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INTRODUCTION

This poster will discuss one of the Lagrange’s lasting legacies;
Lagrange’s theorem on groups, as well as the developments it underwent to
become the theorem we recognise today.

Lagrange’s theorem is a well known result which is used in group theory and
other fields in mathematics, it is defined as followed:
“Let G be a group of order n and H a subgroup of order m. Then m is a divisor for
n”

WHO WAS LAGRANGE?

Joseph-Louis Lagrange was an Italian mathematician born in Turin in 1736.
By age 19, Lagrange had become a professor of mathematics Royal Artillery
School in Turin.
Due to his prolific contributions to mathematics and physics, he soon became
known as one of the greatest mathematicians in Europe.
Lagrange was born into a changing world in 18th century Italy.
Growing up he was surrounded by great developments in medicine, physics, and
the natural sciences, pioneered by his fellow Italian scholars.
There is no doubt that Lagrange soon went on to become one of the defining
academics of the age of enlightenment in Italy.

Fig. 1: Joseph-Louis Lagrange.

SOME IMPORTANT DEFINITIONS

GROUP: a non-empty set equipped with a binary operation that together satisfy
the properties of closure, associativity, the identity property, and the inverse
property.

SUBGROUP: Suppose G is a group under the operation *, and let H be a subset
of G. Then H is a subgroup of G if H satisfies the four properties of a group under
the operation of G.

ORDER: the order of a group is the number of elements in its set.

ORIGINAL THEOREM OF LAGRANGE

When Lagrange first proposed his theorem, group theory had not yet been defined.
The theorem was first developed in 1770 when Lagrange published workings on the theory
of equations.
In this he aimed to derive a formula that could be used to solve a polynomial of 5 degrees
or higher.
He reasoned that if solving the quadratic and cubic polynomials involved solving supple-
mentary polynomials of a lower degree then the same might stand for a polynomial of the
5th degree.
This led to the original theorem which stated: If a function F(x1, x2, . . . , xn) of n variables
is acted on by all n! possible permutations of the variables and these permuted functions
take on only r distinct values then r is a division of n.
This original theorem is vastly different from the one we know today. As the study of group
theory developed and changed so too did the theorem originally propose by Lagrange back
in 1770.

DEVELOPMENTS ON HIS WORK

Many later developments were made on Lagrange’s original work.
In 1799, Paolo Ruffini published a book in which he provided proof that the converse of
Lagrange’s Theorem does not hold.
In 1815, a paper by Cauchy tied together the prior developments made on Lagrange’s The-
orem. Cauchy provided a proof of the original theorem as well as a generalised version of
Ruffini’s theorem.
Cauchy later went on to prove that order of a subgroup Sn is a divisor of n!.
This was the first solid proof of Lagrange’s theorem in the case of symmetric groups.
It wasn’t until the twentieth century that the language of cosets was used to prove Lagrange’s
theorem.
Though it is hard to accredit anyone in particular with the first formal proof of the theorem,
the coset approach is said to have been inspired by Galois.

Fig. 2: Austin Louis Cauchy

PROVING LAGRANGE’S THEOREM

In order to proof Lagrange’s theorem we start with a subgroup H of the finite
group G.
If we find that H = G then the theorem holds.But if H G then we choose an
element x of G with x not being an element of H (xH).
Then the coset xH is disjoint from H and has |H| elements. If H xH = G then |G|
= 2|H| and we are done.
If not, choose y 6 H xH and add the coset yH.Eventually we find that G is the
union of k disjoint left cosets of H, and |G| = k|H|.

THE THEOREM EXPLAINED

In this case the term “divides” tells us that the order of subgroup H is a factor of
the order of group G.
An example of the theorem in practice is the group S4. S4 has 4! (or 24) ele-
ments.
A subgroup of S4 could possibly have 1,2,3,4,6,8,12, or 24 elements as these
are all factors of 24 (the order of S4).
The subgroup could not have, for example, 9 or 11 elements as these do not
divide 24.
The converse of the theorem is not true.

APPLICATIONS OF LAGRANGE

Lagrange Theorem can be widely applied in mathematics’s to prove other
theorems.
This can be used to prove Euler’s theorem and Fermat Theorem (an integer
raised to a prime power leaves the same remainder as the integer itself when
divided by the prime) and its generalization.
In addition to this we can use Lagrange to illustrate that there are infinitely many
primes.
Lagrange’s Theorems can be seen today used in the modern world of the digital
payments system namely Cyptocurrencies (eg.Bitcoin).

THE FUTURE OF LAGRANGE

The Future of Lagrange lies in the hands of two very capable students of the
School of Mathematics at NUI Galway.
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Introduction

In this poster we look at card shuffling a deck of cards is as a group. First, we establish
that shuffling is a group and that it is isomorphic to the group of permutations SN
where N is the number of cards in a deck, typically 52 in a standard deck. We then
discuss a specific type of shuffle known as the Faro or Perfect Shuffle used by magicians
and gamblers, that has interesting properties when considered as a group. We prove
the Fundamental Theorem of Faro Shuffling. We discuss the generating set of shuffles.
We give an example of a card trick that applies these concepts.

Why Is Card Shuffling a Group?

The set of all shuffles can be represented by the symmetric group SN , where N is
the number of cards in the deck.Let S be a card shuffle that acts on S52, such that
S:1,2,...,52 ↦ 1,2,...,52 (Let T, U also be shuffles on S52). The shuffling function is a
form of permutation. Card shuffling is a group because it satisfies the group axioms
as follows:

• Closure: consider shuffles (permutations) S,T, then S ○ T is also a shuffle (per-
form T, followed by S)

• Identity: This consists of the shuffle which leaves each element in it’s original
position. Let i(x) be the identity shuffle performed on x ∈ 1,2,...,52, then i(1)=1,
i(2)=2,...,i(52)=52.

• Inverse: Each permutation S also has an inverse S−1 contained in the group,
e.g if S(1)=52, S−1(52)=1.

• Associative Property: For shuffles S,T,U it is true that:

– S ○ (T ○ U) = (S ○ T) ○ U.

Faro/Perfect Shuffle

The Faro shuffle is a method of ”perfectly” shuffling a deck of cards. A deck of cards
is divided into two equal piles and then perfectly interwoven. There are two ways of
doing this:

• In Shuffle: The In Shuffle leaves the top and bottom card second from top and
bottom respectively.

(1 2 3 . . . 25 26 27 . . . 50 51 52
2 4 6 . . . 50 52 1 . . . 47 49 51

) (1)

• Out Shuffle: The Out Shuffle leaves the top and bottom card in place.

(1 2 3 . . . 25 26 27 . . . 50 51 52
1 3 5 . . . 49 51 2 . . . 48 50 52

) (2)

By doing a Faro shuffle on a memorized deck, one can always compute where a card in
any given position will end up. What is perhaps more interesting is that Faro shuffles
form a subgroup and will always return to the identity within a set number of shuffles.
As we will see, for a deck of 52 cards, it will take exactly eight Faro Shuffles to return
the cards to their original positions (i.e. Faro8 = id52).

The Fundamental Theorem of Faro Shuffling

Alex Elmsley found that a series of in and out shuffles can be used to bring the original top
card (at position 0) to any desired position p in the deck. This can be achieved by expressing p
in binary with 0 meaning an out shuffle and 1 meaning an in shuffle. For example to go from 0
to position 7 (where 7 = 111), perform in, in, in.

With a deck of 2n cards, r exists such that 2r−1 < 2n ≤ 2r.

Where 0 < p < 2n − 1, let t = (p+1)2r
2n .

For p = 0, set t = 0. For p = 2n − 1, set t = 2r − 1.
Express t in binary as t = tr−1tr−2...t1t0 with ti = 1 or 0
Let s be correction terms where s = 2nt − 2rp = sr−1sr−2...s1s0 with si = 1 or 0
The shuffling sequence is tr−1 + sr−1, tr−2 + sr−2, ..., t0 + s0

For example, if 2n = 52, p = 35. Then r = 6, t = 36(64)
52 = 44 = 101100 and

s = 2288 − 2240 = 48 = 110000.
Now the co-ordinate sum of 101100 and 110000 is 011100 which is out, in, in. We can ignore
the final two shuffles as they do nothing to the top card.

Fig. 1: For an 8-card deck, only three out-shuffles are required to restore the original order

The Generating Set of Shuffles

Starting with a randomly shuffled deck of 52 cards, any other shuffle of the deck can
be reached by a combination of swapping the first two cards and putting the bottom
card on top of the deck. In other words S52 is generated by the transposition (1 2)
which swaps the first two cards in the deck and the 52-cycle (1 2 ... 52) which brings
the bottom card of the deck to the top.
Proof:

Let x = (1 2 ... 52)

x(1 2)x−1 = (2 3)
x(2 3)x−1 = (3 4)
⋮
x(50 51)x−1 = (51 52)
Ô⇒ (i i + 1) ∈ ⟨(1 2), x⟩ ∀ 1 ≤ i ≤ 51
(2 3)(1 2)(2 3)−1 = (1 3)
(3 4)(1 3)(3 4)−1 = (1 4)
⋮
(51 52)(1 51)(51 52)−1 = (1 52),
Ô⇒ (1 i) ∈ ⟨(1 2), x⟩ ∀ 1 ≤ i ≤ 52
For any 1 ≤ i < j ≤ 52 ∶
(i j) = (1 i)(1 j)(1 i)−1 ∈ ⟨(1 2), x⟩.
Therefore ⟨(1, 2), x⟩ generates all transpositions in the group S52, and so generates
the group itself as every permutation is a product of transpositions.

A Card Trick to Try

Before you start memorise the card on the bottom of the deck. Ask your friend to
pick a card out of the deck, look at it and put it on top of the deck without you
seeing it. Then allow them to cut the deck as many times as they want. Spread
the cards out face up and announce the chosen card which is the card in front the
”bottom card” you had memorised.
Why does this work?
Under the action of cutting the cards the adjacency of pairs of cards is preserved.
The group H is the subgroup of S52 generated by the 52 cycle (1 2 3... 51 52). The
adjacency of pairs of cards is not changed by any action in H and so although H
seems to be shuffling the cards, the chosen card will always remain in front of the
original bottom card making it is easy to find the chosen card.
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Introduction

In our 3rd year project of Group Theory, we decided to see how all the information we learned in this module applies to the Rubik’s Cube,
a puzzle designed by the teacher and puzzler Erno Rubik in 1974.

Proof the Permutations of a Rubik’s Cube are a
Group

The 4 axioms that must be fulfilled in order to be a group are
closure, associativity, identity and inverse.
I Closed Property : If A and B are operations then A*B is an

operations as well.
I Associativity : For all A, B, C in G, one has (A*B)*C = A*(B*C))
I Identity Property : The identity id. can be defined as the move

that does not perform any rotations and remains as is.
I Inverse Property : For each A in G, there exists an element B in

G such that A*B = id., and B*A = id., where id. is the identity
element.

Notation of the Rubik’s cube

Generally, the actions on a Rubik’s cube are notated as follows:

F - rotate the front side of the cube 90◦ clockwise
B - rotate the back side of the cube 90◦ clockwise
L - rotate the left side of the cube 90◦ clockwise
R - rotate the right side of the cube 90◦ clockwise
U - rotate the top side of the cube 90◦ clockwise
D - rotate the bottom side of the cube 90◦ clockwise

Placing a ’ after the letter implies you rotate the face anticlockwise
instead e.g. F’ would mean rotate the front face anticlockwise.

Placing a ’2’ after the letter implies rotation by 180◦ instead. e.g.
B2 means rotate the back face 180◦.

Subgroups of the Rubik’s Cube

A subgroup of a group is simply a subset of the
group that also satisfies the group axioms. (closed,
inverse, etc.)

For example, define S to be:

S := {id ,L,L2,L′}

Then S is a subgroup of the whole group.
I S is clearly a subset of the group
I S contains the group identity
I The composition of 2 elements in S is also in S

(e.g. L*L2 = L’)
I Every element in S can be undone by another

element of S (or in the case of L2, itself)

Commutativity and Centre of the
Rubik’s Cube

A group is commutative if a*b = b*a for all a, b ∈ G.
Such groups are known as abelian.

The Rubik’s Cube Group is not abelian. If we rotate
our L axis and then our F axis both in a clockwise
direction, we cannot return to our original position
just by repeating those moves in reverse order.

The centre of a group is the set of elements that
commute with EVERY element in the group. In our
Rubik’s Cube, the centre of the group consists only
of our identity element and a move known as the
”Super Flip”

The Notations of the Rubik’s
Cube

The Super Flip

The Super Flip of any Rubik’s Cube is a
series of 20 moves that, when
completed, transforms the cube so that
the corners and centre of each face
remain in the same position, but the
edge pieces (”cubies”) are flipped. If we
were to complete the Super Flip twice,
we get our original cube (The Super
Flip has order 2).

Super Flip: U*R2*F*B*R*B2*R*U2*
L*B2*R*U’*D’*R2*F*R’*L*B2*U2*F2

Orbits of the Rubik’s Cube

The orbit of a point (e.g. face, corner,
or even one of the cubies) of the cube
under a group is every position that
point can be in under the action of the
group.

For example, each of the corner cube
form an orbit under the whole group,
as each corner cube can only be
moved to another corner. The order of
this orbit is 8 as there are 8 corners.

Similarly, the ”cubies” form an orbit of
order 12.

Finally, the centre squares don’t
change position (apart from rotating,
but this is irrelevant), so its orbit size
is just 1.

Stabilizers of the Rubik’s
Cube

The stabilizer of a point under a group
is every element of the group that
keeps that point exactly where it is.

For example, performing any of B, B2,
or B’ wont move any of the faces on
the front side of the cube, so we say
B, B2 and B’ are in the stabilizer of
these faces.
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Quantum Mechanics: The Stabilizer Formalism
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Introduction

The stabilizer formalism of quantum mechanics presents a novel way of describing the machinery of quantum mechanics using concepts
from Group Theory. The stabilizer formalism uses the concepts of the stabilizer of a group and generators of a group in order to
characterise quantum states and the result of operations on those states.

