This poster will discuss one of the Lagrange’s lasting legacies;
Lagrange’s theorem on groups, as well as the developments it underwent to
become the theorem we recognise today.

Lagrange’s theorem is a well known result which is used in group theory and
other fields in mathematics, it is defined as followed:

“Let G be a group of order n and H a subgroup of order m. Then m is a divisor for
n”

Joseph-Louis Lagrange was an ltalian mathematician born in Turin in 1736.

By age 19, Lagrange had become a professor of mathematics Royal Artillery
School in Turin.

Due to his prolific contributions to mathematics and physics, he soon became
known as one of the greatest mathematicians in Europe.

Lagrange was born into a changing world in 18th century ltaly.

Growing up he was surrounded by great developments in medicine, physics, and
the natural sciences, pioneered by his fellow Italian scholars.

There is no doubt that Lagrange soon went on to become one of the defining
academics of the age of enlightenment in Italy.

Fig. 1: Joseph-Louis Lagrange.

GROUP: a non-empty set equipped with a binary operation that together satisfy
the properties of closure, associativity, the identity property, and the inverse

property.

SUBGROUP: Suppose G is a group under the operation *, and let H be a subset
of G. Then H is a subgroup of G if H satisfies the four properties of a group under
the operation of G.

ORDER: the order of a group is the number of elements in its set.
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When Lagrange first proposed his theorem, group theory had not yet been defined.

The theorem was first developed in 1770 when Lagrange published workings on the theory
of equations.

In this he aimed to derive a formula that could be used to solve a polynomial of 5 degrees
or higher.

He reasoned that if solving the quadratic and cubic polynomials involved solving supple-
mentary polynomials of a lower degree then the same might stand for a polynomial of the
5th degree.

This led to the original theorem which stated: If a function F(x1, x2, . . . , xn) of n variables
Is acted on by all n! possible permutations of the variables and these permuted functions
take on only r distinct values then r is a division of n.

This original theorem is vastly different from the one we know today. As the study of group
theory developed and changed so too did the theorem originally propose by Lagrange back
in 1770.

Many later developments were made on Lagrange’s original work.

In 1799, Paolo Ruffini published a book in which he provided proof that the converse of
Lagrange’s Theorem does not hold.

In 1815, a paper by Cauchy tied together the prior developments made on Lagrange’s The-
orem. Cauchy provided a proof of the original theorem as well as a generalised version of
Ruffini’'s theorem.

Cauchy later went on to prove that order of a subgroup Sn is a divisor of n!.

This was the first solid proof of Lagrange’s theorem in the case of symmetric groups.

It wasn’t until the twentieth century that the language of cosets was used to prove Lagrange’s
theorem.

Though it is hard to accredit anyone in particular with the first formal proof of the theorem,
the coset approach is said to have been inspired by Galois.

Fig. 2: Austin Louis Cauchy
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In order to proof Lagrange’s theorem we start with a subgroup H of the finite
group G.

If we find that H = G then the theorem holds.But if H G then we choose an
element x of G with x not being an element of H (xH).

Then the coset xH is disjoint from H and has |H| elements. It H xH = G then |G|
= 2|H| and we are done.

If not, choose y 6 H xH and add the coset yH.Eventually we find that G is the
union of k disjoint left cosets of H, and |G| = k|H]|.

In this case the term “divides” tells us that the order of subgroup H is a factor of
the order of group G.

An example of the theorem in practice is the group S4. S4 has 4! (or 24) ele-
ments.

A subgroup of S4 could possibly have 1,2,3,4,6,8,12, or 24 elements as these
are all factors of 24 (the order of S4).

The subgroup could not have, for example, 9 or 11 elements as these do not
divide 24.

The converse of the theorem is not true.

Lagrange Theorem can be widely applied in mathematics’'s to prove other
theorems.

This can be used to prove Euler's theorem and Fermat Theorem (an integer
raised to a prime power leaves the same remainder as the integer itself when
divided by the prime) and its generalization.

In addition to this we can use Lagrange to illustrate that there are infinitely many
primes.

Lagrange’s Theorems can be seen today used in the modern world of the digital
payments system namely Cyptocurrencies (eg.Bitcoin).

The Future of Lagrange lies in the hands of two very capable students of the
School of Mathematics at NUI Galway.

Moravia, Sergio., ‘An Outline of the Italian Enlightenment’, in Comparative
Literature Studies, vol. 6, no. 4 (1969), pp.380-409.

Roth, Richard L., “The History of Lagrange’s Theorem on Groups’, in Mathemat-
ics Magazine, vol. 74, no. 2 (April 2001), pp. 99-108.

‘Joseph-Louis Lagrange’,Physics Today, (January 2017),
https://physicstoday.scitation.org/do/10.1063/PT.5.031404/full/, accessed



[0G0OG 29 TT PSS9

-] gpd-g-juorqoes/sdnoa8/ueturnbi /et AemTedtnu  syjeu mmm//:diay
o[qerear ‘sdnour) :gresy N (Adnorny e jo sworxy oyl (0z0z) M ‘uepum)
Fpd" L1GSHS6.,069C/SOTTF

/aTneIep/seats/310 eew mun//:sdaayeged (G)gL [ouruo] ‘oumzeSe(y sorew
SOUIRI\ SPUOLL] INOX oZeuly 0} suonoy dnoir) mepun syuerreau] “(6661) (1 ‘Ao[suy
Jpd- LeTsuTe-o1d/s1eded/19Ydd/se1e30 _/npe piojuels gqeamieis//
:sdaagwerqorg g A9swyy oF, suonnog oy, (0z0g) Y ‘Weyelr) pue ‘J ‘Smoori(]
'961-GL1°dd *(g) ‘sorpetmayye]y porddy Ut sodueApY SO

1o51ad Jo sonyewoyew O], (ERGT) A\ ‘I0JURY pue Y ‘WeyeIr) “J ‘SIUOORI(]
615z=ds /80Tq/woD - SeTWWNP-I0F-O//

: sdaay[ouruo] Sorg seruwn(] 10, O | OPMYS 1901104 O], LT()E WO Sarutnp-10§-,)
Jpd - 1esue3/L100y3dnoi3 /sqinq/npe  UUOON

