12) and (123..n). We want to show (i-1 i) is also generated by these two cycles.
For convenience, we denote (123..n) by o.
Consider o(i — 2 i —1)o~, an element generated as requirement.
Then,o(i—2 i —1)o "= (o(i — 2) o(i —1)) = (i —1 i), and the result follows.
» For n > 3, S, cannot be generated by single element.
Recall the group generated by single elements is cyclic. Since every cyclic group is abelian, it suffices to show S, is non-abelian.
Let permutations 71 = (13) € S, and m = (12) € Sp,.
Then T = (231) and o] = (132).
It follows that S, in non-abelian as w7 # momy.
» Combining the above results, we conclude that the minimum cardinality of generating sets for S, where n > 3 is 2.
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1 Introduction

This poster is concerned with cyclic groups. In particular, we are interested in
counting the number of elements that generate such groups and how this number
depends on the order of the group. We begin with a review of cyclic groups and
generators, providing examples of each. Following this, we derive an interesting
formula for the number of generators of a finite cyclic group. We finish with a
similar result for infinite cyclic groups.

2 Cyclic Groups and Generators

Let G be a group and let (x) be the cyclic subgroup of GG generated by = € G. We
say that GG is cyclic if G = (z). Equivalently, a cyclic group G is one which can
be built from a single element x € G by “taking powers”. Any such element x is
called a generator for G. Every cyclic group is necessarily abelian; see [1]. We
llustrate these ideas with two well-known examples.

» Let GG be the group of complex 6! roots of unity under multiplication
G = {1, e%r, eQiTﬁ, e e%ﬁ, e%w} .
The group is cyclic since it is generated by (for example) z = ¢17/3; that is,
G = (x) = {id,:z:,:z:2 22, 2t :U5} (1)

where id = 1 and x6 = 1. This is not the only generator for G: it is also
generated by z = ¢”I™/3, It turns out that z = €7/ and x = €”7/3 are the only
two generators for GG; see Figure 1.

« Let G = (Z,+) be the group of integers under addition. The group is cyclic
since it is generated by (for example) x = 1; that is,

G=(r)= {...,x_Q,m_l, id, 2, 22, } , (2)
where id = 0 and =" = n. As before, this is not the only generator: + = —1 also
generates G. It turns out that x = 1 and x = —1 are the only two generators for

G.

These examples, specifically (1) and (2), demonstrate that despite superficial dif-
ferences, all cyclic groups have the same abstract form. To be more precise,
all cyclic groups of the same order are isomorphic to each other [2]. Hence
we adopt a single notation C), = (x) for all cyclic groups of order n; here it is
understood that " = id.

We now turn to the problem of counting the number of generators = for a given
order n. First, we consider the finite case.

3 The Finite cyclic group (',

Theorem 3.1. Suppose that x is a generator of the finite cyclic group C,,. Then
the elements of C,, that generate it as a cyclic group are exactly those elements of
the form =¥, where gcd(k,n) = 1. The number of these is ¢(n): the Euler totient
function.

The main idea of the proof of Theorem 3.1 is to show that C,, = (z*) if and only
if gcd(k,n) = 1; we say that the integers k£ and n are coprime if gcd(k,n) = 1.
Before giving a proof we state without proof the following result from [3]:

Lemma 3.2. Two integers a and b are coprime if and only if there exists integers
s andt such that sa + tb = 1.

The Number of Generators of a Cyclic Group

Sarah Skeffington & Griffen Small

Proof. First, we show that C;, = (z*) if k and n are coprime (the sufficient condition). By
Lemma 3.2, there exists integers v and v such that uk + vn = 1. Then, for integral m, we

have
2 m(uk+uvn)
_ xmuk muon
( )mu (xn)mv
= (z

)mu
)

since " = id. Since the elements of (), are exactly those of the form 2", it follows that
every element of C), is a power of z*, and therefore C,, = (). Thus, C,, = (z*) if k and n
are coprime.

Second, we show that if (), = (xk>, then k and n are coprime (the necessary condition).
Since =¥ generates (), there exists an integer u such that

z = (z")" = 2"k, (3)
Multiplying both sides of (3) by z—!, we have
U= =g, (4)

Fig. 1: The complex 6™ roots of unity form a cyclic group under multiplication. It is easily seen that « = ¢™/% and = = "/ are the

only two generators for G .

