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INTRODUCTION

This poster will discuss one of the Lagrange’s lasting legacies;
Lagrange’s theorem on groups, as well as the developments it underwent to
become the theorem we recognise today.

Lagrange’s theorem is a well known result which is used in group theory and
other fields in mathematics, it is defined as followed:
“Let G be a group of order n and H a subgroup of order m. Then m is a divisor for
n”

WHO WAS LAGRANGE?

Joseph-Louis Lagrange was an Italian mathematician born in Turin in 1736.
By age 19, Lagrange had become a professor of mathematics Royal Artillery
School in Turin.
Due to his prolific contributions to mathematics and physics, he soon became
known as one of the greatest mathematicians in Europe.
Lagrange was born into a changing world in 18th century Italy.
Growing up he was surrounded by great developments in medicine, physics, and
the natural sciences, pioneered by his fellow Italian scholars.
There is no doubt that Lagrange soon went on to become one of the defining
academics of the age of enlightenment in Italy.

Fig. 1: Joseph-Louis Lagrange.

SOME IMPORTANT DEFINITIONS

GROUP: a non-empty set equipped with a binary operation that together satisfy
the properties of closure, associativity, the identity property, and the inverse
property.

SUBGROUP: Suppose G is a group under the operation *, and let H be a subset
of G. Then H is a subgroup of G if H satisfies the four properties of a group under
the operation of G.

ORDER: the order of a group is the number of elements in its set.

ORIGINAL THEOREM OF LAGRANGE

When Lagrange first proposed his theorem, group theory had not yet been defined.
The theorem was first developed in 1770 when Lagrange published workings on the theory
of equations.
In this he aimed to derive a formula that could be used to solve a polynomial of 5 degrees
or higher.
He reasoned that if solving the quadratic and cubic polynomials involved solving supple-
mentary polynomials of a lower degree then the same might stand for a polynomial of the
5th degree.
This led to the original theorem which stated: If a function F(x1, x2, . . . , xn) of n variables
is acted on by all n! possible permutations of the variables and these permuted functions
take on only r distinct values then r is a division of n.
This original theorem is vastly different from the one we know today. As the study of group
theory developed and changed so too did the theorem originally propose by Lagrange back
in 1770.

DEVELOPMENTS ON HIS WORK

Many later developments were made on Lagrange’s original work.
In 1799, Paolo Ruffini published a book in which he provided proof that the converse of
Lagrange’s Theorem does not hold.
In 1815, a paper by Cauchy tied together the prior developments made on Lagrange’s The-
orem. Cauchy provided a proof of the original theorem as well as a generalised version of
Ruffini’s theorem.
Cauchy later went on to prove that order of a subgroup Sn is a divisor of n!.
This was the first solid proof of Lagrange’s theorem in the case of symmetric groups.
It wasn’t until the twentieth century that the language of cosets was used to prove Lagrange’s
theorem.
Though it is hard to accredit anyone in particular with the first formal proof of the theorem,
the coset approach is said to have been inspired by Galois.

Fig. 2: Austin Louis Cauchy

PROVING LAGRANGE’S THEOREM

In order to proof Lagrange’s theorem we start with a subgroup H of the finite
group G.
If we find that H = G then the theorem holds.But if H G then we choose an
element x of G with x not being an element of H (xH).
Then the coset xH is disjoint from H and has |H| elements. If H xH = G then |G|
= 2|H| and we are done.
If not, choose y 6 H xH and add the coset yH.Eventually we find that G is the
union of k disjoint left cosets of H, and |G| = k|H|.

THE THEOREM EXPLAINED

In this case the term “divides” tells us that the order of subgroup H is a factor of
the order of group G.
An example of the theorem in practice is the group S4. S4 has 4! (or 24) ele-
ments.
A subgroup of S4 could possibly have 1,2,3,4,6,8,12, or 24 elements as these
are all factors of 24 (the order of S4).
The subgroup could not have, for example, 9 or 11 elements as these do not
divide 24.
The converse of the theorem is not true.