"YJew  peIU0DY//:sdaay Inorjouuo)) Jo AJSIOAIU() 'S}OS SUIRIDUON) Y[ ‘pRIuo))

S9JIUIJIJoY

“PIRD WSSO O] puly 0} ASe9 SI J1 SUDYRW PIed WO})0( [RUISLIO
9} JO JUOIJ Ul UTRWDI SAeM[R [[IM PIRD TSSO o) ‘SPIed oY) SUIPNYS 9 0} SUIOoS
H ysnoyje os pur J Ul uorjoe Aue Aq posuryp jou sI spred jo sired jo Aousoelpe

OUT, (TG TG "¢ ¢ 1) 94D g¢ oy Aq poreIouss ¢4g jo dnoidqns oyy st H dnois ot
‘poatasaxd st spreo jo sired jo Adusoelpe o) spIed o) SUIIND JO UOIOR O] IopU[)

JYI0M SIUY S0P AYAA

“POSLIOWOW prY NOA |, pIed Wo0330(,

O} JUOIJ UL PIed oY) SI YOIYM PIRD U9SOUD o1} dounouur pue dn 9o} jno spred oy}
peoxdg -juem A9() Se SO} AURW S 30op oY} 110 0) WY} MO[[e U], "} SUI0oS
NOA oYM ap o1 Jo doj uo 31 jnd pue 1 Je OO M29p oY) JO Mo pred v 3pid
0} PUSLIJ INOA NSy "OOp oY) JO W0330( 9} UO pIed 9Yf 9SLIOWIW IRIS NOA 9I0JOg]

ALY, 03 YOI, pIe) V

‘suorjisodsuery jo jonpoid e st uorpeinuniod A1oa9 se Jjosit dnors ot
SeojeIauas 0s pue ‘¢4g dnois oy ut suorisodsuery (v sojeIauas (x ‘(g ‘1)) 2105011,

(e 1)1 DI D 1)=( 1)
3G S >S5 T Aue o

GSST A (2T 1) 1) =
(e 1) =q1=(cc 19)(1¢ T1)(2¢S 5.

& 1)=1-0F 9 DEF ¢

(¢ 1=1-(¢ 2 DE 2

165151 A (T2 1))3(1+1 1) —
(zg 19) =1-2(1¢ 09)2

(v €)=q1-2(¢ %.
(¢ ¢)=1x(@ 1)x

(z¢ g 1) =X7]

1J00I]

‘doy o1} 09 Pop o1} JO pIrd WO0330( O}
SSULIC OIYM (ZG G T) O[PAD-gG oY) pue oop oY) Ul SpIed om] 31y oy sdems yorgm
(z 1) vorpsodsuery oy) Aq pajeIauas st ¢5¢ SpIom Io(jo U] "oop oyl jo doj uo paeo
wo330( o) sunnd pue spres omy 181y o) surddems Jo TOIyRUIGUIOD © A] PoyoRaI o
eD Y0P 93 JO SFNYS I0YJ0 AUR ‘SpIed 7C JO J0Op PIPNYs AJWopuel ® [IIM SUIIR)G

SO[INYS JO 319G Surjetausr) 9y,

IOPIO [RUISLIO O} 9101801 0F PAINDAI oIR SOPINYS-IN0 9011} A[UO ‘{oop PIed-Q UR 10 T "SIy

A
*

£

L

€]

< W

€

T

€]

't

‘pIeos doy o) 03 Surgjou op A9} Sk SOfFNYS 0M] [RULJ o1}

OI0UST WD OA\ UL ‘UL ‘IO ST IPIYM OOTTTO ST O000TT PUe OOTTOT JO WNS 0jeUIPIO-00 O} MON
0000TT = 8F = 0VGE — 88¢E = 9

pue 00r1or = ¥vr = % = 79 = &4 Wyl G = dgG = ug j ‘oidurexe 10]
Os 4 0g ¢ Ctg 4 &74p “T=g 4+ T=g st 9ouonbes Surgmuys oy T,

010 1 ="' yym Uslg-cdgl~lg = d ;7 — qug = § 9IOUM SULIOY UOI}IOILI0D O( S 7]

0 10 T =% ygmm Oglg---c—dgl=4p = 9 se Areurq ur 4 ssoxdxy

T—uC=318 T-ug=dIo] "()=17198 () =d I0]

.%nwpﬂ T —ug >d> () oI\

4G S UG > 4T YeU) UONS SISIXD L SPIRD UG JO MIIP © YITAN

ur ‘ur ‘ur woped (17T = 2, o1eym) ) uorgisod o)
() woIj 08 03 o[durexe 10 OYNYS Ul UL SUIURIUL | PUR S[YNYS JNO UR FUIURIW () [JLM AIRUIQ UL
d Surssoxdxo Aq posorype oq wed sty T, ¥pop oy ur d uorysod paawsop Aue 0y (() uorgrsod je) paeo
doy Teurstio o) SULIq 0} Posn o URD SOPFNYS INO PUR UL JO SOLIOS © IR} PUNO) AJ[SW[H] X[y

Surggnyg oxeq Jo WRI0dY T, [eyuswrepung ayJ,

O[[93800) RIPAT ‘[[RA\ OSI'T ‘ASURS[\ RWW "USP[OL) RUUY
dTHdANHS 04V HHL ANV d104{) V SV ON.

(Cpr = goxe o'1) suonysod [RUISLIO IOY} 03 SPIed o1y
TINGOL 0 SOPFNYS OIR JYSI0 A[JORX0 O3] [[IM } “SpIRD 7G JO JDOP © 10] ‘008 [[IM oM Sy
"SO[PNYS JO IoqUINT 39S ® UM ANJUIPI 97} 07 WINJOI SARMTR [[IM pue dnoIsqns ® ULIo]
Sofnys oreq Jeys st sunserojur arow sdeyrod st yeypp “dn puo [[im uorjisod UoAIS Aur
Ul pIed © 010yM 9jndurod sAempe ued oUO ‘Yoop PIZLIOWOW ® U0 JNYS 0JR © SUIOp A¢]