For (4) to hold we must have that n divides uk — 1 (since z'* = id). Hence there exists an
integer —v such that uk — 1 = —wn or, equivalently, uk + vn = 1. It follows from Lemma 3.2
that k& and n are coprime. Thus, k and n are coprime if C;, = ().

We conclude that C,, = (z") if and only if k and n are coprime, i.e., gcd(k,n) = 1. This
means that gcd(k,n) = 1 is a necessary and sufficient condition for z* to generate Ci,.
Hence the number of distinct elements of (), that generate it as a cyclic group is equal to
the number of positive integers k& < n for which gcd(k,n) = 1. The number of these is ¢(n).
]

As an example, the number of distinct elements of (s (which we can think of as the group of
complex 6! roots of unity under multiplication) that generate it as a cyclic group is ¢(6) = 2,
as claimed in § 2.

Next, we consider the infinite case.
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4 The Infinite Cyclic Group ('~

Theorem 4.1. Suppose that x is a generator of the infinite cyclic group Co
Then the elements of C, that generate it as a cyclic group are x and +~ 1. So
C~o has exactly two generators.

Proof. First, we show that if Coo = (z), then Co = (z~1). For integral m
we have (x_l)m = ¢~ . Since the elements of Cy, are exactly those of the
form ==, it follows that every element of C, is a power of 2!, and therefore

Coo = (1),

Second, we show that = and z—! are the only two generators for C.. Since
Coo = (z) = (1), we must have = = (z~1)? for some integer @ and z~! = 2
for some integer b. These equations imply that z = (z71)% = 2%. Since Cx
is infinite cyclic, ab = 1, and so (a, b) is either (1,1) or (—1,—1). Thus, the only
generators of Cs, are z and 21

]

We note that Theorem 4.1 is consistent with our example in § 2 of the group
(Z,+), which had exactly two generators: z = 1 and 2~ = —1.

Theorems 3.1 and 4.1 not only yield information about the number of generators
but also their form. For example, Theorem 3.1 says that the ¢(n) generators
for the group of complex n!M roots of unity under multiplication all have the from
e2imk/n where ged(k,n) = 1.

6 Summary

We have shown that the finite cyclic group C;, has exactly ¢(n) generators and
that the infinite cyclic group C«, has exactly two generators. We have also illus-
trated these results for the case of two well-known examples of cyclic groups:
the group of complex n!" roots of unity under multiplication and the group (Z, +).

C. Jordan & D. Jordan. Groups. Newnes, 2004, p. 58.
J. Rotman. Advanced Modern Algebra. Prentice Hall, 2003, p. 75.
P. Cohn. Algebra Volume 1. John Wiley & Sons, 1982, pp. 27-28.




THE HISTORY OF LAGRANGE’S THEOREM
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Introduction

Our objective for this project is to examine the history of the famous Lagrange’s theorem. The
theorem as we know it today has evolved greatly since its earliest form in 1771. We hope to tie his
initial findings about polynomials to their current applications, and the importance of the theorem
to group theory and mathematics in general.

Joseph-Louis Lagrange

Fig. 1: Lagrange portrait

Born in Turin, Italy on 25th January 1736, Joseph-Louis Lagrange was a brilliant mathematician and
astronomer. A major contributor to number theory and analysis, Lagrange also had a significant
influence in celestial mechanics. His most important book, Mécanique Analytique (1788; “Analytic
Mechanics”), was the basis for all later work in this field. In 1766, he succeeded Euler as the director
of mathematics at the Prussian Academy of Sciences, Berlin. He moved to France in 1787 to join
the French Academy of Sciences where he remained until his death in 1813. Lagrange’s influence
is obvious in many areas of mathematics, including theorems which carry his name either solely or
jointly. Group theory had not been defined at this point in history and only began being studied
in later centuries. Not having studied group theory or anything similar, Lagrange was completely
unaware of the influence that his findings would subsequently have in that area of study.