APPLICATIONS OF LAGRANGE

Lagrange Theorem can be widely applied in mathematics’s to prove other
theorems.
This can be used to prove Euler’s theorem and Fermat Theorem (an integer
raised to a prime power leaves the same remainder as the integer itself when
divided by the prime) and its generalization.
In addition to this we can use Lagrange to illustrate that there are infinitely many
primes.
Lagrange’s Theorems can be seen today used in the modern world of the digital
payments system namely Cyptocurrencies (eg.Bitcoin).

THE FUTURE OF LAGRANGE

The Future of Lagrange lies in the hands of two very capable students of the
School of Mathematics at NUI Galway.
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Quantum Mechanics: The Stabilizer Formalism
Billy Ray

Introduction

The stabilizer formalism of quantum mechanics presents a novel way of describing the machinery of quantum mechanics using concepts
from Group Theory. The stabilizer formalism uses the concepts of the stabilizer of a group and generators of a group in order to
characterise quantum states and the result of operations on those states.

Quantum States

I Quantum states are represented as unit vectors in a complex
vector space. The state is represented using a set of
orthonormal basis vectors which span the space. Let |0〉 and |1〉
represent a basis of two orthonormal vectors in C2 such that:

|0〉 =
(

1
0

)
, |1〉 =

(
0
1

)

Thus, a quantum state, |ψ〉 ∈ C2, could have the form:

|ψ〉 = 1√
2
(|0〉 + |1〉) =

(
1√
2

1√
2

)

I A quantum state in C2 is called a qubit state. The basis of
quantum computing consists in manipulating qubit states
through matrix-vector multiplication.

Multiple Qubit States

I The tensor product operation combines multiple qubits into a
single composite system. The composite system of two qubits,
|ψ〉 ⊗ |ψ〉, occupies the complex vector space C2 ⊗ C2 = C4.
Thus, a 2-qubit state can be represented using a set of four
orthonormal basis vectors spanning the space C4.

I In general, a composite system of n qubits is defined in
C2

1 ⊗ C2
2 ⊗ ...⊗ C2

n = C2n. An arbitrary n-qubit state can be
represented using an orthonormal basis consisting of 2n

vectors which span the vector space C2n.

The Pauli Group

I Operators are matrices which act on quantum states.
Operators acting on separate qubit states are also combined
using the tensor product operation. For two operators U1 acting
on a qubit |ψ1〉 and U2 acting on another qubit |ψ2〉, the total
action on the composite system is simply:

(U1 ⊗ U2)(|ψ1〉 ⊗ |ψ2〉) = (U1 |ψ1〉 ⊗ U2 |ψ2〉)
I For the qubit state, |ψ〉 ∈ C2, there exist a special class of

operators known as the Pauli matrices:

I =
(

1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)

I A group under the operation of matrix multiplication, known as
the Pauli group, G1, can be defined using these operators with
the multiplicative factors ±1 and ±i :

G1 = {±I,±iI,±X ,±iX ,±Y ,±iY ,±Z ,±iZ}
The Pauli group generalizes to the n-qubit case, where each
element of the Pauli group, Gn, is a distinct tensor product of n
individual Pauli matrices with multiplicative factors ±1 and ±i [1].

I Every matrix in the group G1 can be generated by the elements
X,Y and Z:

G1 =< X ,Y ,Z >

The Stabilizer Formalism

I Consider a subgroup S of Gn, and define the subspace Vs to be
the set of n-qubit states which are fixed by every element of S.
The set of vectors Vs is stabilized by S and the subgroup S
forms the stabilizer of the subspace Vs, StabGn(Vs).

I The subgroup S can be defined in terms of its generators. To
assess whether a particular n-qubit state belongs to the
stabilized subspace, Vs, it suffices to check whether the vector
is stabilized by the generators of S[1].

Arbitrary Operations

I Quantum operators are unitary, this means they satisfy the
relation UU† = U†U = I where U is a unitary operator and U†

involves transposing U and complex conjugating all of the
entries.