2) GG 09 8 " 1§96V G El
¢G4 16 09" "Lc 9¢ G¢° € G 1

-oor(d Ut pred wojjoq pue doj oy seard] SNYS () 9Y ], PFMYS MO e

(1) 196V Ly "1 ¢4 05 "9V ¢
GG 1905 "LC 9¢ 46" E 1

‘AToA1300dsor wo330q
pue doj wolj puodsss pIed wojjoq pue doj o) SoAR[ S[NYQS U] o], ONyYS uf e

81} SuIop
JO SABM OM]) 9T QIO [, "UAOMIIUT A300)1od wat) pue sofid renbo omj ojur PopIAIp SI
SpIed JO M0Op Y SPIed JO Yoop e Sulnys ,A[3ooyiod, Jo poyjetl ® SI ofnys oIeq oy J,

SINYS 199]I9J/oxeq

ne(Les)=(eol)es-
JyRYY) ONIY ST JT () [,'S SO[nys 10 :A110d01J 9AIJRIIOSSY e

T1=(29)-S ‘ee=(1)s 1 59
'dnoIg o1y Ul Pourejuod ;_G 9SISAUL UR el Os[e § UoRnuIIRd YoRy :9SIOAU] e

2g=(cg)re=(a)!
T=(T)ruay ‘z¢‘g' 1 3 X uo pauntofrad ofgnys AJuapt oy o (X)1 307 uonsod
[RUISLIO S,31 UL JUOUWO ORI SOARO[ UDIYM O[NYs oy} JO SISISU0D SIY ], :ANJUIP] e

(

(S Aq pamorpof , uL1o]
-Tod) opgnys ® Os[R ST T, 0 § Uy} ‘IS (suorpeinuriod) Sonys IopIsuod :9Jdnso[) e
'SMO[[0] S®
sworxe dnois o) saysijes 41 asneoa( dnois e s Surnys pren) -uonejnuriod Jo ULIOJ
© ST uonouny sSurgnys oy, (¢4 uo sopggnys oq osfe N ‘T, 97) 26T T < 26T TS
Jey) Yons ‘C8G U0 S3or JR) S[PNYS PIRd B 9 G JOTIOOP OY) Ul SpIed JO Ioquunu oy}
St N omym ‘Ng dnoid oujowrwds o) Aq pojussordol oq ued SOPnys [[e Jo 198 9y,

;dnoany e surgynyg pae)) S| AYM

‘sydoouoo oso) serjdde jery oL preod © Jo ojdwexo U OAIS AN
"SO[PNS JO 3OS SUIYRIOUDS 1) SSNOSIP OAN "SUIPNYQ OIR, JO WDIOQY ], [eIUoUIRpPUN,] 1)
or01d op\ dnois e se poropisuod uoym sorjrdord Furysorojur sey jey) ‘SI[quIes pue
SURIDISRUL A(| POsI SINYS 19010 10 OIR 91 S8 UMOU O[nys Jo odA) oyoods e ssnosip
U} OA\ IOOp pIepue)s © Ul zG A[[eordA) ‘¥oop ® Ul SPIed JO JOQUINU 1) ST AJ 9IoUMm
N¢g suoryejnunad jo dnoid oyj 03 oswydiowost st 41 ey} pur dnois e st Surjnys eyl
USI[e)so oM “)sIr,] "dNoI3 © Sk ST SPIed JO 9P © SUTHNYS PIed Je J0O0[ oM 19)s0d ST} U]

UOI)ONPOIIU]

TAANHS AUV



Quantum Mechanics: The Stabilizer Formalism
Billy Ray

Introduction

The stabilizer formalism of quantum mechanics presents a novel way of describing the machinery of quantum mechanics using concepts
from Group Theory. The stabilizer formalism uses the concepts of the stabilizer of a group and generators of a group in order to
characterise quantum states and the result of operations on those states.

Quantum States The Stabilizer Formalism

» Quantum states are represented as unit vectors in a complex
vector space. The state is represented using a set of

orthonormal basis vectors which span the space. Let |0) and |1)

represent a basis of two orthonormal vectors in C? such that:

o ()9~ ()

Thus, a quantum state, |¢)) € C?, could have the form:

1 (5
V) = @(\0>+\1>)— (é)

» A quantum state in C? is called a qubit state. The basis of
quantum computing consists in manipulating qubit states
through matrix-vector multiplication.

Multiple Qubit States

» The tensor product operation combines multiple qubits into a
single composite system. The composite system of two qubits,
19) ® |1), occupies the complex vector space C? @ C? = C*.
Thus, a 2-qubit state can be represented using a set of four
orthonormal basis vectors spanning the space C*.

» In general, a composite system of n qubits is defined in
C?®C2® ... C2 = C?. An arbitrary n-qubit state can be
represented using an orthonormal basis consisting of 2"
vectors which span the vector space C?".

The Pauli Group

» Operators are matrices which act on quantum states.
Operators acting on separate qubit states are also combined
using the tensor product operation. For two operators U; acting
on a qubit |¢4) and U, acting on another qubit |»), the total
action on the composite system is simply:

(Ur @ U2)([11) @ [h2)) = (U [th1) @ Uz [ib2))

» For the qubit state, |i)) € C?, there exist a special class of
operators known as the Pauli matrices:

o) X (F0) v (00) 2 (0 %)

» A group under the operation of matrix multiplication, known as
the Pauli group, Gi, can be defined using these operators with
the multiplicative factors +£1 and =i:

Gy = {£, +il, £ X, £iX, £ Y, +iY, £ Z, +iZ}

The Pauli group generalizes to the n-qubit case, where each
element of the Pauli group, G, is a distinct tensor product of n

individual Pauli matrices with multiplicative factors +1 and +/[1].
» Every matrix in the group Gi can be generated by the elements

X,Y and Z:
Gy =< X, Y,Z >

Arbitrary Operations

Benefits of the Stabilizer Approach

» Consider a subgroup S of G, and define the subspace V; to be
the set of n-qubit states which are fixed by every element of S.
The set of vectors V; is stabilized by S and the subgroup S
forms the stabilizer of the subspace Vs, Stabg, (Vs).

» The subgroup S can be defined in terms of its generators. To
assess whether a particular n-qubit state belongs to the
stabilized subspace, V, it suffices to check whether the vector

is stabilized by the generators of S[1].

» Quantum operators are unitary, this means they satisfy the
relation UU™ = U'U = T where U is a unitary operator and U’
involves transposing U and complex conjugating all of the
entries.