Quantum States

I Quantum states are represented as unit vectors in a complex
vector space. The state is represented using a set of
orthonormal basis vectors which span the space. Let |0〉 and |1〉
represent a basis of two orthonormal vectors in C2 such that:

|0〉 =
(

1
0

)
, |1〉 =

(
0
1

)
Thus, a quantum state, |ψ〉 ∈ C2, could have the form:

|ψ〉 = 1√
2
(|0〉 + |1〉) =

(
1√
2

1√
2

)
I A quantum state in C2 is called a qubit state. The basis of

quantum computing consists in manipulating qubit states
through matrix-vector multiplication.

Multiple Qubit States

I The tensor product operation combines multiple qubits into a
single composite system. The composite system of two qubits,
|ψ〉 ⊗ |ψ〉, occupies the complex vector space C2 ⊗ C2 = C4.
Thus, a 2-qubit state can be represented using a set of four
orthonormal basis vectors spanning the space C4.

I In general, a composite system of n qubits is defined in
C2

1 ⊗ C2
2 ⊗ ...⊗ C2

n = C2n. An arbitrary n-qubit state can be
represented using an orthonormal basis consisting of 2n

vectors which span the vector space C2n.

The Pauli Group

I Operators are matrices which act on quantum states.
Operators acting on separate qubit states are also combined
using the tensor product operation. For two operators U1 acting
on a qubit |ψ1〉 and U2 acting on another qubit |ψ2〉, the total
action on the composite system is simply:

(U1 ⊗ U2)(|ψ1〉 ⊗ |ψ2〉) = (U1 |ψ1〉 ⊗ U2 |ψ2〉)

I For the qubit state, |ψ〉 ∈ C2, there exist a special class of
operators known as the Pauli matrices:

I =
(

1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
I A group under the operation of matrix multiplication, known as

the Pauli group, G1, can be defined using these operators with
the multiplicative factors ±1 and ±i :

G1 = {±I,±iI,±X ,±iX ,±Y ,±iY ,±Z ,±iZ}

The Pauli group generalizes to the n-qubit case, where each
element of the Pauli group, Gn, is a distinct tensor product of n
individual Pauli matrices with multiplicative factors ±1 and ±i [1].

I Every matrix in the group G1 can be generated by the elements
X,Y and Z:

G1 =< X ,Y ,Z >

The Stabilizer Formalism

I Consider a subgroup S of Gn, and define the subspace Vs to be
the set of n-qubit states which are fixed by every element of S.
The set of vectors Vs is stabilized by S and the subgroup S
forms the stabilizer of the subspace Vs, StabGn(Vs).

I The subgroup S can be defined in terms of its generators. To
assess whether a particular n-qubit state belongs to the
stabilized subspace, Vs, it suffices to check whether the vector
is stabilized by the generators of S[1].

Arbitrary Operations

I Quantum operators are unitary, this means they satisfy the
relation UU† = U†U = I where U is a unitary operator and U†

involves transposing U and complex conjugating all of the
entries.

I Consider an arbitrary unitary operator, U, applied to the vector
space Vs which is stabilized by the subgroup S. For any vector
|ψ〉 ∈ Vs and matrix element g ∈ S we find:

U |ψ〉 = Ug |ψ〉 = (UgU†)U |ψ〉

I The new vector U |ψ〉 is stabilized by UgU†. After applying the
operator U to our entire vector space Vs, we can see that our
new vector space UVs has stabilizer USU† = {UgU†|g ∈ S}.

I If the stabilizer S has generators < g1,g2, ....,gn > then our new
stabilizer, USU†, has generators < Ug1U†,Ug2U†, ....,UgnU† >.

Benefits of the Stabilizer Approach

I It can be shown that the Pauli Z gate stabilizes the |0〉 state i.e.
Z |0〉 = |0〉. Thus, an n-qubit state:

|φ〉 = (|0〉1 ⊗ |0〉2 ⊗ ...⊗ |0〉n) = |0〉
⊗n ∈ Cn

has a stabilizer with a single element, S = {Z1 ⊗ Z2 ⊗ ...⊗ Zn}.
I Define a unitary operator, H, with the property

H |0〉 = 1√
2
(|0〉 + |1〉). Applying this operator to |φ〉 gives:

H⊗n |φ〉 = H1 |0〉1 ⊗ ...⊗ Hn |0〉n ∈ C2n
.

I However, the Pauli X gate stabilizes this resulting state:

X
(

1√
2
(|0〉 + |1〉)

)
=

1√
2
(|0〉 + |1〉)

I This means our new state H⊗n |φ〉 also has a single-element
stabilizer, S′ = {X1 ⊗ X2 ⊗ ...⊗ Xn}. Our stabilizer still has n
terms, but the vector representation of our new state has 2n

terms! For 100 qubits, this is a ≈ 1028 improvement...
I A group-theoretic approach to simple quantum computations

allows for classical simulations as we can keep the number of
terms linear in n.
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Introduction
Joseph Louis Lagrange and his theorem are core
principals to grouping theory. Through this
informative poster we intend to examine the
history of this theorem including:
•A brief history on the creator Joseph Louis
Lagrange
•Why did he create this theorem?
•Other famous mathematicians’ contributions
to the theorem
• Examples of this theorem
•Applications of the theorem in today’s world

Joseph Louis Lagrange - The Man
Behind The Theorem
Joseph Louis Lagrange was born on the 25th of
january 1736 in Turin. He studied at the
University of Turin where his favourite subject
was classical Latin having no great enthusiasm in
mathematics and found Greek Geometry rather
dull and in his later life is famously quoted as
saying "If I had been rich, I probably would not
have devoted myself to mathematics".[1] After
having his interest in mathematics sparked by
reading a paper published by Edmond Halley.
From this he improved his stature in the world
of mathematics with feats like solving the
isoperimetrical problem at only 19 years of age.
Then in 1766 he moved to Berlin to start work
on his theorem of which is named after him,
Lagrange’s Theorem. Later in life he moved to
France and became a naturalised frenchman.
He would pass away in Paris in April 1813.

What was he trying to achieve?

With formulas already existing for the quadratic,
cube and quartic equations, Lagrange wanted to
derive a formula for equations of degree five
also known as quintic equations and more
specifically for equations of nth degree. He saw
that when solving more known polynomials
such as quadratic and cubic resolvent
polynomials of lesser degrees. From this he
noted that the roots of the polynomial x1,x2,x3
and x4 could be permuted 24 times or (4!)

Other Famous Mathematician’s
Contributions
Augustin-Louis Cauchy contributed twice to
Lagrange’s theorem writing a paper on
permutation groups before the idea of groups
was even formalised and again in 1844, proving
lagranges theorem for symmetric groups.
Camille Jordan added to Cauchy’s work in 1861
by proving the theorem for finite permutation
groups
Evariste Galois was the man who formalised
the idea of groups in 1831 in a paper on solving
solutions of permutation groups by radical

Examples of this Theorem

• Lagrange’s Theorem: If G is a finite group and
H is a subgroup of G, then the order of H
divides the order of G.
• Let D6 be the set of symmetries of the
equilateral triangle, with rotations id, R120,
R240 and reflections TL, TM and TN as
shown.[2]

• Then H = id, TL is a subgroup of D6 of order 2,
and left cosets of H in D6 determined by the
six elements are:
1. idH = id ◦ id, id ◦ TL = id, TL = H
2. TLH = TL ◦ id, TL ◦ TL = TL, id = H again.
3. R120H = R120 ◦ id, R120 ◦ TL = R120, TM.
4. TMH = TM ◦ id, TM ◦ TL = TM, R120 = R120H again.
5. R240H = R240 ◦ id, R240 ◦ TL = R240, TN
6. TNH = TN ◦ id, TN ◦ TL = TN, R240 = R240H again.

Figure: Joseph Louis Lagrange

Contributors To This Theorem

Figure: Cauchy(left), Galois(Centre), Jordan(right)

Application in Todays World

• It seems fair to state that Lagranges theorem is
going to be used a lot more in the everyday life
of a mathematician than that of say an
electrician. If you are a mathematician
however its applications are bountiful. For
example, Lagranges theorem can be used to
prove Euler’s theorem as well as Fermat’s little
theorem aswell as its generalization.[3]
• It also has uses in cryptography.Due to its use
in computing the power of an integer modulo
a prime number. This shows the theorem to be
applicable even in the general public’s lives
whether they know it or not as cyber-security
plays such an important part in our lives.

Conclusion
Lagrange is such an interesting Mathematician
to study to say the least. It seems bizzare that
someone so intelligent and mathematically
skilled had no great passion for his field of study.
Inspite of this he has produced one of the most
important theorem’s used in Group theory to
this day. It’s core use in group theory will
preserve Lagranges name in the minds of
mathematicians for centuries to come.
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Frieze Groups
Thomas Hayes Cian Doheny Jack Flood

Introduction

Our chosen topic is frieze groups. Frieze groups are two-dimensional line groups, having repetition in only one direction. They are the distancing preserving transformations of a pattern.

What makes a frieze group

There are seven distinct frieze groups. All of them can be
generated by translation, reflection (along the same axis) and
a 180° rotation.
The seven Frieze groups are:
I The first frieze group F1 was named by Conway as a HOP.

I The second frieze group, F2, contains translation and glide
reflection symmetries. According to Conway, F2 is called a

STEP.
I The third frieze group, F3, contains translation and vertical

reflection symmetries. Conway named F3 a SIDLE.

I The fourth frieze group, F4, contains translation and
rotation (by a half-turn) symmetries. According to Conway,

F4 is called a SPINNING HOP.
I The fifth frieze group, F5, contains translation, glide

reflection and rotation (by a half-turn) symmetries. Conway

calls F5 a SPINNING SIDLE.
I The sixth frieze group, F6, contains translation and

horizontal reflection symmetries. Conway named F6 a

JUMP.
I Finally, the seventh frieze group, F7, contains all

symmetries (translation, horizontal vertical reflection, and
rotation). According to Conway, F7 is named a SPINNING

JUMP.
[1]

Background and History of frieze groups

Frieze patterns name originated from the architectural term of
a frieze or a broad decorative band and were extremely
popular in Ancient Greece. The patterns started off as simply
patterns of lines repeated all the way around the building,
with each set of lines spaced a particular distance away from
the previous one. Later on the patterns became more
intricate involving moldings or painting in each of the spaces
where the lines used to be, but it would still be the same
image repeated all the way around the structure. [2]

Frieze Pattern

Imagine some n − gon. Another way of looking at Frieze
pattern is as a table of Natural numbers displayed in a lattice.
Where the top and bottom rows are 1’s, and the amount of
rows is determined by n − 3. To figure out the second row we
triangulate the n − gon(hexagon in this example) any way we
wish. Making some order out of the vertices(clockwise in this
example), the number in the pattern corresponds to the
amount of triangles adjacent to that vertex . The following
rows are calculated by making unit diamonds with the above
two rows labeling vertices in a compass fashion N,S,E,W.

(W × E)− (N × S) = 1

The example portrayed here is a special Lightning bolt
example named due to the ’lightning bolt’ of 1’s

Examples of frieze groups in the real word

There are natural and man made friezes all around us. The
honeycomb in a bees’ nest (left) is an example of F1 layered
on top of each other. Snake skins have amazing intricate
frieze patterns. This snake skin pattern (right) contains all
symmetries. What Frieze groups can you spot in the
honeycomb?

If we can think of a constant sound, like the engine on a
plane, wave we can see examples of different frieze groups. If
we take our first space as one period of a wave we can then
see an example of F1. If we take our second space as a
quarter period of a wave we can then see an example of F5.

An example of where we see similarities to Frieze groups are
destructive sound waves, these are waves generated by
headphones to cancel out background noise. Destructive
waves looks like F6 applied to the sound wave resulting in the
inverted shape to cancel out noise(red graph). The resulting
waves when added together(played together) should look like
the final graph(red and blue) called total destructive
interference.

[3]
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Introduction

Lagrange’s Theorem can be regarded as one of the most
central theorems of abstract algebra and considered by
many "the most important theorem of group theory". How-
ever, the converse of this infamous theorem is undoubtedly
false. This poster will explore why the converse fails as well
as other methods of finding subgroups

Joseph Lagrange

Fig. 1: Joseph Lagrange.

Giuseppe Luigi Lagrange was born in Turin, Italy on 25th
January 1736. He made many significant contributions to-
wards analysis, number theory and analytical and celestial
mechanics although, sadly, did not prove his own theorem.
In 1801 Gauss proved Lagrange’s theorem for the multi-
plicative group of non-zero integers modulo p, (Z/pZ), in
1844 Cauchy proved the theorem for the symmetric group
Sn and, finally, Jordan proved Lagrange’s theorem for the
case of any permutation group in 1861.

Applications of his work

Lagrange’s Theorem displays some key properties that al-
low for further theorems such as Fermat’s little theorem
and Wilson’s theorem to be proven as well as showing
there to be infinitely many primes.

Converse of Lagrange’s Theorem

Every divisor of the order of group G is the order of some
subgroup H of G

Where the converse fails

The most basic example to demonstrate where the converse
fails, is the alternating group A4 of even permutations.

A4={ ID,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3),(123),(132),(124),(142),
(134),(143),(234),(243)}

|A4|=12 , With the divisors of the group being {1,2,3,4,6,12}

Lets assume there exists a subgroup H, in A4 with the order of
|H|=6.
Let V be a non-cyclic subgroup of A4 –> Known as the Klein
four group.
V ={ID,(12)(34),(13)(24),(14)(23)}

Let K = H ∩ V , Since H and V are subgroups of A4, then so to
is K.
By Lagrange’s Theorem, K’s order divides both 6 and 4. So
|K|=1 or |K|=2

If |K|=1, the map (h, v) -> h.v defined from H x V to A4 has a
one to one relationship implying A4 has 24 elements which we
know is not true.
So |K| = 2 where h ∈ H and v ∈ V

The index |A4 : H|=2 shows that there is exactly 2 distinct
cosets and as such, we know H is a normal subgroup.
This implies H = tHt−1 ∀t ∈ A4.

Take v = (ab)(cd) and t= (abc), where (a, b, c, d)= (1,2,3,4)
tvt−1 = (bc)(ad) 6= (ab)(cd)
tvt−1 6= v

but V contains all disjoint transpositions so,
tvt−1 ∈ V and tvt−1 ∈ H So, tvt−1 ∈ H ∩ V = K. Thus, we
have demonstrated that there is a third element in K which con-
tradicts our assumption that |K|=2 and so there is no subgroup
of order 6.