I Consider an arbitrary unitary operator, U, applied to the vector
space Vs which is stabilized by the subgroup S. For any vector
|ψ〉 ∈ Vs and matrix element g ∈ S we find:

U |ψ〉 = Ug |ψ〉 = (UgU†)U |ψ〉
I The new vector U |ψ〉 is stabilized by UgU†. After applying the

operator U to our entire vector space Vs, we can see that our
new vector space UVs has stabilizer USU† = {UgU†|g ∈ S}.

I If the stabilizer S has generators < g1,g2, ....,gn > then our new
stabilizer, USU†, has generators < Ug1U†,Ug2U†, ....,UgnU† >.

Benefits of the Stabilizer Approach

I It can be shown that the Pauli Z gate stabilizes the |0〉 state i.e.
Z |0〉 = |0〉. Thus, an n-qubit state:

|φ〉 = (|0〉1 ⊗ |0〉2 ⊗ ...⊗ |0〉n) = |0〉⊗n ∈ Cn

has a stabilizer with a single element, S = {Z1 ⊗ Z2 ⊗ ...⊗ Zn}.
I Define a unitary operator, H, with the property

H |0〉 = 1√
2
(|0〉 + |1〉). Applying this operator to |φ〉 gives:

H⊗n |φ〉 = H1 |0〉1 ⊗ ...⊗ Hn |0〉n ∈ C2n
.

I However, the Pauli X gate stabilizes this resulting state:

X
(

1√
2
(|0〉 + |1〉)

)
=

1√
2
(|0〉 + |1〉)

I This means our new state H⊗n |φ〉 also has a single-element
stabilizer, S′ = {X1 ⊗ X2 ⊗ ...⊗ Xn}. Our stabilizer still has n
terms, but the vector representation of our new state has 2n

terms! For 100 qubits, this is a ≈ 1028 improvement...
I A group-theoretic approach to simple quantum computations

allows for classical simulations as we can keep the number of
terms linear in n.
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Frieze Groups
Thomas Hayes Cian Doheny Jack Flood

Introduction

Our chosen topic is frieze groups. Frieze groups are two-dimensional line groups, having repetition in only one direction. They are the distancing preserving transformations of a pattern.

What makes a frieze group

There are seven distinct frieze groups. All of them can be
generated by translation, reflection (along the same axis) and
a 180° rotation.
The seven Frieze groups are:
I The first frieze group F1 was named by Conway as a HOP.

I The second frieze group, F2, contains translation and glide
reflection symmetries. According to Conway, F2 is called a

STEP.
I The third frieze group, F3, contains translation and vertical

reflection symmetries. Conway named F3 a SIDLE.

I The fourth frieze group, F4, contains translation and
rotation (by a half-turn) symmetries. According to Conway,

F4 is called a SPINNING HOP.
I The fifth frieze group, F5, contains translation, glide

reflection and rotation (by a half-turn) symmetries. Conway

calls F5 a SPINNING SIDLE.
I The sixth frieze group, F6, contains translation and

horizontal reflection symmetries. Conway named F6 a

JUMP.
I Finally, the seventh frieze group, F7, contains all

symmetries (translation, horizontal vertical reflection, and
rotation). According to Conway, F7 is named a SPINNING

JUMP.
[1]

Background and History of frieze groups

Frieze patterns name originated from the architectural term of
a frieze or a broad decorative band and were extremely
popular in Ancient Greece. The patterns started off as simply
patterns of lines repeated all the way around the building,
with each set of lines spaced a particular distance away from
the previous one. Later on the patterns became more
intricate involving moldings or painting in each of the spaces
where the lines used to be, but it would still be the same
image repeated all the way around the structure. [2]

Frieze Pattern

Imagine some n − gon. Another way of looking at Frieze
pattern is as a table of Natural numbers displayed in a lattice.
Where the top and bottom rows are 1’s, and the amount of
rows is determined by n − 3. To figure out the second row we
triangulate the n − gon(hexagon in this example) any way we
wish. Making some order out of the vertices(clockwise in this
example), the number in the pattern corresponds to the
amount of triangles adjacent to that vertex . The following
rows are calculated by making unit diamonds with the above
two rows labeling vertices in a compass fashion N,S,E,W.