» Consider an arbitrary unitary operator, U, applied to the vector
space Vs which is stabilized by the subgroup S. For any vector
[4)) € Vs and matrix element g € S we find:

Ulp) = Ug|v) = (UgU"U [v)

» The new vector U |+)) is stabilized by UgU'. After applying the
operator U to our entire vector space Vg, we can see that our
new vector space UV; has stabilizer USU' = {UgU'|g € S}.

» If the stabilizer S has generators < g1, go, ...., gn > then our new
stabilizer, USU', has generators < UgyU", Ug-U", ..., Ug,UT >.

» It can be shown that the Pauli Z gate stabilizes the |0) state i.e.
Z |0) = |0). Thus, an n-qubit state:

6) = (10); ©[0), ® ... ® [0),) = 0)°" € C”

has a stabilizer with a single element, S={Z1 ® £ ® ... ® Z,}.

» Define a unitary operator, H, with the property
H|0) = 25(|0) +[1)). Applying this operator to |¢) gives:

H®"|¢) = Hy |0), ® ... ® H,|0), € C¥".

» However, the Pauli X gate stabilizes this resulting state:

1 1
X (ﬁuow |1>)) - 50+ 1)

» This means our new state H®” |¢) also has a single-element
stabilizer, S' = {X; ® Xo ® ... ® X,}. Our stabilizer still has n
terms, but the vector representation of our new state has 2"
terms! For 100 qubits, this is a ~ 10?8 improvement...

» A group-theoretic approach to simple quantum computations

allows for classical simulations as we can keep the number of
terms linear in n.
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Examples of frieze groups in the real word
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The Group of Symmetries of the Cube

Sean Tynan Luke Finn

Introduction

This is a poster about the group of symmetries of a cube. A cube is a 3D shape with 6 square faces, 8 vertices and 12 edges. There is a
total of 48 symmetries of the cube. Comprising of 24 rotational symmetries and 24 reflections.

Reflection Symmetries Plane Reflections

There are a total of 24 reflection symmetries of the cube and these are The cube has 9 reflection planes which are:
consisting of: » 3 planes lie parallel to the side squares and go through

the centre.

» 6 planes go through opposite edges and two body
diagonals. They divide the cube into prisms.

» 15 turn reflections.
» 9 plane reflections.

Turn Reflection
urn Reflections Reflection Symmetries Graphic

There are 3 axes which exists from the center of one face to the center of
the opposite face and they can each be rotated 4 times. These degrees of
rotation are 90°, 180°and 270°, not counting the identity. However since

a 180° turn reflection is actually the antipodal symmetry, there are actually The 9 Plane Reflections of the Cube
6 turn reflections. Consisting of 3 each for the 90° and 270 ° rotations.

There are 4 axes which exists from a vertex to the diagonally opposing
vertex and they can each be rotated 3 times. These degrees of rotation
are 120°and 240°, not counting the identity. Therefore there are 8 of
these turn reflections.

There are 6 axes which exists from the midpoint of one edge to the
midpoint of the diagonally opposing edge and they can each be rotated
twice. Again, not counting the identity, this degree of rotation is 180°. But
since each of these 180 ° rotations are really the antipodal symmetry, there
are no turn reflections for this axis either.

Finally we have the antipodal symmetry which was not counted in any of
the above turn reflections. This is the 180° turn reflection. This is 1 turn
reflection and combined with the previous 6 and 8 turn reflections stated
above, brings the total to 15.

Rotation Axes Graphics Rotational Symmetries

' There is a total of 24 rotational symmetries of the cube, all of which
Rotational axes through the . . . .
denti : : are anti-clockwise. These consist of:
entity rotation centres of opposite faces. _ . .
» 9 rotations about lines through the centres of opposite faces.
’ There is a total of 3 axes of rotation, each of which has 3
; rotations. Consisting of 90°, 180°, 270°.

» 8 rotations about lines through diagonally opposing vertices.
There is a total of 4 axes of rotation, each of which has 2
rotations. Consisting of 120°, 240°.

» 6 rotations about lines through midpoints of diagonally opposing
edges.

There is a total of 6 axes of rotation, each of which has 1 roation.

Rotational axes through each of Rotational axes through midpoints This is the rotation through 180°.
the diagonally opposing vertices. » |dentity which is a rotation 0° or 360° through any of these axes.

References

Rotation images - https://i0.wp.com/peter jamesthomas.
com/wp—-content/uploads/2016/08/
rotational-group—-of—a—-cube. jpg?ssl=1

Reflections -
http://jwilson.coe.uga.edu/EMAT6680Fa06/Sexton/
NCTMThreeDimensionalGeometry/SymmetryofaCube.html




Rubik’s Cubes & Group Theory

RUBIK’S CUBE

The Rubik’s Cube is a 3-D combination puzzle invented in
1974 by Hungarian sculptor and professor of architecture
Ernd Rubik. Although it reached it’s peak popularity in the
1980’s it is still widely know and used today.

Many “speedcubers” still use it and continue to improve
on solve times.

The current world record for solving a cube is 3.47
seconds and is held by Yusheng Du.

How Group Theory and Rubik’s Cube’s
Relate

All the possible rotations of a Rubik’s Cube can be proven
to be a group. First we need some notation for these
rotations. Let (R,x) denote the group, where R is the set
of all possible rotations, and R+ x Rz is defined as rotating
by R1 then by R.. Let G represent the Rubik’s Cube.

CUBING NOTATIONS

D D’ R R

UI

U: Up, D: Down, L: Left, R: Right, F: Front, B: Back & " is
the inverse.

Proof that a Rubik’s Cube is a group

Identity Element

Let R be any rotation, Let e be the Identity. Then
exR=R Rxe=R

Therefore e is the Identity.

by Joshua Conneely

Closure

Let R1 & R2 € G.

For any R1 xRz it will produce a valid move, therefore
R+ x R2 € G. Thus is closed.

Inverse

Let R be any rotation in G, Let R’ be the inverse to R. So
Rx R = e and R x R = e, this shows that every rotation
R has an inverse in G.

Associativity

Let R1, Rz, Rs € G.

R1 x(R2xRs ) = (R xR2) xRs

This is clearly true as for example, If you do the move
R x (R« U) its the exact same as (R R) = U.
Therefore its associative and thus is a group.