Cauchy’s Theorem

Cauchy’s Theorem states that a group G whose or-
der g is divisible by a prime number p contains an
operator of order p.
Proof:
Suppose G is abelian and generated by a sin-
gle operator S of order np. Sn 6= 1 although
(Sn)p= 1, showing that Sn is the required operator.
If G is not generated by a single operator, we
can examine a set of generating operators
{S1, S2, ..., Sr}, which are all commutative. Since
these operators are commutative there exists
at least one generator for which the order is
divisible by p, and some power of this gener-
ator must be the required operator of order p.

Fig. 2: Augustin-Louis Cauchy.
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Introduction

Currently the majority of cryptographic schemes are based on commu-
tative algebraic structures such as Abelian Groups. In terms of classi-
cal computing, these schemes are considered secure. This is because
the problems which underpin their operation are considered ’hard’ or
intractable. This means that no solution can be found in reasonable
time. For example it takes approx. 2.73 ∗ 1061 years to crack AES-256
encryption using a home computer. However, recent advancements in
quantum computing theory have shown that not all these problems are
indeed intractable. The use of non-commutative algebraic structures
such as non-abelian groups offer a possible solution to this security
issue.

Abelian Groups in Cryptography

Abelian Platform Groups:

Many abelian groups can be used for cryptographic schemes. A simple
example is the additive group G = Z/dZ. However, in practice much
larger and complex groups are used. Groups of points on suitable ellip-
tic curves are usually used. An elliptic curve is given by the equation
y2 = x3 + ax + b.

Figure 1: Examples of an Elliptic Curves

Discrete Logarithm Problem (DLP):

The DLP is one of the main problems that current crypography relies
on. It is described as follows where G is a cyclic group with generator
g:

Let G = 〈g〉

Given h ∈ G find x such that gx = h

• Currently the DLP problem is intractable using current computing
methods for certain large groups of G.

• However, Shor’s quantum algorithm has been shown to solve this
problem in polynomial time, therefore making the DLP tractable
even for complex, large groups such as elliptic curves.

• Fig. 2 shows the difference between tractable problems (polynomial,
linear, logarithmic) and intractable problems (exponential) in terms
of time.

Figure 2: Time Complexity

Diffie-Hellman Key Exchange:
The Diffie-Hellman Key Exchange protocol is a fundamental method
of establishing a secret shared key between two parties over an inse-
cure connection. Suppose Alice and Bob wish to create a shared key,
K using the cyclic group G where the order, d, and generator, g of G
are publicly known:

Figure 3: Diffie-Hellman Protocol

• From the above protocol we can clearly see that the Diffie Hellman
Key Exchange relies on the DLP being intractable as do many other
cryptographic protocols.

• This highlights the need for a more secure alternative for the quan-
tum computing age.

Non-Abelian Platform Groups
The idea of using the complexity of non abelian (infinite) groups in
cryptography dates back to the work of Wagner and Magyairk in 1985.
A cryptographic platform group G must have several key requirements
in order to tackle the conjugacy search problem:

• The group G must be well studied/understood.
• The word problem in G should have a linear/quadratic solution by a

deterministic algorithm.
• There should be a way to disguise the elements of G so that they

it is impossible to to recover individual elements from a product of
elements just by inspection.

•G should be a group of super, polynomial growth. This insures that
the number of elements in G of length n will grow faster than any
polynomial in n.

Braid Groups:
Braid Groups were one of the first non-commutative groups to be sug-
gested as a ”good” suggestion as a cryptographic platform. There are
many advantages and disadvantages of using braid groups in cryptog-
raphy . It appears as if the conjugacy search problem in a braid group
does not provide sufficient security unless keys are selected by narrow
and yet to be determined subsets of the entire group.

A braid is obtained by laying down a number of parallel pieces if string
and intertwining them without forgetting that they are essentially the
same direction.

Figure 4: Five Strand Braid - Vertical direction

There are exactly n − 1 crossing types for an n strand braid.
(x1, ....xn−1).xi is a positive crossing of of the ith and i +1st strands.
the set x1, ....xn−1 generatesBn.Each crossing is subject to the relation

[xi, xj] = 1

for every i, j s.t |i− j| > 1 and

xixi+1xi = xi+1xixi+1

That is , the braid group Bn is denoted :

Bn =
{
x1, ....xn−1

∣∣∣ xixjxi = xjxixj if |i− j| = 1
xixj = xjxi if |i− j| > 1

}
Words and Normal Groups:
• A word is any written product of group elements and their inverses.

For example if x, y, z ∈ G then xy, z−1xzz, y−1zxx−1yz−1 are
words in the set x,y,z.Two different words may evaluate to the same
value in G

• A word is called reduced if it contains no string of the form
aa−1, a ∈it’s generating set

• Normal form for a free group G with generating set S is a choice of
a reduced word in S for each element of G

Conjugacy Search Problem (CSP):
Let G be some platform group. For example:

G = Bn

Given words x, y ∈ G find z such that:

y = zxz−1

• It has been shown that for Braid groups and other suitable platform
groups this problem is undecidable.

• This means that no algorithm can be designed such that leads to the
conclusion whether z exists or not and therefore offer more security
potential.

Non-Abelian Cryptographic Protocols
Many different protocols exist which rely on non-abelian platform
groups to perform key exchanges, encryption/decryption and authen-
tication. These protocols aim to provide greater security than their
commutative equivalents.

Anshel–Anshel–Goldfeld Key Exchange:
• Is a non-abelian alternative to the Diffie-Hellman Key Exchange.
• Requires that the platform group used has easily computable nor-

mal forms. Because of this, braid groups are primarily used as the
platform group for this protocol.

Let G = Bn

a = (a1, ..., ak), b = (b1, ..., bm) ∈ G
a and b are publicly known.

Alice selects a word in a and computes its product A:

A = aε1i1 ...a
εL
iL
, aik ∈ a, εk = ±1

Bob selects a word in b and computes its product B:

B = bδ1j1 ...b
δL
jL
, bjk ∈ b, δk = ±1

Alice sends Bob the conjugates:

Ab1A
−1, ..., AbmA−1

Bob sends Alice the conjugates:

Ba1B
−1, ..., BakB

−1

Alice computes:

A−1(Baε1i1B
−1)...(BaεLiL B

−1) = A−1B−1AB

Bob computes:

(Abε1i1A
−1)...(AbεLiL A

−1)B = A−1B−1AB

Conclusion
Non-abelian cryptography clearly shows promise in resisting quantum
computing attacks due to the CSP being undecidable for suitable plat-
form groups. However, with their added complexity and relative lack
of research they are not often implemented at present. With this said,
they are one of the main candidates for the future of cryptography in
the quantum computing age.
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Introduction to Lagrange’s Theorem

This poster takes a look at mathematician Joseph Louis Lagrange,
and his most famous work, ‘Lagrange’s Theorem’. Born in 1976, in
Turin, Italy, Lagrange made huge contributions to the field of math-
ematics. One of his most important findings came in Group Theory
where he proved a theorem that states if H is a subgroup of a finite
group G, then, the size of H divides the size of G. We will take a
look at Lagrange himself, his theorem, and some applications of the
theorem.

Joesph Louis Lagrange

Giuseppe Luigi Lagrangia was born in Turin on the 25th of January
1736. He made for significant contributions to many areas of math-
ematics including analysis, number theory and mechanics. Areas
in mathematics such as Lagrangian in mechanics and the Euler-
Lagrange equation in calculus have been given his name as testa-
ment to his work. He passed away in Paris on the 10th of April 1813,
aged 77.

The Theorem of Lagrange

Lagranges theorem states, If a function f (x1, x2...xn) at n! variables
is acted on by all possible permutations of the variables and these
permuted functions take only r distinct values then r is a division of
n!.
Lagrange discovered this while he was trying to find an algebraic
formula solution for a 5th degree polynomial and more generally for
the nth degree polynomial where n > 4. He observed that the so-
lution for quartic and cubic equations could be solved by finding an
equation of a lower degree. These types of polynomials are known
as resolvent polynomials. For this example we will write the roots
as:

x1x2 + x3x4
2

,
x1x3 + x2x4

2
,
x1x4 + x2 + x3

2

where x1, x2, x3, x4 are roots of the original polynomial. In addition,
he observed that all of the 4 roots are permuted in 4! = 24 ways and
only these 3 values would occur. Lagrange then said that in order to
solve a quintic equation, we would need a function which only takes
4 values when the variable is permuted permuted in 5! = 120 ways.

Proof of Lagrange’s Theorem

Theorem:
If G is a finite group of order n and H is a subgroup of G of order k, then k|n
and n

k is the number of distinct cosets of H in G

Proof:
To prove this theorem we start by considering the 3 lemmas outlined below.

• Lemma 1:If G is a group with subgroup H, then there is a one to one
correspondence between H and any coset of H

• Lemma 2:If G is a group with subgroup H, then the left coset relation, g1∼
g2 if and only if g1 ? H = g2 ? H

is an equivalence relation.

• Lemma 3:Let S be a set and ∼ be an equivalence relation on S. If A and
B are two equivalence classes with A ∩ B 6= ∅, then A = B.

Fig. 1: Joespeh Louis Lagrange

Let ∼ be the left coset equivalence relation defined in Lemma 2.
It follows from Lemma 2 thatis an equivalence relation and by Lemma 3 any
two distinct cosets of∼are disjoint. Hence, we can write

G = (g1 ? H) ∪ (g2 ? H) ∪ . . . ∪ (gn ? H)

where the gi ? H, i= 1,2,. . . are the disjoint left cosets of H guaranteed by
Lemma 3. By Lemma 1, the cardinality of each of these cosets is the same
as the order of H, and so

|G| = |g1 ? H| + |g2 ? H| + . . . + |g ? H|
|G| = |H| + |H| + . . . + |H|
|G| = n ? |H| = n ? k.

where k = the order of H
Q.E.D

Applications

Lagrange’s theorem is often used to prove the special cases of Fer-
mat’s little theorem and its generalization, Euler’s theorem, which
were already known before Lagrange’s theorem. Lagrange’s the-
orem can also be used to show that there are an infinite number
of primes. The theorem is also very important in the field of cryp-
tography. With the rise of cryptocurrencies such as Bitcoin and our
move towards a cashless society, work in cryptography is sure to be
very important in the coming years. Bitcoin has recently reached
its all time high of over 20,000 USD further proving our shift to-
wards cryptocurrencies. Having a good knowledge of Lagrange’s
theorem may help you get into the world of cryptography!

Lagrange Fun Facts

Here are a few fun facts around Lagrange and his theorem

• Lagrange’s interest in mathematics began by chance after read-
ing a memoir by Edmond Halley

• In 1764, Lagrange was awarded a prize by the French Academy
of Science for an essay on how apparent oscillation causes in-
significant yet tangible changes in position of lunar features on
the visible face of the moon. This essay included the famous
equations we use today.

Fig. 2: The basis of one of Lagranges famous papers

• Lagrange, at Leonhard Euler’s recommendation, was made Di-
rector of Mathematics at the Berlin Academy in 1766.

• Despite being both an academic, and a foreigner, Lagrange sur-
vived the French Revolution and Reign of Terror.
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Introduction

This is a poster about the group of symmetries of a cube. A cube is a 3D shape with 6 square faces, 8 vertices and 12 edges. There is a
total of 48 symmetries of the cube. Comprising of 24 rotational symmetries and 24 reflections.

Reflection Symmetries

There are a total of 24 reflection symmetries of the cube and these are
consisting of:
I 15 turn reflections.
I 9 plane reflections.

Turn Reflections

There are 3 axes which exists from the center of one face to the center of
the opposite face and they can each be rotated 4 times. These degrees of
rotation are 90°, 180° and 270° , not counting the identity. However since
a 180° turn reflection is actually the antipodal symmetry, there are actually
6 turn reflections. Consisting of 3 each for the 90° and 270° rotations.

There are 4 axes which exists from a vertex to the diagonally opposing
vertex and they can each be rotated 3 times. These degrees of rotation
are 120° and 240°, not counting the identity. Therefore there are 8 of
these turn reflections.

There are 6 axes which exists from the midpoint of one edge to the
midpoint of the diagonally opposing edge and they can each be rotated
twice. Again, not counting the identity, this degree of rotation is 180°. But
since each of these 180° rotations are really the antipodal symmetry, there
are no turn reflections for this axis either.

Finally we have the antipodal symmetry which was not counted in any of
the above turn reflections. This is the 180° turn reflection. This is 1 turn
reflection and combined with the previous 6 and 8 turn reflections stated
above, brings the total to 15.

Plane Reflections

The cube has 9 reflection planes which are:
I 3 planes lie parallel to the side squares and go through

the centre.
I 6 planes go through opposite edges and two body

diagonals. They divide the cube into prisms.

Reflection Symmetries Graphic

Rotation Axes Graphics Rotational Symmetries

There is a total of 24 rotational symmetries of the cube, all of which
are anti-clockwise. These consist of:
I 9 rotations about lines through the centres of opposite faces.

There is a total of 3 axes of rotation, each of which has 3
rotations. Consisting of 90◦, 180◦, 270◦.

I 8 rotations about lines through diagonally opposing vertices.
There is a total of 4 axes of rotation, each of which has 2
rotations. Consisting of 120◦, 240◦.

I 6 rotations about lines through midpoints of diagonally opposing
edges.
There is a total of 6 axes of rotation, each of which has 1 roation.
This is the rotation through 180◦.

I Identity which is a rotation 0◦ or 360◦ through any of these axes.
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Rubik’s Cubes & Group Theory
by Joshua Conneely

RUBIK’S CUBE

The Rubik’s Cube is a 3-D combination puzzle invented in
1974 by Hungarian sculptor and professor of architecture
Ernő Rubik. Although it reached it’s peak popularity in the
1980’s it is still widely know and used today.
Many ”speedcubers” still use it and continue to improve
on solve times.
The current world record for solving a cube is 3.47
seconds and is held by Yusheng Du.

How Group Theory and Rubik’s Cube’s
Relate

All the possible rotations of a Rubik’s Cube can be proven
to be a group. First we need some notation for these
rotations. Let (R,?) denote the group, where R is the set
of all possible rotations, and R1 ? R2 is defined as rotating
by R1 then by R2. Let G represent the Rubik’s Cube.

U: Up, D: Down, L: Left, R: Right, F: Front, B: Back & ’ is
the inverse.