Langrange’s Original Findings

Lagrange initially concerned himself with finding an algebraic formula for the roots of the general
5th degree polynomial and more generally for the nth degree polynomial for n > 4. The quadratic,
cubic, and quartic equations had already been solved, so Lagrange wished to investigate polynomials
of degree greater than four. Lagrange observed that the solutions for the cubic and quartic equations
involved solving polynomials of lower degree, or ”resolvent” polynomials. ”’For example, the quartic
was solved using using a cubic resolvent polynomial polynomial whos roots could be written as (2):

X1X2+ X3X4 X1X3+ X2X4 X1X4+ X2X3
2 ’ 2 ’ 2

Where X1, X2, X3 and X4 are the roots of the original polynomial”’. Permute these four roots in
the 4!(or 24) possible ways, and three different values are typically outputted. Lagrange reckoned
a similar approach was required to solve 5th degree polynomials. He believed that a function had
to be found in 5 vairables that took on 3 or 4 different typical values, where where the variables
are permuted in all 5! (or 120) ways. This would lead to a corresponding resolvent that would be
crucial to solving the original equation. Although Lagrange never determined if this was the case,
he did however arrive at the following conclusion:

if a function f(X1,...,Xn) of n variables is acted by n! possible permutations of the
variables and these permuted functions take on only r distinct values, then r 1s a divisor

of nl.”

Timeline

Evolution of Lagranges theorem

Lagrange did not originally prove his theorem as
we see it today. Although Lagrange was clearly
moving towards this idea, he never in fact pinned
it down. He received credit for it by many later
writers.

1771

He stated that that if a polynomial in n variables
has its variables permuted in all n! ways, the
number of different polynomials that are obtained
is always a factor of n!.

1799

Paolo Rufhini showed in 1799 that if n = 5 then m
cannot be 3, 4, or 8. Inspired by Ruffini’'s work.
1801

Carl Friedrich Gauss proved Lagrange’s theorem
for the special case of (Z/pZ), the multiplicative
oroup of nonzero integers modulo p, where p is a
prime.
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Fig. 2: Lagrange Findings 1771

1815
Augustin-Louis Cauchy showed in 1815 that if n
1S prime then m = 1 orm = 2 or m > n ; he
conjectured that ifn > 5thenm =1orm =2 or
m > n

1845

Joseph Bertrand proved Cauchy’s conjecture in
1845 subject to the truth of his celebrated Hy-
pothesis about prime numbers Stimulated by this,
Cauchy also proved Lagrange’s theorem for the
symmetric group Sn.

1861

Camille Jordan finally proved Lagrange’s theorem
for the case of any permutation group

NUI Galway
OE Gaillimh

Langrange’s Theorem As We Know It

Let G be a finite group with a subgroup H. Then the order of H divides the order of G.

Langrange’s Theorem says that a subgroup of S4 which has 4! = 24 elements, could possibly have
1, 2, 3, 4, 6, 8, 12 or 24 elements, but couldn’t have (for example) 11 or 17 elements.

The converse of Langrange’s Theorem is not true if n and k are integers and k|n, it is not true that
every group of order n has a subgroup of order k.

Proof Mechanism

Start with the subgroup H of the finite group G.
If H = G the theorem holds i
If not, choose an element x of G with x ¢ H. Then the coset xH is disjoint from H and .

has |H| elements. :
If HU xH = G then |G| = 2|G| and we are done. =

If not, choose y ¢ H U xH and add the coset yH. xn
Eventually we find that G is the union of k disjoint left cosets of H, and |G| = k|H|. [

Real Life Application of Lagrange’s Theorem

Fig. 3: Speed Gun

There exists certain police equipment used in Italy that detects speed limit violations by motorists.
It does this by snapping a pair of separate pictures of vehicles that are taken a couple of kilometres
apart. If the time elapsed between the pictures is less than the time it should take to travel the
distance then the vehicle is deemed to have broken the speed limit and the driver will receive
a ticket. The average speed is higher than the limit. Lagrange’s theorem guarantees that there
existed a point on the stretch of road between the cameras where the instantaneous speed of the
car was equal to the average speed, which was established by the cameras to be in excess of the
speed limit.
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