How Group Theory Helps with Solving
Rubik’s Cubes

Group theory helps with solving cubes is by helping us
find algorithms to solve them, as there is a very large
number of permutations it is impossible to solve randomly
so we need these algorithms.

These are made by looking at the commutativity of the
group. The Rubik’s Cube group is non-abelian ie, does
not always commute

This property helps with solving them tremendously as
we can devise algorithms to swap certain "cubies” (these
are what the individual "cubes” are called), being able to
swap these like this and not move the rest of the cubies is
fundamental to solving a Rubik’s cube.

Another way groups helps with solving a cube is with
conjugates.

If R+ and R= are two moves then the conjugate of R is
equal to R2R1R’2

The conjugate has the same function as the original
move R but does the move in a different location.

This is very useful for cycling through cubies on an edge
for example if you wanted to just move the top 3 corners a
conjugate would be very useful here.

Other fact’s

Number of permutations

The number of permutations possible for a Rubik’s cube
is a very large number.

First we need to take the 8 corner pieces so they can be
arranged in 8! ways.

Then each corner piece can be arranged in 3% ways.
There are 12 edge pieces which can be arranged in 12!
ways, then each of them has 22 ways to be arranged.
But only % of the permutations have the rotations of the
corner cubies correct.

Only  of the permutations have the same edge-flipping
orientation as the original cube, and only % of these have
the correct cubie-rearrangement parity. So we end up

with
(8))(3%)(12!)(2"%)

19
2)(2)3) 4.3x10

permutations.

God’s Number

What is God’s number, its the minimum amount of moves
necessary to solve any Rubik’s Cube from any state.
First we need to make a distinction between the half turn
metric and the quarter turn metric.

A half turn is where any turn of 90, 180 or 270 degrees is
one move Whereas a quarter turn any twist of the face is
said to be a move.

God’s Number is exactly 20 for the half turn metric, this
was proved by Tomas Rokicki, Herbert Kociemba, Morley
Davidson, and John Dethridge in 2010. It's 26 for the
quarter turn metric, this was proved by Tomas Rokicki
and Morley Davidson in 2014.

The superflip is the first position proven to require 20
moves (or 26 depending on which metric you prefer) the
superflip is the position where all the corners are correct
but all the edge pieces are flipped, the superflip actually
commutes with every possible move.




‘Kem quonygo ‘dearp e
Ul SUISNOY SSBUW JO AUOJOUOUL O} 9A[0SO1 0} parjdde A[[RSIOATUN o URD POYIOUL SIY ], *

"poIo[dxo puR POSLILUITINS DAY
QM POl 2soyM ‘NIeq OH-UL[ Aq (A[jueoar A1oA) pesodold sem USIsep [RINGOID
-1e ut sdnois ozouyg jo uorjestjdde [eoruyno) o) 10§ oInpoadord [ROISO[OUYDD) JSIL O ],

‘sfem oAryeAOUUL pue Xo[duwod ur uorsmoId s PaIapual o 09
surojyed 9zZoL1] SMO[[R MOU AFO[OUTD9} WIBPOUL “Jskd o1} UT PaJsoiuretl SR J1 [SNOYI[Y e

"USISOP opede] pur [RINONI)S Ul
ooueyroduar a8ny sey ‘sdnois ozouly jo jdeouoo oyy remorred ur pue ‘A1007) dnoir)

uoIsnouo)) ¥

pordde are sojdourid o) ye) sAem o) WOIJ
JURIONIP oae Aoty “refruars reodde A9y ysSnoyyy ‘posn jou ore sodmourid Arjourmssqns
MOJ B 10 POAOWIDI 9IR SJUSTIS[O MOJ B R} Ul SUSISep apede] o[qissod 1o :QT 9In3Iq

._1___1_'_ | -
AB _-.-_ ik H-_.l__

;0T 2an8r ut ojdourd
SUIA[TOpUN duIes 9 JO L SUOIYRIOYT onbrun 1oy sjuosold Yred ,opedej oy Jo AIJOUIUIAS
[[I0A0 91} SUlA0IISop AQeIor) ‘pesnun oy so[dmourid ArouwAsqns maj © 10 ‘poAoul
-01 9| ARUI SHULUIS[O MOJ ® ‘UOIIPPR U] ~POjesld oIe Sapede] SUIJRUII[R [} JO SMOIA
DIUWRUAD ‘S[RLIOJRUL PUR SIO[0D JUIIOPIP M POUIqUIOD UIYAN “pouorjisod pue ‘poyiys
‘pojenuLIod a1r SHULAWSD SNOLIRA JI SR JOO[ ARW J1 YSNOY) USAD ‘JUIISJIP (| [[IM USISOP
[euy o3 Jo uorssordxo oy} ‘opedey o) uo pesodurodns are sjuowop jo syred JUSISHIP
MOT U0 Sutpuado(], :opede] o) JO SOLIJOUITASNS ) ATRA 0} SULSO( YIeJ ‘A[eul] §

odeds)oar)s © 1o pajordop sI ppour I0induiod [RUOISUSWIP-90IY ], i INSIq

"SOLIJOWIIAS(NS
JO JnoAR[ WLIOJIUN SUIALIOPUN O} JO SSO[PIRGAI , AJOLIRA DIJO[ISOR PUR JOO[ DIRUAD,, ©
SULIOJO - USISOP [ROLIJOUITIASE JUSIOYUL SII 01 oNP ‘Panpqns I0  ‘po[eoAdl jou, S A1
-W0938 SUIATIOPUN 9} [PIYM U ‘90RdS P-¢ Ul SJUSWd[0 dpRIR] ([} SIOPUSI U} I ¢

L O[(ISIAUL ToAR[ SUIAIOPUN [DRY U RU PUR
‘opede] arrjus oty ut uorjisodeixnl 1oy Jo o[ oyeredos se FururaUL OU SUIARI] ‘dpRIe]
B UL QA[OSSIP SJULWS[ SUIp[M( ayeIedes “1073950) PIR[ISAO U A\ SuoljrIddo AIjouItuAs
1OUI)SIP UASS JO wjyed posodurriodns AJ0pIo U soonpold Juotiofo dLIJOUWIAS [oes JO
suruoryisod 1edoi,, ‘sejou yIed Sy oprde] SUISNOY uLojiun [eoldA) ® s93esId SIJ,

opede] UISNOY ® UL} 03 posodultodns oIe SIS [[R OIOUM USISOP [RUl] 8 9INSI ]