Proof that a Rubik’s Cube is a group

Identity Element
Let R be any rotation, Let e be the Identity. Then
e ? R = R, R ? e = R
Therefore e is the Identity.

Closure
Let R1 & R2 ∈ G.
For any R1 ?R2 it will produce a valid move, therefore
R1 ? R2 ∈ G. Thus is closed.

Inverse
Let R be any rotation in G, Let R′ be the inverse to R. So
R ? R′ = e and R′ ? R = e, this shows that every rotation
R has an inverse in G.

Associativity
Let R1, R2, R3 ∈ G.
R1 ?(R2 ?R3 ) = (R1 ?R2) ?R3

This is clearly true as for example, If you do the move
R ? (R ? U) its the exact same as (R ? R) ? U.
Therefore its associative and thus is a group.

How Group Theory Helps with Solving
Rubik’s Cubes

Group theory helps with solving cubes is by helping us
find algorithms to solve them, as there is a very large
number of permutations it is impossible to solve randomly
so we need these algorithms.
These are made by looking at the commutativity of the
group. The Rubik’s Cube group is non-abelian ie, does
not always commute
This property helps with solving them tremendously as
we can devise algorithms to swap certain ”cubies” (these
are what the individual ”cubes” are called), being able to
swap these like this and not move the rest of the cubies is
fundamental to solving a Rubik’s cube.

Another way groups helps with solving a cube is with
conjugates.
If R1 and R2 are two moves then the conjugate of R1 is
equal to R2R1R′

2

The conjugate has the same function as the original
move R1 but does the move in a different location.
This is very useful for cycling through cubies on an edge
for example if you wanted to just move the top 3 corners a
conjugate would be very useful here.

Other fact’s

Number of permutations
The number of permutations possible for a Rubik’s cube
is a very large number.
First we need to take the 8 corner pieces so they can be
arranged in 8! ways.
Then each corner piece can be arranged in 38 ways.
There are 12 edge pieces which can be arranged in 12!
ways, then each of them has 212 ways to be arranged.
But only 1

3 of the permutations have the rotations of the
corner cubies correct.
Only 1

2 of the permutations have the same edge-flipping
orientation as the original cube, and only 1

2 of these have
the correct cubie-rearrangement parity. So we end up
with

(8!)(38)(12!)(212)

(2)(2)(3)
= 4.3x1019

permutations.
God’s Number
What is God’s number, its the minimum amount of moves
necessary to solve any Rubik’s Cube from any state.
First we need to make a distinction between the half turn
metric and the quarter turn metric.
A half turn is where any turn of 90, 180 or 270 degrees is
one move Whereas a quarter turn any twist of the face is
said to be a move.
God’s Number is exactly 20 for the half turn metric, this
was proved by Tomas Rokicki, Herbert Kociemba, Morley
Davidson, and John Dethridge in 2010. It’s 26 for the
quarter turn metric, this was proved by Tomas Rokicki
and Morley Davidson in 2014.
The superflip is the first position proven to require 20
moves (or 26 depending on which metric you prefer) the
superflip is the position where all the corners are correct
but all the edge pieces are flipped, the superflip actually
commutes with every possible move.
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Introduction
There exists many philosophies among architects as to what constitutes good architec-
ture. From the artistic vision down to the budget which funds it, dozens of factors are
influencing what a structure will look like. With the rise of software such as autoCAD,
which allows the modern architect to manipulate 2d geometry to design 3d models, a
portal has been opened between what can and cannot be done with respect to exploring
new ways in approaching architectural projects. Mass housing, in particular, has cre-
ated a unique opportunity to combine structural design with group theory in new and
interesting ways. We intend to show how group theory, in particular the application
of frieze groups, can be employed to relieve the monotony of mass housing in a way
that distinguishes each unit from its neighbour while maintaining the fundamental ar-
chitectural properties of symmetry. This new approach towards repetitive architecture
revitalises the stale aesthetics of mass housing, with methods that are precise, efficient
and innovative. The thesis of this project is largely built on the work of Jin-Ho Park,
as well as Alice V. James, Davd A. James, Loukas N. Kalisperis and Cornelie Leopold.

Principal Objectives
1. Introduce the concept of frieze groups.

2. Discuss the seven types of frieze groups.

3. Relate frieze groups as a solution to the issue of mass housing.

1 Frieze Groups
In design, a frieze is a pattern that regularly repeats along a given direction. Often,
these friezes appear horizontally along a wall or bench. In group theory, we imagine
that friezes are infinite; extending left and right. All friezes are constructed such that,
if they are moved to the left or right by one unit, the overall appearance of the frieze
is left unchanged. Also, there may be ways of rotating or reflecting friezes that leave
its appearance unchanged. However not all friezes have this property. Each frieze be-
longs to a frieze group. The elements of the associated frieze group are the actions that
leave the frieze’s appearance unchanged. There are 5 actions that can be performed
on friezes: (1) Translations r, (2) Vertical Mirror Mv, (3) Horizontal Mirror Mh, (4)
Half Turn 1/2, and (5) Glide Reflections g. Using these actions we can construct the 7
standard frieze groups.

Table 1: The seven standard frieze types.

2 Frieze Patterns in Pirgí
In 2004, a paper1 publised by Alice V. James, Davd A. James and Loukas N. Kalisperis
explored the façades of friezes in the village of Pirgí on the Greek island of Chios. The
paper discovered a series of patterns which “are used to create a lively geometry, rang-
ing from the straightforward to the complex, to give each house its distinctive identity,
its own unique face to display to the world. While analyzing the frieze designs, the
authors discovered that the frieze artists intuitively obey a unique set of color-reversing
rules.”

2.1 Notes
The paper offers three important findings: (1) that the geometries used in Pirgí obeyed
the laws of frieze theory; (2) that all seven frieze types were used across the decora-
tions of the village (see Figures 1-7); (3) and that frieze groups offers a unique way to
establish a sense of diversity that works best when the structures are uniform and even
identical.

2.2 Examples

Figure 1: Type 1, Horizontal and vertical mirrors, half turns (mh,mv, 1/2)

Figure 2: Type 2, Vertical mirrors, half turns, glide reflections (mv, 1/2, g)

Figure 3: Type 3, Vertical mirrors and no half turns (bottom frieze) (mv)

Figure 4: Type 4, Horizontal mirrors and no half turns (mh)

Figure 5: Type 5, Half-turns and no mirrors (1/2)

Figure 6: Type 6, No mirrors, glide reflections (g)

Figure 7: Type 7, Translation only, marching right triangles

3 Modern Solutions to Modern Prob-
lems

Evidently, if you were to hold these examples up to a mathematical lens, you would
undoubtedly find that these patterns are not exactly obeying the laws of group theory;
this is primarily due to the fact that these façades were hand-painted and likely did not
use strict measurements. However, an exact rendition of these patterns has been made
infinitely easier since the conception of applications like autoCAD and ProE.

3.1 Mass Housing
As hinted in the introduction, the practice of architecture is subjective, in this project we
consider the design of mass housing as the primary subject since it has more limitations
(e.g. government funded, generally attached/semi-detached, relatively small units) and
the crucial property of being repetitive. The fundamental application of frieze groups
will be in making the façade of housing less repetitive by combining common elements
in housing to subvert the generic, dissatisfying, monotonous traits typically associated
with it in a cheap and efficient way.

3.2 The Work of Jin-Ho Park
In 2017, Jin-Ho Park published a paper, entitled “Subsymmetries for the Analysis and
Design of Housing façades2,” in which he sets forth an innovative approach in applying
frieze groups (and combinations of their subsymmetries) to repetitive rows of housing.
The application process involved using computer software to generate a 3-dimensional
model of the streetscape. As mentioned already, not only does Park employ the concepts
of freize theory but also introduces a “combinatorial” approach in which he combines
different constituents of symmetry and subsymmetries. In his own words, “by using all
or just some of the subsymmetry principles, the application results in a huge number
of compositional possibilities.”

3.3 Park’s method
1. A series of 2-dimensional diagrams are created with respect to the frieze groups3.
These are unique elements of the façade (not the fundamental building structure) such
as doors, partial walls, windows, etc., as seen in Table 2 below:

Table 2: Seven frieze groups with design elements: a detailed example of how the
complete set of frieze groups is used to design the façade

2. These elements are then uniformly superimposed on each other without any vari-
ation in subsymmetries in Figure 8:

Figure 8: Final design where all elements are superimposed to form a housing façade

This creates a typical uniform housing façade. As Park notes, “Proper positioning
of each symmetric element produces an orderly superimposed pattern of seven distinct
symmetry operations. When overlaid together, separate building elements dissolve in a
façade, having no meaning as separate rules of their juxtaposition in the entire façade,
and making each underlying layer invisible.”

3. Park then renders the façade elements in 3-d space, in which the underlying geom-
etry is “not revealed,” or subdued, due to its inherent asymmetrical design - offering
a “dynamic look and aesthetic variety” regardless of the underlying uniform layout of
subsymmetries.

Figure 9: Three-dimensional computer model is depicted on a streetscape

4. Finally, Park begins to vary the subsymmetries of the façade: ”Depending on how
different parts of elements are superimposed on the façade, the expression of the final
design will be different, even though it may look as if various elements are permutated,
shifted, and positioned. When combined with different colors and materials, dynamic
views of the alternating façades are created... In addition, a few elements may be re-
moved, or a few subsymmetry principles left unused, thereby destroying the overall
symmetry of the façade.” Park presents four unique iterations4 of the same underlying
principle in Figure 10:

Figure 10: Four possible façade designs in that a few elements are removed or a few
subsymmetry principles are not used. Although they appear similar, they are different
from the ways that the principles are applied

4 Conclusion
• Group theory, and in particular the concept of frieze groups, has huge importance

in structural and façade design.

• Although it has manifested in the past, modern technology now allows frieze patterns
to be rendered with precision in complex and innovative ways.

• The first technological procedure for the technical application of frieze groups in ar-
chitectural design was proposed (very recently) by Jin-Ho Park, whose method we
have summarised and explored.

• This method can be universally applied to resolve the monotony of mass housing in
a cheap, efficient way.
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Figure 1:Rotational symmetries of D12.

Let G be a group with operation ∗.
G is a cyclic group if all elements ofG can be generated by a single element
a and a−1, where a ∈ G.
i.e G is cyclic if G =< a > for some a ∈ G.
Cyclic subgroups may have more than one generating element a.

Cyclic Subgroups

A cyclic subgroup of a group can be generated by taking x ∈ G and

combining it with itself and x−1 to assemble a sequence of elements.

. . . x−1 ∗ x−1 ∗ x−1, x−1 ∗ x−1, x−1, id, x, x ∗ x, x ∗ x ∗ x . . .

A cyclic subgroup also happens to be the smallest subgroup to

contain x.

Example of a cyclic subgroup of Z : 9Z under the addition operator.

. . . − 36, −27, −18, −9, 0, 9, 18, 27, 36 . . .

Example of a subgroup of the dihedral group D12 :The rotational

symmetries of D12 (D2n where n=6 polygon). figure 1

The group consisting of rotations by n2π
6 for n = {1, 2, . . . , 6} in the

anticlockwise direction.

The rotation 2π
6 is an immediate example of generating element of this

subgroup.

Finite Cyclic Group Cn

Elements ofCn (cyclic groupwith n elements) can be represented as such

{x, x2, . . . xn}, id = xn

The exponent of xn n indicates that xn has been generated by applying

x under the operation ∗ by itself n − 1 times. e.g
x3 = x ∗ x ∗ x

Generating elements of Cn from elements of Cn can be achieved by

multiplication under modulus n.

xi · xj = x(i+j)/n

Where (i + j)/n denotes the remainder on dividing i + j by n.
This enables us to understand which elements of Cn are generating ele-

ments of the cyclic group.

Generating Elements

Lets choose xi as a candidate to be a generating elelment ofCn.

Applying xi to itself under the group operation creates elements x
im
n where

m ∈ Z
For xito be a generating element im

n must create the set {1, 2, . . . n} relating
to each xi ∈ Cn

If xi ∈ Cn is to generate Cn as a cyclic group i and n must be coprime in
order for all elements to be produced.

Example of coprimes: 7 and 9 as they only share the factor 1.

E.x:cyclic group 9Z = {0, 1, 2, 3, . . . , 8}.
let xi = 2 as 2 is coprime with 9
(2·0/)9 = 0, (2·1)/9 = 2, (2·2)/9 = 4, (2·3)/9 = 6, (2·4)/9 = 8, (2·5)/9 = 1

(2 · 6)/9 = 3, (2 · 7)/9 = 5, (2 · 8)/9 = 7,

< 2 >= {0, 1, 2, 3, 4, 5, 6, 7, 8} = 9Z

E.x: Rotational symmetries of D12 = {R60, R120, R180, R240, R300, R360}
id=R360.
let xi = x5 = R300, clear that 5 is coprime to 6.

∗ id R300 R2
300 R3

300 R4
300 R5

300
R300 R300 R240 R180 R120 R60 id

< R300 >= {R60, R120, R180, R240, R300, R360}

If i and n are not coprime, (i · m)/n where m ∈ Z will cycle through a set
containing some but not all elements of {1, 2, . . . , n} relating to each xi ∈
Cn. Such xi fail to generate all elements of Cn.

Generating Sets

xj is an element which will generate Cn as a cyclic group, as j and n are

coprime.

The order of the set of all such elements is simply Euler's totient function

φ of n ie( the order of the set of numbers < n which are co prime to n).

e.g : φ(9) = |a|, where a is the set {1, 2, 4, 5, 7, 8}
φ(9) = 6

The generating set of the group of rotational symmetries of D12.

Order of R = {R60, R120, R180, R240, R300, R360} is 6.
φ(6) = |r|, where r is the generating set {R60, R300}

φ(6) = 2

Infinite Cyclic Group

Let < g > = G be an infinite cyclic group. For any infinite cyclic group G
there are 2 generators. These generators are g−1 and g. .

Proof

If G = < g > and G = < h >
Then g = hn for some integer n and h = gmn

G is infinitely cyclic so mn = 1
m and n are integers so they can only satisfymn = 1 ifm =1 and n=1 or
(m = −1 and n = −1)
Therefore n = 1 or n = −1
Thus the only possible generators are g and g−1
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Introduction to the Group of Symmetries of the Regular Tetrahedron.
This is a study of the regular tetrahedron, a three-dimensional object that consists of four vertices A, B, C, D (we could also say 1, 2, 3, 4), six edges (AB), (AC), (AD), (BC), (BD), (CD), and four
faces. Four vertices give us 4! = 24 permutations or symmetries in this group. There are 12 rotations and 12 reflections. What are these symmetries, and what do they look like?
Note that we will be representing our symmetries using array representation, where an element on the top row is being mapped to a corresponding element on the bottom row (see examples below).