(W × E)− (N × S) = 1

The example portrayed here is a special Lightning bolt
example named due to the ’lightning bolt’ of 1’s

Examples of frieze groups in the real word

There are natural and man made friezes all around us. The
honeycomb in a bees’ nest (left) is an example of F1 layered
on top of each other. Snake skins have amazing intricate
frieze patterns. This snake skin pattern (right) contains all
symmetries. What Frieze groups can you spot in the
honeycomb?

If we can think of a constant sound, like the engine on a
plane, wave we can see examples of different frieze groups. If
we take our first space as one period of a wave we can then
see an example of F1. If we take our second space as a
quarter period of a wave we can then see an example of F5.

An example of where we see similarities to Frieze groups are
destructive sound waves, these are waves generated by
headphones to cancel out background noise. Destructive
waves looks like F6 applied to the sound wave resulting in the
inverted shape to cancel out noise(red graph). The resulting
waves when added together(played together) should look like
the final graph(red and blue) called total destructive
interference.

[3]
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The Group of Symmetries of the Cube
Seán Tynan Luke Finn

Introduction

This is a poster about the group of symmetries of a cube. A cube is a 3D shape with 6 square faces, 8 vertices and 12 edges. There is a
total of 48 symmetries of the cube. Comprising of 24 rotational symmetries and 24 reflections.

Reflection Symmetries

There are a total of 24 reflection symmetries of the cube and these are
consisting of:
I 15 turn reflections.
I 9 plane reflections.

Turn Reflections

There are 3 axes which exists from the center of one face to the center of
the opposite face and they can each be rotated 4 times. These degrees of
rotation are 90°, 180° and 270° , not counting the identity. However since
a 180° turn reflection is actually the antipodal symmetry, there are actually
6 turn reflections. Consisting of 3 each for the 90° and 270° rotations.

There are 4 axes which exists from a vertex to the diagonally opposing
vertex and they can each be rotated 3 times. These degrees of rotation
are 120° and 240°, not counting the identity. Therefore there are 8 of
these turn reflections.

There are 6 axes which exists from the midpoint of one edge to the
midpoint of the diagonally opposing edge and they can each be rotated
twice. Again, not counting the identity, this degree of rotation is 180°. But
since each of these 180° rotations are really the antipodal symmetry, there
are no turn reflections for this axis either.

Finally we have the antipodal symmetry which was not counted in any of
the above turn reflections. This is the 180° turn reflection. This is 1 turn
reflection and combined with the previous 6 and 8 turn reflections stated
above, brings the total to 15.

Plane Reflections

The cube has 9 reflection planes which are:
I 3 planes lie parallel to the side squares and go through

the centre.
I 6 planes go through opposite edges and two body

diagonals. They divide the cube into prisms.

Reflection Symmetries Graphic

Rotation Axes Graphics Rotational Symmetries

There is a total of 24 rotational symmetries of the cube, all of which
are anti-clockwise. These consist of:
I 9 rotations about lines through the centres of opposite faces.

There is a total of 3 axes of rotation, each of which has 3
rotations. Consisting of 90◦, 180◦, 270◦.

I 8 rotations about lines through diagonally opposing vertices.
There is a total of 4 axes of rotation, each of which has 2
rotations. Consisting of 120◦, 240◦.

I 6 rotations about lines through midpoints of diagonally opposing
edges.
There is a total of 6 axes of rotation, each of which has 1 roation.
This is the rotation through 180◦.

I Identity which is a rotation 0◦ or 360◦ through any of these axes.