AU

' 9INSI,] Ul SOLIJOWWAS(NS Ul UOL}e
-LIRA AU INOTIIM 1930 [oes uo pasodwriodns fjusLofiun us) oIe SJUSTS[O 9SO [, G

opede; o} USISop 0} posn st sdnois ozoLif Jo 108 93o[duod
oI} MOT1] Jo o[durexos po[rejop © :SJUSUR[E USISOP (M sdNOIS ozoll] UeAdS :g S[qel,

— =] = 11k L = B g ——.ﬂ; .m
w W W W W W W W I JopuIm 4
dk 4k 4k 4k 4k Ak AR AR i—

_ _ llem eiped “a

. - . L ._-ﬂu o
_ i | ] e

lapnBypespuey *a

X0q Jamo}j 'q

digjsjjood ‘e

IMO[O( 7 9[qR], Ul U0dS Sk “0j0 ‘Smopuim ‘sjrem [erred ‘sioop se
Uons (9INJONLIYs SUIP[ILY [RIUSWRPUN] 9T} JOU) dprIR} 9]} JO SJUSWO[O onbIun are asoyJ,
'8dnoi3 ozo11y o) 03 $29dsar YIM PajeaId dTe SUWRISRIP [RUOISUOWID-Z JO SOLIOS § ']

poyjow s;jIed €€

senpiqissod peuoryisoduoo jo
Ioquunu o38Ny ® ut sjmser uoryeordde oy ‘sojdourid AneuwrwAsqns o) Jo awos 4snl 10
[[ Suisn Aq,, ‘SpIOM UMO SI[ U] "SOLIJOUWAS(NS PUR AIJOUWWAS JO STUONIISUOD JUOIDJIP
SOUIUIOD O YIyM ul yoreordde | [RLIOJRUIGUIOD, © SOONPOIJUL OS[R I AIOO) 9ZI0T] JO
sydeouoo o1py Aojdwe y1eg soop ATUO j0u ‘Apesife pauoljuaul sy 0dedss)aol)s o) Jo [ppoul
[PUOISUSTIIP-E ® 9)RIAUSG 0) 9IeMIJOS IINAUI0d SUIST POAJOAUT ssoo0xd uorjestidde ot T,
"3UISNOY JO SMOI 9AI3JadaT 07 (SOLIIOWIAS(NS 191} JO SUOIYRUIGUIOD pue) sdNoIs ozoLy
surA[dde ur yoroxdde oAryesOUUl UR [}I0] SJOS O UDIYM UL ‘. Sopede] SUISNOY JO USISO(]

«g
pue SISATeuy o) 10§ SoLIjowAsqng,, pafyjue ‘roded e poysiqnd yied oH-ulf ‘2107 U]

Aqred OH-UIf JO 3IOM 9YT, ¢&'¢

‘Aem Juado pue desyp © Ul )1 [HM
pojeIOsse A[[eotdA) sjrer) snouojououl ‘SUIAJSIIRSSIP DLIDUSS ([} JI0ANS 0} FUISNOY Ul
SPUOUWD[O UOUWIWIOD FUTUIQUIOD A 9A13130d0I SSO[ SUISNOY JO dpedR] o[} SUL LU UL 9( [[IM
sdnous ozoryy jo uoryeordde [ejusurepuny o ], -oAnjedor Sutaq jo Apredoid rernio o)
pue (sjrun [[eus A[PAIJR[OI ‘POYDRIOP-TWOS/patpr)je A[[RIouos ‘Popurly JUSTIOAOS “3°0)
SUOIYRIIWI 9I0W SR 41 20UIs Jool(ns Arewrid oy} se SUISNOY SSRUL JO USFISOP 9} IOPISU0D
om 100(o1d sty ut ‘wA1399[qns St 21n30931ydIe JO 9o110RId 91} ‘UOIPNPOIJUL S} UL PIJULY Sy

SUISNOY SSe]N 1°'¢

"HoId pue (TyDomne o1y suonjeorjdde jo wordoouod o) oouls IoIseo A[ojIUulul
opRW U0 sey suIojjed 9so1) JO UOIHPUDL 10BX0 UR ‘TOAOMOH "SHIDUWIOINSBIUL JOLI)S ST
J0U PIP A1 pue pojured-puey o1om sopede] osot} ey} o€} o1} 03 onp AJrrewrid St SIy)
:K1001) dNoIS Jo smel o) SUIAdqO AJjoexd j0U 1R surojyed oso) Jey) puy A[pojqnopun
Pom noA ‘suoy peonyewdyjew ® 0} dn sojdurexs 9soy) p[oy 03 91om NOA JI ‘A[JUSPIAG

SWIO
-qOIJ UJSPOJN\ O} SUOoIIN[0S UJIOPOJN €

so[gueLI) JYSLI FurgpIew ‘AJuo uonye[suel], ) odA ], :) oan3rq

(8) suorooper oprs ‘siorut oN ‘9 odA], 9 9InSIq

—

.up»w AR \ -y | ,bnxf:

- - — -

(z/1) s1o1mmur ou pue swny-jrey ‘G odAJ, :g 2an3rg

;mmnuuw.Laﬁwmjw‘;auuﬂwnw;Anuwn11lﬁn
> P >
e, . oS

:
A

(Yur) suamy Jyey Ou puw SIOLIW [RIUOZLIOH ‘f odA], :F 9InJ1q

("ur) (ozoL1y WO3)0q) SUINY JRY OU PUR SIOLIW [eIIA ‘¢ odAT, :¢ aanSiq

(z/1 ‘" “Hur) suamy Jrey ‘SIOLIIU [ROILIOA puR [RIUOZLIOH ‘T odAT, :T aanSiq

PV O YPRYP AT
1 022042 04, O

so[dwexy z°C

103/ 080g ‘1olo1d 103504 A109( [, dnor) eFeevIN
MO[[JPOOX) URYYH ‘AI99(] 1Oy ‘Ausyalg URYSOH]
WQﬁmﬁOm SSEJA\ puUe mQ.DO.HU 9ZolJdH