The Identity Element
In group theory, the identity element is the
element of the group that when combined
with any other element under the group’s
binary operation, regardless of the order
performed, returns that other element of the
group.
For the symmetries of a tetrahedron, the
identity element is the transformation that
leaves all the vertices in the same place. It
can be thought of as not moving the
tetrahedron, or else as rotating the
tetrahedron 360◦ about any of its axes.
With array representation (vertices
{A,B,C,D}), the identity element is
represented as(

A B C D
A B C D

)

Rotation About the Axes at the Vertices
The figures below represent the four rotational axes of symmetry that connect a vertex to the center
of its opposite face. For example, the axis at vertex A is the line that connects the vertex A to the
center of the triangular face BCD.
Eight rotational symmetries can be found by rotating the tetrahedron by either 120◦ or 240◦ about
each of these four axes. These rotations keep one vertex fixed and cycle the other three. They are as
following:

About A About B About C About D

120◦
(

A B C D
A C D B

) (
A B C D
D B A C

) (
A B C D
B D C A

) (
A B C D
C A B D

)
240◦

(
A B C D
A D B C

) (
A B C D
C B D A

) (
A B C D
D A C B

) (
A B C D
B C A D

)
Axis at Vertex A Axis at Vertex B Axis at Vertex C Axis at Vertex D

Rotation About the Edge Axes
Three more symmetries can be found by
rotating the tetrahedron 180◦ along each of
the axes that connect opposite edges
through their midpoints, i.e. the lines
connecting the midpoint of AB to CD, AC to
BD, or AD to BC.
These rotations can be seen as swapping
any two pairs of points. They are as follows:

AB to CD
(

A B C D
B A D C

)
AC to BD

(
A B C D
C D A B

)
AD to BC

(
A B C D
D C B A

)
These rotations can also be found by
composing two of the vertex rotations with
opposite rotations on different vertices (e.g.
120◦ about A followed by 240◦ about B).

Reflections of Two Vertices
We can find 6 of the tetrahedrons 12 reflections by taking a pair
of vertices and swapping them, while leaving the other two fixed
in place. These 6 reflections are as follows:

AB AC AD(
A B C D
B A C D

) (
A B C D
C B A D

) (
A B C D
D B C A

)
BC BD CD(

A B C D
A C B D

) (
A B C D
A D C B

) (
A B C D
A B D C

)

Reflections composing of a Rotation & Reflection
The last 6 reflections can be found by combining one of the reflections with six of the rotations. We need to pick our rotations
and reflections so that after composing the rotation and reflection none of the vertices are in their original position. Here are the
six reflections and examples of how to find them:

(120◦ A) ◦ AB (120◦ B) ◦ AB (240◦ A) ◦ AB (240◦ B) ◦ AB (AC to BD) ◦ AB (AD to BC) ◦ AB(
A B C D
C A D B

) (
A B C D
B D A C

) (
A B C D
D A B C

) (
A B C D
B C D A

) (
A B C D
D C A B

) (
A B C D
C D B A

)
The resulting symmetries are derangements of the four vertices. Notice how we used the reflection of AB alongside the four
rotations about the vertex that kept either A or B fixed, as well as the two edge rotations that did not swap A with B. If we used
any of the other rotations, at least one vertex would have stayed fixed, meaning we would not have uncovered a new reflection!

Additional Information & References
Armstrong, M. A. (1988). ‘Symmetries of the Tetrahedron’, Groups and Symmetry. New York: Springer, pp. 1-5.
Johnson, P. (2009), Full Tetrahedral Symmetry. viewed 6 December 2020, <http://patrickjohnson.name/311PROJ/Tetrahedron2.html>.
The figures used to represent rotations were created using Geogebra (www.geogebra.org).
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Introduction

In group theory, there is a well-known theorem which defines the correlation be-
tween the order of a group and the order of its subgroup. This theorem is called
Lagrange’s Theorem named after the Italian mathematician Joseph Louis La-
grange. This poster will explore the man himself, his theorem and its evolution
into what we know Lagrange’s Theorem as today.

What did Lagrange do?

Lagrange’s was concerned with the question of finding an algebraic formula for
the roots of the general 5th degree polynomial and more generally for the nth (n
> 4), since the quadratic, cubic and quartic formulae were already known. He
observed that to solve the quartic and cubic equations involved solving supple-
mentary polynomials of lower degree, whose coefficients were rational functions
of the coefficients of the original polynomial. These polynomials are also known
as ”resolvent”([2]) polynomials. For this example we can write the roots as:

x1x2 + x3x4

2
,

x1x3 + x2x4

2
,

x1x4 + x2x3

2
where x1, x2, x3, x4 are roots of the original polynomial. Lagrange also observed
that all four roots could be permuted in 4! = 24 possible ways and only these
three values would occur. He then concluded: To solve 5th degree polynomials
one should try to find function in 5 variables that takes on 3(or 4) different typical
values when the variables are permuted in all 5! ways.

Example: Lagrange’s Theorem for C6

We can illustrate the key ideas behind the proof of Lagrange’s Theorem using the
example of C6 = (1, g, g2, g3, g4, g5)(whereg6 = 1)
which has as one of its subgroups H = (1, g3).
If we multiply H on the right by each element of C6 in turn we find the different
right cosets of H in G. (1, g3), (g, g4), (g2, g5)
Using some color we can see how
H = (1, g3)
gets “shifted” through the elements of C6 as we multiply H on the right by elements
of C6.
C6 = (1,g, g2, g3, g4, g5)
There are three distinct cosets.

1. Each right coset has the same size as H.

2. Two cosets are either equal or disjoint.

3. Every element of G is in exactly one right coset.
These are the key ideas needed to prove Lagrange’s Theorem.

Joseph Louis Lagrange

Joseph Louis Lagrange (Giuseppe Luigi Lagrangia) was born in Turin, Italy on the 25th of
January 1736. He made many contributions to several areas of mathematics, including
mechanics, analysis and number theory. He is renowned in mechanics, where he re-
formulated Newtonian mechanics in order to simplify formulae and calculations, this is
known as Lagrangian mechanics. His name is also associated with the Euler-Lagrange
equation in calculus. In 1766, Lagrange moved to Berlin to pursuit mathematics after
studying in the University of Turin. In 1766 he started to work on what became to be
known as Lagrange’s Theorem. He passed away in Paris in 1813, aged 77.

Fig. 1: joseph lagrange.jpg

Key Achievements

•Built on earlier work by Leonhard Euler to create the calculus of variations – he
called it his ‘method of variations.’
•Created an entirely new field of mechanics, Lagrangian mechanics, for both
solids and fluids, based on the concept of virtual work and utilizing the La-
grangian function.
•Introduced the concept of generalized coordinates. Lagrangian mechanics can
be used in any coordinate system – problems are simplified by choosing an
appropriate one.
•Created the concept of potential: the gravitational field, for example, is a poten-
tial field.
•Discovered Lagrangian orbits.
•Solved century-old problems in number theory posed by Fermat that had de-
feated other mathematicians.
•Was a founder of group theory.
•Played a key role in the creation of the metric system of weights and measures.

Lagrange’s Theorem

Find the subgroups that some finite group G possesses can be quite difficult.
However, Lagrange’s Theorem gives us more knowledge on how to find those
subgroups, making the process much easier.

Theorem

If G is a finite group and H is a subgroup of G, then |H|, the order of H divides
|G|, the order of G. This proves very helpful in figuring out which subgroups a
group possesses provided the group is finite.For example, it tells us that a group
G of order 24 cannot possibly have a subgroup of order 11.
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The Torus of Revolution

A torus is a surface of revolution generated by revolving a circle
in three-dimensional space about an axis that is coplanar with the
circle. If the axis of revolution does not touch the circle, the surface
has a ring shape and is called a torus of revolution. This project
will explore the "translations" of the surface of a torus of revolution
(which I will just call torus) as the elements of a group.

Representing Points on the Torus

Since a torus is generated by revolving a circle about the axis of
revolution (AOR), which is coplanar with the circle, any point P on
the torus lies on some circle that results as the intersection of the
torus and the plane that contains P and the AOR.
Define the latitude θ ∈ R of P to be the angle of the line connecting
P to the centre of this circle, to some arbitrary fixed reference line
through the centre of the circle.
Define the longitude φ ∈ R of P to be the angle of the plane
containing both P and the AOR, to some arbitrary fixed reference
plane through the AOR.
Any point on the torus can be represented by only its longitude and
latitude and no two points on the torus share the same longitude
and latitude.
In summary, Every point P on the torus can be represented by a
unique ordered pair (θ, φ) ∈ R2.

Fig. 1: Plan and Elevation of Torus and unrolled Torus

A Transformation of the Surface of
the Torus

Now, we can define a transformation of the surface of the torus
(which I will just call translation, although it technically is not) to be
a transformation that changes the latitude and longitude of every
point on the torus by two given real numbers, ∆θ and ∆φ respec-
tively.
This means that every translation can be represented by an
ordered pair (∆θ,∆φ) ∈ R2.

We can define the composition of translations ◦, as the sum of the
ordered pairs that represent the translations. ie If the translations
x and y are represented by the ordered pairs (∆θ1,∆φ1) and
(∆θ2,∆φ2) respectively, then x ◦ y is represented by the ordered
pair (∆θ1+∆θ2,∆φ1+∆φ2). Clearly if (∆θ1,∆φ1), (∆θ2,∆φ2) ∈ R2

then (∆θ1 + ∆θ2,∆φ1 + ∆φ2) ∈ R2 so x ◦ y is also a translation.
Therefore, ◦ is a binary operation on the set of translations.

The set of Translations as a Group

Let G be the set of all translations as defined above. Is G a group
under the binary operation ◦?
1. Let g1, g2, g3 ∈ G where gi = (∆θi,∆φi) for i = 1, 2, 3. Then

(g1 ◦ g2)◦ g3 = (∆θ1 + ∆θ2 + ∆θ3,∆φ1 + ∆φ2 + ∆φ3) = g1 ◦ (g2 ◦ g3)

2. Let id = (0, 0). Clearly id ∈ G since (0, 0) ∈ R2. Let g =
(∆θ,∆φ) ∈ G. Then

g ◦ id = (∆θ + 0,∆φ + 0) = g

id ◦ g = (0 + ∆θ, 0 + ∆φ) = g

so there exists id ∈ G that is the identity element for ◦.
3. Let g = (∆θ,∆φ) ∈ G. Define g−1 = (−∆θ,−∆φ). Clearly,
g−1 ∈ G since (−∆θ,−∆φ) ∈ R2.

g ◦ g−1 = (∆θ −∆θ,∆φ−∆φ) = (0, 0) = id

so every element in G has an inverse with respect to ◦.

(G, ◦) satisfies all axioms of a group.

A Transformation of the Plane

Consider a X×Y rectangle in the Cartesian plane with one of it’s
vertices on the origin, one side of length X on the positive x axis,
and one side of length Y on the positive y axis.
We can define a transformation of all points of the rectangle*

(x, y)→ (x + ∆x [mod X ], y + ∆y [mod Y ])

This is similar to a translation of all points of the rectangle
(x, y) → (x + ∆x, y + ∆y) except that no point can be moved
to a point outside of the rectangle. The transformation we have
defined acts as a translation by ∆x in the x direction and ∆y in
the y direction, but only on points that are taken to another point
inside of the rectangle by said translation (ie the points (x, y) such
that 0 ≤ x + ∆x < X and 0 ≤ y + ∆y < Y ).
However, suppose we have a point P = (x, y) such that x+ ∆x >
X. In this case the translation would move P to a point to the
right of the rectangle, so our transformation takes the modulus X
of the x coordinate of this translated point, such that it is between
0 and X and is thus inside the rectangle.
Visually this can be imagined as a point being moved by the
transformation in the positive x direction, hitting the right side
of the rectangle, jumping instantaneously to the left side of the
rectangle without changing its y coordinate, and then continuing
to move in the same direction (Like how Pacman can disappear
from the right side of the screen and reappear on the left and vise
versa).

I will refer to this type of transformation as a modular translation
of the X ×Y rectangle, although it is not technically a translation.
Every modular translation can be represented by an ordered pair
(∆x,∆y) ∈ R2.

We can define the composition of modular translations •, as we
would the composition of regular translations, as the sum of the
ordered pairs that represent the translations. ie If the transla-
tions a and b are represented by the ordered pairs (∆x1,∆y1) and
(∆x2,∆y2) respectively, then a • b is represented by the ordered
pair (∆x1 + ∆x2,∆y1 + ∆y2).
Let H be the set of all modular translations of a X × Y rectangle.
It can be shown that H is a group under •.

*All points of the rectangle refers to all points within the rectangle
as well as one long edge and one short edge of the rectangle.
The only points we exclude are one long edge and one short
edge, the reason for this will hopefully become apparent later.

Unrolling the Torus

Take a 2πr × 2πR rectangle where r < R and roll it it up into a
tube such that the two longer sides (Drawn in red in Fig. 1) of
the rectangle are joined together. The radius of the tube is r and
the height of the tube is 2πR. All lines that were vertical grid lines
on the rectangle are now circles around the circumference of the
tube.
Now, we want to bend this tube into a ring such that the two circles
at either end of the tube, which were once the shorter sides of the
rectangle (Drawn in blue in Fig. 1), are joined together. This won’t
be possible without stretching the surface, so we choose the (red)
line where the two longer edges of our rectangle met to remain
of constant length as we bend the tube. We also ensure that the
"centre" of the tube remains the same length as the original tube.
It takes some thought to see that this forces the red line to be on
the very "top/ bottom" of the bent tube. ie the line that, if the bent
tube is placed on a table, touches the table.
Now we join the blue circles at either end of the tube together
in such a way that all lines that were vertical grid lines on the
rectangle, form a loop on the surface of the torus we have created.
The radius of the centre of the now-bent tube, aswell as the red
line (which is now a circle) is R.
The only arbitrary restrictions I have imposed on the construction
of this torus is that the length of the red line and the centre of the
tube remain constant.