References

Rotation images - https://i0.wp.com/peterjamesthomas.
com/wp-content/uploads/2016/08/
rotational-group-of-a-cube.jpg?ssl=1
Reflections -
http://jwilson.coe.uga.edu/EMAT6680Fa06/Sexton/
NCTMThreeDimensionalGeometry/SymmetryofaCube.html



Rubik’s Cubes & Group Theory
by Joshua Conneely

RUBIK’S CUBE

The Rubik’s Cube is a 3-D combination puzzle invented in
1974 by Hungarian sculptor and professor of architecture
Ernő Rubik. Although it reached it’s peak popularity in the
1980’s it is still widely know and used today.
Many ”speedcubers” still use it and continue to improve
on solve times.
The current world record for solving a cube is 3.47
seconds and is held by Yusheng Du.

How Group Theory and Rubik’s Cube’s
Relate

All the possible rotations of a Rubik’s Cube can be proven
to be a group. First we need some notation for these
rotations. Let (R,?) denote the group, where R is the set
of all possible rotations, and R1 ? R2 is defined as rotating
by R1 then by R2. Let G represent the Rubik’s Cube.

U: Up, D: Down, L: Left, R: Right, F: Front, B: Back & ’ is
the inverse.

Proof that a Rubik’s Cube is a group

Identity Element
Let R be any rotation, Let e be the Identity. Then
e ? R = R, R ? e = R
Therefore e is the Identity.

Closure
Let R1 & R2 ∈ G.
For any R1 ?R2 it will produce a valid move, therefore
R1 ? R2 ∈ G. Thus is closed.

Inverse
Let R be any rotation in G, Let R′ be the inverse to R. So
R ? R′ = e and R′ ? R = e, this shows that every rotation
R has an inverse in G.

Associativity
Let R1, R2, R3 ∈ G.
R1 ?(R2 ?R3 ) = (R1 ?R2) ?R3

This is clearly true as for example, If you do the move
R ? (R ? U) its the exact same as (R ? R) ? U.
Therefore its associative and thus is a group.

How Group Theory Helps with Solving
Rubik’s Cubes

Group theory helps with solving cubes is by helping us
find algorithms to solve them, as there is a very large
number of permutations it is impossible to solve randomly
so we need these algorithms.
These are made by looking at the commutativity of the
group. The Rubik’s Cube group is non-abelian ie, does
not always commute
This property helps with solving them tremendously as
we can devise algorithms to swap certain ”cubies” (these
are what the individual ”cubes” are called), being able to
swap these like this and not move the rest of the cubies is
fundamental to solving a Rubik’s cube.

Another way groups helps with solving a cube is with
conjugates.
If R1 and R2 are two moves then the conjugate of R1 is
equal to R2R1R′

2

The conjugate has the same function as the original
move R1 but does the move in a different location.
This is very useful for cycling through cubies on an edge
for example if you wanted to just move the top 3 corners a
conjugate would be very useful here.

Other fact’s

Number of permutations
The number of permutations possible for a Rubik’s cube
is a very large number.
First we need to take the 8 corner pieces so they can be
arranged in 8! ways.
Then each corner piece can be arranged in 38 ways.
There are 12 edge pieces which can be arranged in 12!
ways, then each of them has 212 ways to be arranged.
But only 1

3 of the permutations have the rotations of the
corner cubies correct.
Only 1

2 of the permutations have the same edge-flipping
orientation as the original cube, and only 1

2 of these have
the correct cubie-rearrangement parity. So we end up
with

(8!)(38)(12!)(212)

(2)(2)(3)
= 4.3x1019

permutations.
God’s Number
What is God’s number, its the minimum amount of moves
necessary to solve any Rubik’s Cube from any state.
First we need to make a distinction between the half turn
metric and the quarter turn metric.
A half turn is where any turn of 90, 180 or 270 degrees is
one move Whereas a quarter turn any twist of the face is
said to be a move.
God’s Number is exactly 20 for the half turn metric, this
was proved by Tomas Rokicki, Herbert Kociemba, Morley
Davidson, and John Dethridge in 2010. It’s 26 for the
quarter turn metric, this was proved by Tomas Rokicki
and Morley Davidson in 2014.
The superflip is the first position proven to require 20
moves (or 26 depending on which metric you prefer) the
superflip is the position where all the corners are correct
but all the edge pieces are flipped, the superflip actually
commutes with every possible move.
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