100[f01J 19350 A100y T, dnoiax)
soryeway eIl par[ddy pue sdI3sije)s ‘SOIjema eI JO [OOYDS

Tesryuepl
UOAD PUR ULIOJIUN IR SOINJONIYS ) UIYM 1S9 SYIOM JRT} A}ISIOAIP JO 9SUOS ® YSI[(RISO
03 Aem onbrun ® s1ogo sdnois ozeLy Jey) pue (&) i(L-T s8I 99s) 9SR[[IA d} JO SUOL)
-“RI0D9P O} SSOIOR Postl aIom SodA) 0ZoLy UoAdS [[® JRy) () AIOdY) 0ZoLy JO sme[ oy
POADQO I311] UI Pasn SoLI3OW093 o1y Jey) (1) ssurpuy juejrodur ooy sogo toded oy T,

S910N  1°C

SO
SUISIOADI-IO[0D JO 30S onbrun ® A9qo A[PAIJMIUIL S)SILIR 9ZOLIJ 9} YR} PAISAOISIP SIOYINe
O} ‘SUSISOP 9ZaLI] oY} SUIZATRUR O[IYA\ PlIom o) 03 Ae[dsip 03 9ov] onbrun umo s
“AJTIUSPI OATIOUIYSIP ST OSTIOY [[2RS DALS 0 Xo[dwI0d 9} 0) PIeMIOJIYSIRIIS Y} WOIf FUl
-SURI ‘AIJOWO09S AJOAI[ B 9)BIID 0) POSN oIe, OIym suIojyed Jo SoL10s © Patoroosip toded
O], "SOIY) JO PUR[SI YO01r) 9} UO ISIIJ JO 9Fe[[IA d([} Ul SOZOLIJ JO sopede] o} palo[dxo
stodsI{es] *N SeNNOT pue souwre "y PAR(] ‘souref ' A 91y Aq pasiqnd woded e ‘H00g U

ISIIJ Ul SuJajjeJ 9Zatad g

.w@Q%@ 9ZoLI] Plepur)s UoAas o T, T 9[qel,

Auo uone[suelj MMMy i/ edA)

(8] swin Jjjey ou % suondaysl apijy  bpbpbpb  :g adf]

[g/T) suin jeH  SSSSSS G adAL

SIOMIW ON

M) wany Jey ou P SIOLIL [RJUOZLIOH 333333 yadi

("W} win] jjey ou % SIOLILW [BIILIBA WYY f adf]

(8 ‘z/T “w) suogaayaJ apyad 'y swinmy jey %y siolnw jeaay  AAAAA iz adiL
(Z/T "w ") swing jjey g SJI0L4IL [BILIBA P [BJUOZLIOH OO o1 adA|
SIOLIY

'sdnoIs ozoL1y prepue)s
J, O3 JONIISUOD WRD 9M SUOIOR 9sa) SUIS() *S SUOIoegay] apI) (G) pue /T wing, ey

(7)) N\ Toany [RIuOZLIOY (¢) ‘“JN IOLIN [ed13I0A (7) ‘I suoryesuel], (1) :soZoLy UO
pouriojrod oq wes jer[) SUOIPR ¢ oIk 21 ], ‘pasurypun souereadde S ozoLI] o} dARI[

Jey) suoljor o} oIe dnois ozZoLl} PIYRIDOSSE T[] JO SIUSWI[O oY [, "dN0IS 9ZoL1j © 0} SFUO]
-o0(| ozoLyj yoer] Ajrodord Sy} 9ARY SOZOLIJ [[€ JOU IOADMO posuepun doueieodde st
OARI[ YR} SOZOLIJ SUIIDOPOL 10 SUIIRIOI JO SARM o ARW 010U} ‘OS[y posueyoun 3jo[ s
9ZoL1} 93 Jo vourIeadde [[RISAO O} “JIun dUO AQ JUSLI I0 3Jo[ ST} 0} PoAoul oIe Ad1[} JI
IR UONS PIIOILIYSUOD IR SOZILI] ([ “FSLI PUR o[ SUIPUSIX -dHUGUL 91 S9ZOLIJ JRI[)
ouUISeW! oM ‘A1001} dNOIZ U "Youa( 10 [[em ® Suoe A[[ejuozLioy readde sozoLlj 9soy)
‘UOYY() "UOIPORIIP UOALS ® Suo[e syeodor Aremsar jey) urdyjed e S ozolly ® ‘USISOp U

sdnoaxr) ozarrq T

"3ursnoy ssew Jo ansst o} 03 Uorn{os ® se sdnois ozollyy 9)e[Yy ‘¢
'sdnoid ozo1ry Jo sodA} UeAdS o) SSNOSI(T 7

"sdnois ozory Jo 3doouod oy vonpouy ‘|

S9A1309[q( rediourig

“prodoor orpuIo) pue SLASI[RY] N SN0 ‘SouWR[ "y PAR(] ‘SOUWIR[ *A OOI[Y Se [[oM se
MIed OH-UI[ JO YIOM oY} UO [inq Apasre[ st jooloxd sIy) Jo SIST[) o], "OAIJRAOUUL PUR
JUOIIJO ‘osald oIe JRl} SPOYIOUWL M ‘FUISIIOY SSRUL JO SOIIOTISOR J[R)S Y} SOSI[RIIADI
9IN30991IPIR dA1}IdaI spremoy yoeordde mou siy [, AIjowAS Jo sorjrodold (ROl
-IR [RIUOWIRPUN] O} SUTUTRUIRUL S[IYM INOQUSIOU S)I WOIJ JIUN ORI SOUSINSUIISIP 1R}
Aem ® UI SUISNOY SSRUW JO AUOJOUOUL 31} AI[21 0 poLo[dums a¢ ued ‘sdnois ozouyg Jo
uoryeorjdde oy remorred ur ‘A100y) dnois Moy MOUs 0} PUIIUL dA\ “SABM SUI}SOI0YUL
pue mou ur A1007) dnois Yjm uSIsop [eInjona)s ourquiod 03 Ayunjroddo onbrun e poje
-oI0 sey ‘renorred ur ‘Suisnoy ssepy sposload peangosliypre urgoeordde ur sAem mou
surio[dxo 09 100dsa1 )M SUOP 9 JoUUR) UL URD UM Uoam)aq patado usaq sey [ejiod
' ‘SPpOW Pg USISOP 0} AIJOWO00S pg oye[ndiurul 03 J00HUDIR WIOPOUL 9} SMO[[R [DIYM
‘YOOI S [ONS 9IRMIJOS JO OSLL 9UJ YA\ “ONqI[ OO[ [[IM dINIONIIS B JeyM SUIDUSNJUL
9IR SI1010%] JO SUSZOP ‘I1 SPUINL UDIYM J0FPN( 9} 03 WMOP UOISIA DIJSI)IR 9} WOL] "9In)
-0931[DIe POOST SOINFIISUOD JeyM 0} Se s1o1tpIe Suotne sorydoso[iyd Aueur $3sIxo o101 J,