Fig. 2: Rolling a Torus

Isomorphism from H to G

Intuitively, we can see that every point on the 2πr×2πR rectangle
that we started with, corresponds to some unique point on the
torus. We might even suspect that every modular translation of
the rectangle corresponds to exactly one translation of the surface
of the torus. To show that this is true, we can find an isomorphism
from H to G.
A good starting point is to realise that the Cartesian coordinates
of a point P on the rectangle can be converted to our latitude-
longitude coordinates of P (in radians) on the torus by the function
(x,y)→ (x/r, y/R). I wont go into detail, but this can be seen from
fig. 1.
Now, consider a function f : H → G that takes the modular trans-
lation h = (∆x,∆y) to the translation of the surface of the torus
f (h) = (∆x/r,∆y/R). If h1 = (∆x1,∆y1) and h2 = (∆x2,∆y2)
are elements of H then

f (h1 • h2) = f (∆x1 + ∆x2,∆y1 + ∆y2)

= ((∆x1 + ∆x2)/r, (∆y1 + ∆y2)/R)

= (∆x1/r + ∆x2/r,∆y1/R + ∆y2/R)

= (∆x1/r,∆y1/R) ◦ (∆x2/r,∆y2/R)

= f (h1) ◦ f (h2)

So f is a Homomorphism.
Every g ∈ G can be written in the form (∆θ + 2nπ,∆φ + 2mπ)
where n,m ∈ Z and 0 ≤ ∆θ,∆φ < 2π. Clearly g is the same
translation as (∆θ,∆φ) due to the periodic nature of the latitude
and longitude.
Every h ∈ H can be written in the form (∆x + nX,∆y + mY )
where n,m ∈ Z, 0 ≤ ∆x < X and 0 ≤ ∆y < Y . Clearly h is the
same modular translation as (∆x,∆y) due to the modular nature
of the modular translation.
In summary, every g ∈ G can be written as (∆θ,∆φ) where
0 ≤ ∆θ,∆φ < 2π and every h ∈ H can be written as (∆x,∆y)
where 0 ≤ ∆x < X and 0 ≤ ∆y < Y .

Now, Let X = 2πr and Y = 2πR. What the above tells us is that
h = (∆x,∆y) where 0 ≤ ∆x < 2πr and 0 ≤ ∆y < 2πR can
represent any element of H.

f (h) = idG = (0, 0) ⇐⇒ (∆x/r,∆y/R) = (0, 0)

⇐⇒ (∆x,∆y) = (0, 0)

⇐⇒ h = idH

so Ker(f ) = {h ∈ H : f (h) = idG} = {idH} which means that f
is injective.

Consider f (h) = (∆x/r,∆y/R). Letting ∆x = r∆θ and ∆y =
R∆φ we get f (h) = (∆θ,∆φ) where 0 ≤ r∆θ < 2πr and 0 ≤
R∆φ < 2πR so 0 ≤ ∆θ,∆φ < 2π since r, R > 0. Notice that any
element of G can be written in this form. So every g ∈ G is the
image under f of some h ∈ H
so Im(f ) = {g ∈ G : g = f (h) for some h} = G which means
that f is surjective.
f is a both injective and surjective homomorphism, so it is an
isomorphism from H to G.

Subgroups

Two of the Subgroups present within our group are

Rθ = {(∆θ, 0) ∈ G : ∆θ ∈ R}

and
Rφ = {(0,∆φ) ∈ G : ∆φ ∈ R}

Both of these are very unique.
(0,∆φ) represents the change in longitude of all points on the
torus, and is known as a rotation. The torus appears to be spin-
ning like a vinyl.
(∆θ, 0) is the change in latitude of all points on the torus, this one
is a bit more confusing. If we imagine a torus rotating in towards
its centre at a constant movement known as a revolution.

Fig. 3: Rotations (Blue Arrow) and Revolutions (Red Arrow)

Cyclic Subgroups

Let g = (∆θ,∆φ) ∈ G. What is the order of 〈g〉, the cyclic sub-
group generated by g, and when will it be infinite?
From our definition of composition of translations, it is not hard to
show that gn = (n∆θ, n∆φ) where n ∈ z.
So 〈g〉 = {..., (−2∆θ,−2∆φ), (−∆θ,−∆φ), (0, 0), (∆θ,∆φ),
(2∆θ, 2∆φ), ...}
We will show that if both ∆θ and ∆φ are rational multiples of π
then the subgroup will have finite order and in any other case the
subgroup will have infinite order.

Consider the elements gθ, gφ ∈ G where gθ = (∆θ, 0) and gφ =
(0,∆φ).
Let ∆θ = a

bπ where a, b ∈ Z. We want to show that there exists
m ∈ Z such that gmθ = (0, 0), ie such that m∆θ [mod 2π] = 0.
Take m = 2b, then m∆θ [mod 2π] = 2aπ [mod 2π] = 0. So 〈gθ〉
has finite order. It can be shown similarly that 〈gφ〉 has finite order.

As with any group and an element from it, gθ can be thought of
as a permutation of the elements of 〈gθ〉. This permutation can
be written as a single disjoint cycle (idG gθ g2

θ ... g
m−1
θ ) where

m = |〈gθ〉|. The order of this permutation is just the length of
the cycle, m. Similarly, gφ can be thought of as the permutation
(idG gφ g2

φ ... g
n−1
φ ) of order n, where n = |〈gφ〉|.

It can be shown that gk = gkθ ◦ gkφ ∀k ∈ Z, so

〈g〉 = {id, gθ ◦ gφ, g2
θ ◦ g

2
φ, ..., g

c−1
θ ◦ gc−1

φ } where c = |〈g〉|.
As above, g can be thought of as a permutation of the elements
of 〈g〉. With some thought, we see that the permutation that
g represents is analogous to the product of the disjoint cycles
(idG gθ g2

θ ... g
m−1
θ ) and (idG gφ g2

φ ... g
n−1
φ ). The order of

the resulting permutation is the LCM of the orders of the disjoint
cycles, and hence |〈g〉| = LCM(m,n).

Now consider g = (∆θ,∆φ) where there does not exist a, b ∈ Z
such that ∆θ = a

bπ. Then ∀a, b ∈ Z, b∆θ 6= aπ, so ∀b ∈ Z,
b∆θ [mod 2π] 6= 0, so ∀b ∈ Z, gb 6= (0, 0), hence 〈g〉 has infinite
order. It can be shown similarly that if ∆φ is an irrational multiple
of π then 〈g〉 has infinite order.

Fig. 4: Line traced by the action of a cyclic subgroup

Group Actions and Orbits

The set S = {(θ, φ) ∈ R2 : 0 ≤ θ, φ < 2π} is the set of all points
on the surface of the torus. Intuitively, G acts on S, but to prove
this we check two conditions;
1. idG · s = s ∀s ∈ S
Let s = (θ, φ) then

idG · s = (θ + 0, φ + 0) = (θ, φ) = s

2. g1 · (g2ṡ) = (g1 ◦ g2) · x ∀s ∈ S ∀g1, g2 ∈ G
Let s = (θ, φ), g1 = (∆θ1,∆φ1) and g2 = (∆θ2,∆φ2) then

g1 ·(g2 ·s) = g1 ·(θ+∆θ2, φ+∆φ2) = (θ+∆θ2+∆θ1, φ+∆φ2+∆φ1)

and

g◦g2 = (∆θ1+∆θ2,∆φ1+∆φ2) =⇒ (g◦h)·s = (θ+∆θ1+∆θ2, φ+∆φ1+∆φ2)

Therefore G acts on the set S.

For some point s1 = (θ1, φ1) ∈ S we can translate s to any other
point on the torus s2 = (θ2, φ2) by the translation g = (θ2−θ1, φ2−
φ1). So,

∀s2 ∈ S ∃g ∈ G such that g · s1 = s2

therefore G · s1 = G · s2 = S ∀s1, s2 ∈ S
The Orbit of any point in S under G is just S.
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A look at commutativity

To discuss Abelian Groups, we first have to look at commutativity. When some-
thing is commutative, it means that the order in which we operate on them (this
can be addition, multiplication etc.) does not affect the outcome. For example,
addition over the Real numbers is commutative. It does not matter which order
you add any amount of numbers in, the answer will be the same. We can also
say this for multiplication.

a + b = b + a
It is important to realise that it is not the object that is being operated on that is at
the root of commutativity, but it is in fact the operation itself. Note that not every
operation on the Real numbers is in fact commutative, like division, for example.
The root of commutativity is actually what is done to the objects (the operation)
rather than what the objects are.

What is an Abelian Group?

In mathematics, an abelian group, also called a commutative group, is a group
in which the result of applying the group operation to two group elements does
not depend on the order in which they are written. That is, the group operation is
commutative.

With addition as an operation, the integers and the real numbers form abelian
groups, and the concept of an abelian group may be viewed as a generalization
of these examples. Abelian groups are named after early 19th century mathe-
matician Niels Henrik Abel.

Fig. 1: Norwegian Mathematician Niels Henrik Abel

The concept of an abelian group is fundamental to group theory. We see it
appear in many areas of the subject. One of the first visual representations we
get is in the form of a multiplication table. For abelian groups, their multiplication
tables are symmetric.

(Note: Abelian Groups can either be finite or infinite.)

Facts and Implications

There are certainly many implications that arise from a group being abelian. Being able to
define and interpret an abelian group, whilst straightforward, can prove very useful.

1. Every subgroup of an abelian group is normal, so each subgroup gives rise to a quotient
group.

2. Subgroups, quotients, and direct sums of abelian groups are abelian.

3. Every cyclic group is abelian. This is because its group operation must be commutative.

4. If a group G is abelian, the Centre of G ie. Z(G) is equal to G itself.

5. If a group G is abelian (for example, all cyclic groups), then every conjugacy class in G
consists of just a single element.

6.Interestingly, it is possible to find abelian subgroups of non-abelian groups. An example
of this is the smallest non-abelian group, the symmetric group S3 of order 6. All of its proper
subgroups are abelian (the trivial subgroup, three subgroups of order 2 and one subgroup
of order 3).

Fig. 2: Cyclic Group of 6 elements

There are also some other interesting properties relating to abelian groups. These are
called "group metaproperties":

(i) Subgroup-closed group property: If G is an abelian group and H is a subgroup of G,
then H is also abelian. (ie. Abelianness is subgroup-closed).

(i) Quotient-closed group property: If G is an abelian group and H is a normal sub-
group of G, the quotient group G/H is also abelian. (ie. Abelianness is quotient-closed).

Examples of Abelian and Non-abelian Groups

Some abelian groups:

(Z,+) The set of all integers under the binary operation of addition.
(R∗,x) The set of all non-negative real numbers under multiplication.

Some non-abelian groups:

(Z,+) The set of all integers under the binary operation of addition.
GL(2,R) The set of all invertible 2x2 matrices with real entries.

Cayley Graphs for Abelian Groups

Cayley graphs give a way of encoding information about groups in a graph.
Given a group with a finite generating set, we can form a Cayley Graph for that
group with respect to that generating set.

Cayley’s Basic Theorem states that every group can be faithfully represented as
a group of permutations. The graph below represents the graph of S4 for all the
rotations of a cube. The colours are the vertices of the RGB color cube which
correspond to the numbers from 0 to 7, each number representing a vertex.

Fig. 3: Cayley graph of S4 showing all rotations of a cube

Fundamental theorem of abelian groups

The fundamental theorem of finite abelian groups states that every finite abelian
group G can be expressed as the direct sum of cyclic subgroups of prime-
power order; it is also known as the basis theorem for finite abelian groups..
This is generalized by the fundamental theorem of finitely generated abelian
groups, with finite groups being the special case when G has zero rank. (The
rank of a group referes to the smallest cardinality of a generating set for G)
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Introduction

This poster serves as an after-class reading for MA3343 students. We assume the readers are familiar with the concepts of groups,
generating sets, symmetric groups, cycles and transpositions. In this poster, we investigate the topic of generating sets of finite
symmetric groups. In particular, we focus on the number of elements in the generating sets and find the smallest such number by
mathematical reasoning.

1. Sn is generated by its all cycles

Every permutation can be written as a product of cycles, so the
set of all cycles in Sn generates Sn. However, such set is very
large and redundant. Take S6 for example, we have
{(1), ..., (6), (12), (13), , , , (16), (123), ...}, a generating set with
415 elements, and clearly not all cycles are distinct.

2. Sn is generated by its transpositions

Recall that every cycles can be written as a product of
transpositions. For instance, (123) = (12)(23). Since the set of all
cycles generates Sn, the set of all transpositions is a
generating set of Sn. The total number of transpositions in Sn is(n

2

)
= n(n−1)

2 [1]. It is a much smaller set compared the set of all
cycles, but it is still redundant as (23) can be written as
(12)(13)(12).

3. Sn is generated by n − 1 transpositions

I Sn is generated by (12)(13)(14)...(1n).
Since Sn is generated by the set of all its transpositions, it is
sufficient to show that an arbitrary transposition (ij) can be
written as a product of transpositions containing 1[1]. Consider
(1i)(1j)(1i). Element i is sent to 1 and then to j, and element j is
sent to 1 and then to i. Thus, (ij) = (1i)(1j)(1i) for all
1 < i 6= j ≤ n, as required.

I Sn is generated by (12)(23)(34)..(n-1 n).
Following the above result, we only need to show that for all
1 < i ≤ n, (1i) is a product of adjacent transpositions.
We use mathematical induction.
•base case Clearly our claim holds for (12).
•induction step Suppose (1i) can be written as a product of
transpositions swapping 1 with other elements.
Then (1 i+1) = (1i)(i i+1)(1i), and the result follows.

I In both cases, we have n− 1 elements in generating sets.

Before moving on...

We have already shown that S = {(12), (13), ..., (1n)} is a generating set for Sn. We may ask ourselves..

Q1. Is S non-redundant?
A1. YES. If we remove any element from S, it is no longer a generating set. This is not hard to see, as removing (1i) from S leaves us a
fixed point i because none of the remaining transpositions permute i. A generating set has such property is called ’Minimal’.

Q2.Is S the smallest generating set for Sn?
A2. NO. A minimal generating set is non-redundant, but is not necessarily of the minimum size. We will see in the next section that,
though S is minimal, the minimum size of generating sets for Sn where n ≥ 3 is 2.

4. The minimum cardinality of generating sets for Sn

I S2 is generated by (12), as (1)(2) = (12)(12) and (12) = (12).
I For n ≥ 3, Sn is generated by the transposition (12) and the n-cycle (123...n) [1].

Since Sn is generated by (12)(23)...(n-1 n), it suffices to show that (i-1 i) where 2 ≤ i ≤ n can be generated by (12) and (123...n).
We use mathematical induction.
•base case Clearly (12) is generated by (12) and (123...n).
•induction step Suppose (i-2 i-1) is generated by (12) and (123..n). We want to show (i-1 i) is also generated by these two cycles.
For convenience, we denote (123..n) by σ.
Consider σ(i − 2 i − 1)σ−1, an element generated as requirement.
Then, σ(i − 2 i − 1)σ−1 = (σ(i − 2) σ(i − 1)) = (i − 1 i), and the result follows.

I For n ≥ 3, Sn cannot be generated by single element.
Recall the group generated by single elements is cyclic. Since every cyclic group is abelian, it suffices to show Sn is non-abelian.
Let permutations π1 = (13) ∈ Sn and π2 = (12) ∈ Sn.
Then π1π2 = (231) and π2π1 = (132).
It follows that Sn in non-abelian as π1π2 6= π2π1.

I Combining the above results, we conclude that the minimum cardinality of generating sets for Sn where n ≥ 3 is 2.
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1 Introduction

This poster is concerned with cyclic groups. In particular, we are interested in
counting the number of elements that generate such groups and how this number
depends on the order of the group. We begin with a review of cyclic groups and
generators, providing examples of each. Following this, we derive an interesting
formula for the number of generators of a finite cyclic group. We finish with a
similar result for infinite cyclic groups.

2 Cyclic Groups and Generators

Let G be a group and let 〈x〉 be the cyclic subgroup of G generated by x ∈ G. We
say that G is cyclic if G = 〈x〉. Equivalently, a cyclic group G is one which can
be built from a single element x ∈ G by “taking powers”. Any such element x is
called a generator for G. Every cyclic group is necessarily abelian; see [1]. We
illustrate these ideas with two well-known examples.

• Let G be the group of complex 6th roots of unity under multiplication

G =
{
1, e

iπ
3 , e

2iπ
3 , eiπ, e

4iπ
3 , e

5iπ
3

}
.

The group is cyclic since it is generated by (for example) x = eiπ/3; that is,

G = 〈x〉 =
{

id, x, x2, x3, x4, x5
}
, (1)

where id = 1 and x6 = 1. This is not the only generator for G: it is also
generated by x = e5iπ/3. It turns out that x = eiπ/3 and x = e5iπ/3 are the only
two generators for G; see Figure 1.

• Let G = (Z,+) be the group of integers under addition. The group is cyclic
since it is generated by (for example) x = 1; that is,

G = 〈x〉 =
{
..., x−2, x−1, id, x, x2, ...

}
, (2)

where id = 0 and xn = n. As before, this is not the only generator: x = −1 also
generates G. It turns out that x = 1 and x = −1 are the only two generators for
G.

These examples, specifically (1) and (2), demonstrate that despite superficial dif-
ferences, all cyclic groups have the same abstract form. To be more precise,
all cyclic groups of the same order are isomorphic to each other [2]. Hence
we adopt a single notation Cn = 〈x〉 for all cyclic groups of order n; here it is
understood that xn = id.

We now turn to the problem of counting the number of generators x for a given
order n. First, we consider the finite case.

3 The Finite cyclic group Cn

Theorem 3.1. Suppose that x is a generator of the finite cyclic group Cn. Then
the elements of Cn that generate it as a cyclic group are exactly those elements of
the form xk, where gcd(k, n) = 1. The number of these is φ(n): the Euler totient
function.

The main idea of the proof of Theorem 3.1 is to show that Cn = 〈xk〉 if and only
if gcd(k, n) = 1; we say that the integers k and n are coprime if gcd(k, n) = 1.
Before giving a proof we state without proof the following result from [3]:

Lemma 3.2. Two integers a and b are coprime if and only if there exists integers
s and t such that sa + tb = 1.

Proof. First, we show that Cn = 〈xk〉 if k and n are coprime (the sufficient condition). By
Lemma 3.2, there exists integers u and v such that uk + vn = 1. Then, for integral m, we
have

xm = xm(uk+vn)

= xmukxmvn

= (xk)mu (xn)mv

= (xk)mu,

since xn = id. Since the elements of Cn are exactly those of the form xm, it follows that
every element of Cn is a power of xk, and therefore Cn = 〈xk〉. Thus, Cn = 〈xk〉 if k and n
are coprime.

Second, we show that if Cn = 〈xk〉, then k and n are coprime (the necessary condition).
Since xk generates Cn, there exists an integer u such that

x = (xk)u = xuk. (3)

Multiplying both sides of (3) by x−1, we have

xuk−1 = id. (4)

x = e
iπ
3x2 = e

2iπ
3

x3 = −1

x4 = e
4iπ
3 x5 = e

5iπ
3

x0 = id = 1
Re

Im

O

Fig. 1: The complex 6th roots of unity form a cyclic group under multiplication. It is easily seen that x = eiπ/3 and x = e5iπ/3 are the

only two generators for G .

For (4) to hold we must have that n divides uk − 1 (since xn = id). Hence there exists an
integer −v such that uk− 1 = −vn or, equivalently, uk + vn = 1. It follows from Lemma 3.2
that k and n are coprime. Thus, k and n are coprime if Cn = 〈xk〉.

We conclude that Cn = 〈xk〉 if and only if k and n are coprime, i.e., gcd(k, n) = 1. This
means that gcd(k, n) = 1 is a necessary and sufficient condition for xk to generate Cn.
Hence the number of distinct elements of Cn that generate it as a cyclic group is equal to
the number of positive integers k ≤ n for which gcd(k, n) = 1. The number of these is φ(n).
�

As an example, the number of distinct elements of C6 (which we can think of as the group of
complex 6th roots of unity under multiplication) that generate it as a cyclic group is φ(6) = 2,
as claimed in § 2.

Next, we consider the infinite case.

4 The Infinite Cyclic Group C∞

Theorem 4.1. Suppose that x is a generator of the infinite cyclic group C∞.
Then the elements of C∞ that generate it as a cyclic group are x and x−1. So
C∞ has exactly two generators.

Proof. First, we show that if C∞ = 〈x〉, then C∞ = 〈x−1〉. For integral m,
we have (x−1)m = x−m. Since the elements of C∞ are exactly those of the
form x−m, it follows that every element of C∞ is a power of x−1, and therefore
C∞ = 〈x−1〉.

Second, we show that x and x−1 are the only two generators for C∞. Since
C∞ = 〈x〉 = 〈x−1〉, we must have x = (x−1)a for some integer a and x−1 = xb

for some integer b. These equations imply that x = (x−1)a = xab. Since C∞
is infinite cyclic, ab = 1, and so (a, b) is either (1, 1) or (−1,−1). Thus, the only
generators of C∞ are x and x−1.
�

We note that Theorem 4.1 is consistent with our example in § 2 of the group
(Z,+), which had exactly two generators: x = 1 and x−1 = −1.

5 Remark

Theorems 3.1 and 4.1 not only yield information about the number of generators
but also their form. For example, Theorem 3.1 says that the φ(n) generators
for the group of complex nth roots of unity under multiplication all have the from
e2iπk/n, where gcd(k, n) = 1.

6 Summary

We have shown that the finite cyclic group Cn has exactly φ(n) generators and
that the infinite cyclic group C∞ has exactly two generators. We have also illus-
trated these results for the case of two well-known examples of cyclic groups:
the group of complex nth roots of unity under multiplication and the group (Z,+).
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Introduction

Our objective for this project is to examine the history of the famous Lagrange’s theorem. The
theorem as we know it today has evolved greatly since its earliest form in 1771. We hope to tie his
initial findings about polynomials to their current applications, and the importance of the theorem
to group theory and mathematics in general.

Joseph-Louis Lagrange

Fig. 1: Lagrange portrait

Born in Turin, Italy on 25th January 1736, Joseph-Louis Lagrange was a brilliant mathematician and
astronomer. A major contributor to number theory and analysis, Lagrange also had a significant
influence in celestial mechanics. His most important book, Mécanique Analytique (1788; “Analytic
Mechanics”), was the basis for all later work in this field. In 1766, he succeeded Euler as the director
of mathematics at the Prussian Academy of Sciences, Berlin. He moved to France in 1787 to join
the French Academy of Sciences where he remained until his death in 1813. Lagrange’s influence
is obvious in many areas of mathematics, including theorems which carry his name either solely or
jointly. Group theory had not been defined at this point in history and only began being studied
in later centuries. Not having studied group theory or anything similar, Lagrange was completely
unaware of the influence that his findings would subsequently have in that area of study.

Langrange’s Original Findings

Lagrange initially concerned himself with finding an algebraic formula for the roots of the general
5th degree polynomial and more generally for the nth degree polynomial for n > 4. The quadratic,
cubic, and quartic equations had already been solved, so Lagrange wished to investigate polynomials
of degree greater than four. Lagrange observed that the solutions for the cubic and quartic equations
involved solving polynomials of lower degree, or ”resolvent” polynomials. ”For example, the quartic
was solved using using a cubic resolvent polynomial polynomial whos roots could be written as (2):

X1X2 + X3X4

2
,
X1X3 + X2X4

2
,
X1X4 + X2X3

2
Where X1, X2, X3 and X4 are the roots of the original polynomial”. Permute these four roots in
the 4!(or 24) possible ways, and three different values are typically outputted. Lagrange reckoned
a similar approach was required to solve 5th degree polynomials. He believed that a function had
to be found in 5 vairables that took on 3 or 4 different typical values, where where the variables
are permuted in all 5! (or 120) ways. This would lead to a corresponding resolvent that would be
crucial to solving the original equation. Although Lagrange never determined if this was the case,
he did however arrive at the following conclusion:
”if a function f (X1, ..., Xn) of n variables is acted by n! possible permutations of the
variables and these permuted functions take on only r distinct values, then r is a divisor
of n!.”

Timeline

Evolution of Lagranges theorem
Lagrange did not originally prove his theorem as
we see it today. Although Lagrange was clearly
moving towards this idea, he never in fact pinned
it down. He received credit for it by many later
writers.
1771
He stated that that if a polynomial in n variables
has its variables permuted in all n! ways, the
number of different polynomials that are obtained
is always a factor of n!.
1799
Paolo Ruffini showed in 1799 that if n = 5 then m
cannot be 3, 4, or 8. Inspired by Ruffini’s work.
1801
Carl Friedrich Gauss proved Lagrange’s theorem
for the special case of (Z/pZ), the multiplicative
group of nonzero integers modulo p, where p is a
prime.

Fig. 2: Lagrange Findings 1771

1815
Augustin-Louis Cauchy showed in 1815 that if n
is prime then m = 1 or m = 2 or m > n ; he
conjectured that if n > 5 then m = 1 or m = 2 or
m > n
1845
Joseph Bertrand proved Cauchy’s conjecture in
1845 subject to the truth of his celebrated Hy-
pothesis about prime numbers Stimulated by this,
Cauchy also proved Lagrange’s theorem for the
symmetric group Sn.
1861
Camille Jordan finally proved Lagrange’s theorem
for the case of any permutation group

Langrange’s Theorem As We Know It

Let G be a finite group with a subgroup H. Then the order of H divides the order of G.

Langrange’s Theorem says that a subgroup of S4 which has 4! = 24 elements, could possibly have
1, 2, 3, 4, 6, 8, 12 or 24 elements, but couldn’t have (for example) 11 or 17 elements.
The converse of Langrange’s Theorem is not true if n and k are integers and k|n, it is not true that
every group of order n has a subgroup of order k.

Proof Mechanism

Start with the subgroup H of the finite group G.
If H = G the theorem holds
If not, choose an element x of G with x /∈ H. Then the coset xH is disjoint from H and
has |H| elements.
If H ∪ xH = G then |G| = 2|G| and we are done.
If not, choose y /∈ H ∪ xH and add the coset yH.
Eventually we find that G is the union of k disjoint left cosets of H, and |G| = k|H|.

Real Life Application of Lagrange’s Theorem

Fig. 3: Speed Gun

There exists certain police equipment used in Italy that detects speed limit violations by motorists.
It does this by snapping a pair of separate pictures of vehicles that are taken a couple of kilometres
apart. If the time elapsed between the pictures is less than the time it should take to travel the
distance then the vehicle is deemed to have broken the speed limit and the driver will receive
a ticket. The average speed is higher than the limit. Lagrange’s theorem guarantees that there
existed a point on the stretch of road between the cameras where the instantaneous speed of the
car was equal to the average speed, which was established by the cameras to be in excess of the
speed limit.
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Introduction
As we observe our environment and our surroundings, we find patterns are abundant in the natural world. Patterns are visible regularities which
sometimes can be modelled mathematically. From Early Greek philosophers to us now, humans studied patterns attempting to explain the order in
nature. The beauty of rotational symmetry of a snowflake, the satisfying glided pattern of snake skin, the resourcefulness of the icosahedron for viruses
all highlight nature’s inherent propensity to form patterns. This poster attempts to link the beauty and resourcefulness of nature and mathematics in
regards to symmetry.

Dihedral Groups
A dihedral group is the group of symmetries of
a regular polygon, the group D2n consists of n
rotations and n reflections.

There are plenty of examples of such groups in
nature, the most common is the group D12 -
the symmetries of a hexagon. This group has
six reflections as shown below, and 6 rotations:
id, R60, R120, R180, R240, R300

We see snowflakes have this hexagonal shape
and the symmetries and rotations of D12.
Honeycombs are another example, and even a
close look at a dragonfly’s eye shows that it is a
collection of tiny lenses - all of which are
hexagonal shaped. D12 is one of the many
dihedral groups we can see throughout nature.

Frieze Patterns
A Frieze, or Strip Pattern contain either all or some of the following types of symmetries: Trans-
lations, Horizontal mirror reflections, Vertical mirror reflections, Rotations, Glide reflection. These
symmetries form a group of seven distinct patterns: T, TR, TV, TG, TRVG, TGH and TRGHV.

This is a picture of White Pine with some of its branches fallen off. See how
each year, the tree grows new branches above each other. The white pine
exhibits Translation symmetry.