UOoI}ONPOIIUT

1202/020%

quirren g0

Aempen 1NN




(020g oquoAON QT passeodr) fiuooyy dnour)/wyim /o vipadiyin-ua// @ sdjy oiqerese ‘A1oay ], dnorr) (0z0g) ©pedifipy [9]
‘(9yenyrasaY] ) USISO(] [RINGONIPIY Ul sydoouo)) Arjowoar) ‘prodoorT ) [¢]

(L1707 ‘TeUInO[ YI0MJDN SNXON) Sopeor] SUISNOH JO USISH(] PUR SISA[RUY 9} 10] SOLIJOWMASANG ‘YIeJ [, PoR0WdL 94D sANOLD
02914f oY) Jo sarugouwwfisqns [I1J puv ‘GITd ‘Gruid aYy3 ‘Qopous Suy) U PaEpISuDL) ST A0S A0LIIITI YY) PUD Pagadpfol si wLof foo ay [ uooyf uaddn oy Jo jppm burgoalosd oy) sanowas (pgl big) jpopous ypanof oy panowal a4n sdnoib 2za1if 9y [0 sorugowulisqns [T pup [D[J Y3 JopouL Siyl U PanowdL St AD1S 40LI9ITI Y] PUD PIIDI0JoL §1 400D JUOLL Y],
fi]03U021.40Y 42Y0 YOV 109 a4 SULLOf dY] INQ JOOL UMO §31 SDY JUN YIDD (D] DU ) 19powL pary) 9Y) UJ PIAOWDL 24D SANO0LD 92914f 9y [o sorUgPWULISQNS FTTJ PUD DU 9yl ‘papowt swy) uf buppng apbuis v 2q 03 uvoddp spun omy ayy I0Yyy 05 49Y12b0] PIYIDIS 2UD SJUN OM ], PIIDI0JIL St IDIS LOLLIITI DY) PUD PanowaL st utdgpnd 1ppm bugoalosd ayy ‘(qz1 b)) jopow
pu0Ias Yy Ul P00l 240 sAN0Lb 22914 ) [0 sorgPWWASGNS [D]J PUD FDULG 2Y] ‘ppous s1y) uf pabuvyo ospp st ppm buigoalosd fippybys oy 4of uidgand 21y J20d) punoib oy3 uo paov)d st ISNOY MOL YoV 4Of LOOD JUOLL dY] PUD PIAOWLDL ST JIDIS LOLLIITD Y], “MOPUMN fih01§9.42]0 D SDY JIUN YOI 249YM ‘SasT0Y Jo mos v st (DZ[ “big) 29s9y) fo pppows 1s.42f 9y T, [¥]

(LT0Z ‘TewImor s1om3oN SNxoN ) sopeoe;] SuIsnol Jo usIso(] puer SISAJeUy o} 10J SOLIOMASqNG
Nred . sasnoy fo smou fo app o) v burwiiof ur usend anbiun v $aVLIUIL 200QD YL 1]y SPUN ISNOY MoL Jybra v Jo uoyvinbyuod fiuvpunoq ay) swiof swy g sajbuv Jybii D SL0LUWL OMY UL PIPIIYDL PUD PIULNI-)DY SL 1)DM D ‘b b U] UL SITD UD UL PIJIRYAL PUD ULNI-[]DY D UL PALOLLIUL ST IDY] Q6 b1 Ul Jrgous mopumm D SJudsaLd [ aunbi.] saSN0Y MOo.
Jo pun v Jo fiuppunoq jppm (0134vd v SwA0f SW [ UMY [)DY D UL PIDd 24D 96 Dy ul sfrpouws Y[ 9)buvIoaL 400p Yy} Jo fiugowulis Y] 200WaAL 03 PIYIDIIV S1 JUIWID DUIYb) 201DL009D D ‘UIDLD U U0 a4 apyb D DUOID 11 SUDLYD PUD LOOP Y] SIID]OSL PG UNDL] UOWDISUDL) JUINDISONS D YJUN PILOLLIUL DD IDLPUDY 1DUD] D pUD 423Inb D O b uj -spun
Y] §5040D Wiy D YsUGDISI SMOPUIN ‘SYUIULI]D AIULOD YN ‘PUAD “UL2IDA 2Y] 2JDU2UID 0 PALOLLIUL UDY) PUD SITD [0 dUL) YY) UL PIID]SUDLY ST MOPUIN D LdYM §99DAI5N) )1 )dwnrd §17 [ §920q Lomo)f Jo uiaggnd v sfinigiod qF 24nbi,f ~4ips v pup Ipm v :20uDISIP D fiq sfrgows D1igPWUiSD [0 UOWYDISUDL] JAISSIIINS Y] 1D PI00L UMOYS §1 ULDd 9y ‘D “bif uf, [¢]

(LT0Z ‘Tewmor I10m3oN SNXoN ) sopeoe] SUISNOH JO USISH(] PUR SISAJeUy o[} 10} soLromAsqng yred [ [g]

‘ez A (F00Z ‘€ "ON ‘L& TOA ‘OUVNOHT) 1811 JO $9zo11 o], ‘W0 11y onbrup) y ‘stadsiey] 1 ‘sowep (] ‘sowef y [[]

S9OUQJI’J9YH

120%/020% quipred 40

10901 g 193s0g A100y T, dnouax)
so1peway eIl par[ddy pue sd13sije)s ‘SOIPeWdYeIA JO [OOYDS

Aemren 1NN