Here are pictures of footprints, they are human footprints in sand. See how
this forms a Translation and Glide Reflection. The right hand-side picture is
a set of bear tracks. See how this is also TG symmetry.

Below the footprints, is a leaf from the Mimosa tree. It displays TGH (trans-
lation and horizontal mirroring and a glide symmetry by default) symmetry.

Most snakes have TRGHV symmetry (Translation, Horizontal and Vertical
Reflection and Rotation 180). This is a picture of a copperhead snake and the
snake skin.

Symmetries in 3D
Virology
3-Dimensional objects with symmetric qualities are also evident in nature. Viruses are perhaps a surprising example of such
symmetry. Viruses are protected by a protein container, called a "viral capsid". Viral capsids transport genetic material into a
host, and thus hijack their hosts machinery to reproduce. For the majority of viruses, these capsids have icosahedral symmetry.
It is a large group of symmetries, with order 120. 60 of these are rotations. The axes of symmetry are visible on the diagram.
There is 31 in all. 15 axes through edges, 10 through the centres of faces, and 6 through vertices.

Why Icosahedrons?
Viruses build these icosahedral capsids for reasons of genetic economy. The icosahedron consists of 20 triangular faces, and is
the largest platonic solid. This makes it a relatively simple shape to produce. Viruses are extremely small, and so they have
to be efficient with every piece of their genetic code. Using containers with icosahedral symmetry allows viruses to create a
sufficiently large container to hold their genetic material, while minimising the amount of genetic code required.

The biologists Caspar and Klug used the icosahedral nature of viruses in the 1960s to create a system known as the
triangulation-number or "T-number" series. This series is used to describe different viral architectures. They were inspired by
the lattice-like structure of the surface of this virus (middle left), with somewhat hexagonal groups of 6 proteins (hexamers)
composing most of the shell, and groups of 5 proteins (pentamers) at the vertices. They overlayed the net of the icosahedron
over a grid of hexagons, such that the vertex of each triangular face was at the centre of a hexagon. They were then able to
produce many more viral capsids with different protein layouts by rescaling and rotating the net, as seen below. All of these
capsids retain the symmetric properties of the icosahedron.
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Finite Simple Groups and The Monster

Michael McGloin

What Are Finite Simple Groups?

Recall that a subgroup H of G is normal if :

gH = Hg for any g ∈ G

Finite simple groups are finite groups whose only normal subgroups are
the identity element and the group itself. Finite simple groups are like the
”elements” of groups. Every group can be broken down into these finite

simple groups by looking at so called factor groups of composition series

What is a Composition Series?

To understand a composition series we will first look at the definition of a
subnormal series. A subnormal series of a group G is a sequence of
subgroups of G whereby each subsequent subgroup is normal to the
next one.

G = H1 E H2 E H3 ..... E Hn

Note it is not the case that each Hi be a normal subgroup of G but only
to Hi+1.
A subnormal series :

{e} = H1 E H2 E H3 ..... E Hn = G

is a composition series if each factor Hi+1/Hi is a simple group. Every
group G has a composition series.

Jordan-Hölder Theorem

Any two composition series of a group G are equivalent. Therefore every
group having a composition series determines a unique list of finite
simple groups and it is in this sense that the finite simple groups are the
building blocks of groups !

Periodic Table of Finite Simple Groups

Every finite simple group is isomorphic to one of the groups/family of groups in the above table.

Classification of Finite Simple Groups

As it turns out there are only finitely many types of these finite simple
groups. The classification of finite simple groups is a theorem that
states that every finite simple group is isomorphic to ;
One of three infinite classes, namely :
I The cyclic groups,Cp (where p is prime)
I The alternating groups, An, (n ≥ 5)
I The groups of Lie type
Or else it belongs to :
I One of the 26 sporadic groups or ,
I The Tits group (sometimes considered the 27th sporadic group)
This theorem is considered to be a monumental achievement by
mathematicians. No one quite knows how long exactly the proof is but
it’s agreed that it spans more than 10,000 pages spread across roughly
500 journal articles by over 100 authors and was mostly published
between 1955 and 2004.
The key idea for this proof came from Richard Brauer who said that you
should classify the finite simple groups by finding centralizers of
involution’s (which are elements of order 2).

The Sporadic Groups

The sporadic groups are the finite simple groups that don’t fit neatly into
some infinite family. Some of these groups involve :
I The Mathieu Groups which were the first sporadic groups discovered,
I The Conway Groups which were discovered by John Conway by

considering sphere packing in 24-dimensional space and the
symmetry group of the Leech Lattice.

I The Monster Group, which is the largest of these groups.
The sporadic groups are divided into two different groups, ”The Happy
Family”, which are the 20 sporadic groups that can be found in the
monster group and ”The Pariahs” which are the remaining 6 that
cannot be found in the monster.

The Monster

The Monster is the largest of the sporadic group. It has order
808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000.
It is the group of symmetries of an object that lives in 196883 dimensions (although it also
has representations in higher dimensional spaces with the next one being in 21296876
dimensional space ). It was predicted to exist around 1973 by Bernd Fischer but it was
thought to be too enormous to be constructed at the time. However, Greiss managed to
construct an algebra in 196883 dimensional space and showed that it’s automorphism group
was the monster.
An automorphism is a way of mapping some object to itself whilst preserving its structure
and an automorphism group is simply the set of all automorphisms of an object.
This monster group would end up showing up in some rather strange places.

The J-Function

The j-function J(τ), a modular function discovered by Felix Klein, is the simplest function
satisfying the properties :

J(τ) = J(τ + 1) = J(−1/τ)

It has a power series expansion :

J(τ) = q−1 + 744 + 196884q + 21493760q2+......... (where q = e2πiτ )

It would end up having intricate connections to the monster. Pictured on the right is the
j-function in the upper-half complex plane.

Moonshine and John McKays t-shirt

When working with this j-function, John McKay noticed that the coefficient of q, 196884, was equal to 196883+1,
which is the dimension that the monster group acts on plus 1. He made a t-shirt of this fact (conceptualized on the
left) and wore it to various different mathematical conferences where the general consensus was that this connection
was purely coincidental.
However, it was then noticed that there were other strange connections between this j-function and the monster
group. For example if you look at the coefficient of q2, which is 21493760 in the power series expansion of the
j-function, you find :

21493760 = 1 + 196883 + 21296876

which is the sum of the dimensions of the first three representations of the monster and this pattern continued for
other coefficients.

Monstrous Moonshine

John Conway coined the term ”Monstrous Moonshine” to describe this odd relationship between the monster
group and the j-function and proposed the monstrous moonshine conjecture along with Simon Norton. This
conjecture was proven to be true by Richard Borcherds in 1992 using many different tools such as vertex operator
algebras, generalized Kac-Moody algebras and string theory in 26-dimensions.
It turned out that this connection between the monster group and these so called ”modular functions” is not unique to
the monster group and exists for other finite simple groups such as the Mathieu group.
This seems to have important connections with many areas of physics such as to Conformal Field Theory’s and
String Theory and there are many open problems related to the strange phenomenon of ”moonshine”.
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Cyclic Groups

A cyclic group is one that is generated by a single element, in the sense that we can start with a single element and produce all the elements of G by
repeatedly taking powers of that element and its inverse and by multiplying the results of such operations together.

Some Examples of Cyclic Groups

I 1.) (Z, +) The integers under the operation of addition with 1 as a generator. This is an infinite cyclic group as all elements of the group can be
acquired using +1 or -1. Notably the only generator in this group is +1 and -1.

I 2.) The Six 6th Complex Roots of Unity with generator z1, this forms a finite cyclic group under multiplication. See diagram below:
I 3.) ( Z

nZ ) The integers under addition modulo n, for every positive integer n. This is another finite cyclic group. If i is relatively prime to n then it is a
generator of the group. A real-world example being musical notes of which there are 7 recurring notes A-G.

Relationship With The Number N

For a natural number n, φ(n) is the number of integers in the range 1, . .
. , n that are relatively prime to n where φ is Euler’s totient function. The
number of generators of a cyclic group are relatively prime to the order of
group. Every group of prime order is cyclic.
We can see this in the example below.
For example 12(which is Z12=(0,1,2,3,4,5,6,7,8,9,10,11)).
〈0〉= (0)
〈1〉= (1,2,3,4,5,6,7,8,9,10,11,0)= Z12
〈2〉= (2,4,6,8,10,0)
〈3〉= (3,6,9,0)
〈4〉=(0,4,8)
〈5〉= Z12
〈6〉= (0,6)
〈7〉= Z12
〈8〉= (8,4,0)
〈9〉= (9,6,3,0)
〈10〉= (10,8,6,4,2,0)
〈11〉= Z12

If its relatively prime to 12 it generates Z12. This illustrates that all
generators in a cyclic group are relatively prime to that group’s order.

The Six 6th Complex Roots of Unity

Finite Cyclic Groups

A finite cyclic group is a group that has a finite cardinality, is cyclic and is isomorphic to the integers modulo n for some positive integer. If G is a cyclic
group with a finite order n and a generator a, then G is isomorphic to (Zn,+). In other words, every finite cyclic subgroup is isomorphic to ( Z

nZ ), the
integers mod n.
If G is finite, of order n, the group generated by g is denoted 〈g〉. The order of a finite cyclic group is the number of elements in the group, aka the
cardinality of the group.
If the cyclic subgroup 〈a〉 of G is finite then the order of a is the order of the cyclic group.
Every finitely generated abelian group is a direct product of cyclic groups.

The Number of Generators in an Infinite Set

Let G = 〈a〉 be an infinite cyclic group.
Since a is the generator of G then a−1 is also a generator of G (as G is a
group)
Let b be any generator of G. Then b and G = 〈a〉
→ b = an for some n
For a and G = 〈b〉
→ a = bm for some m
→ a = bm = (an)m = anm

→ nm=1 → m = 1
n → n = ±1 → b= a or a−1

∴ An infinite cyclic group, has precisely 2 generators
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The Musical Space

’Music is not only a mysterious and metaphorical art; it is born
of science ...it is made of mathematically measurable elements
...any explanation of music must combine mathematics with
aesthetics’ [3]

Group theory can be applied to the basics of music theory as a
means of enriching our understanding of the machinery of musical
operations, and also as a means of highlighting the real-life applications
of this branch of mathematics. Firstly, however, we must address the
concept of the musical space.

Assuming octave equivalence (i.e. a given C note is equivalent to all
C notes in higher and lower octaves) and enharmonic equivalence (i.e.
C] = D[) we can assign an integer modulo 12 to every note in the
musical space as in Fig.1 below.

Fig. 1: Pitch-Class Integers [5]

We can then think of the interval between any two notes a, b as

a− b mod 12

Furthermore, each major and minor chord can be represented by a
pitch-class set consisting of the three pitch-class integers that form the
triad. For example, a C major triad is denoted by (0,4,7).

Transpositions as Cyclic Groups

A transposition Tn(x) in the musical space moves a pitch x ∈ Z12 up
by n mod 12. If we take T7(x) to be the transposition that moves
each x up by 7 mod 12, we can generate the entire group of all such
transpositions [4].

< T7 >= {T7, T2, T9, T4, T11, T6, T1, T8, T3, T10, T5, T0}
This represents a circle of fifths starting at the pitch-class x. If x = 0,
the pitch-class of C, then:

< T7(C) >= {G,D,A,E,B, F], C],G], E[,B[, F, C}

Fig. 2: Circle of Fifths generated by T7(x)

Inversions & the TI Group

It is worth noting that the group of transpositions mentioned earlier can be
applied to single notes, triads or to melodic phrases. If we define an inversion In
of a triad x = (a, b, c) as

In = −x + n = (−a + n,−b + n,−c + n)

and then form the set of all transpositions and inversions, defined as

TI = {Tn, In : n = 0, ..., 11}.
It is shown in [2] that TI is a group under composition:

1. Composition of functions is always associative by definition.
2. It can be shown that TI is closed by considering

Tm ◦ Tn = Tm+n mod 12

Tm ◦ In = Im+n mod 12

Im ◦ Tn = Im−n mod 12

Im ◦ In = Tm−n mod 12

3. Note that idTI = T0 as

T0 ◦ Tn = Tn = Tn ◦ T0

In ◦ T0 = In = T0 ◦ In
4. By the equations in 2, the inverse of each Tn is T12−n and the inverse of each
In is itself.

PLR Group

Although the TI group can be useful in terms of showing that we can get from
any triad to another simply by applying transpositions and inversions, the TI
group falls short in its musical practicality. As well as possessing a practical
musical description, the set of PLR transformations as defined below also has
a strong connection with group theory. The PLR group forms a key part of
Neo-Riemannian theory, put forward initially by David Lewin and based largely
on the work of Hugo Riemann. Each of the PLR operations can be defined as
follows:

P: The parallel operation P sends a triad to its unique triad of opposite parity.
For example, P sends C major=(0,4,7) to C minor=(0, 3, 7) and vice versa.

L: The leading-tone exchange operation L shifts the bottom note of a major triad
down by a semitone and shifts the top note of a minor triad up by a semitone.

L(Cmajor) = L(0, 4, 7) = (11, 4, 7) = Eminor

L(Cminor) = L(0, 3, 7) = (0, 3, 8) = A[major

R: The relative operation R sends a major triad to its relative minor by shifting
the top note of the triad up a whole tone (up by 2). Conversely, R sends a minor
triad to its relative major by shifting the bottom note down by a whole tone.

R(Cmajor) = R(0, 4, 7) = (0, 4, 9) = Aminor

R(Cminor) = R(0, 3, 7) = (10, 3, 7) = E[major

It is woth noting that P,L,R are involutive:

P 2 = L2 = R2 = id

PLR Group = D24

It is proved in [2] that the set of all PLR transformations forms a
group under composition. It can also be shown that this PLR group
is equivalent to D24, the dihedral group of order 24.

D24 is generated by a rotation r and a refelction s such that

s2 = r12 = idD24

srs = r−1

We can see that the PLR group consists of 24 distinct bijections and
that the group has order of at least 24, by alternately applying R and
L to the C major triad:

C, a, F, d, B, g, E, c, A, f,D, b,G, e, B, g, E, c, A, f,D, b,G, e, C

where capital letters represent major triads and lower case letters
represent minor triads. Note that R(LR)3 = P , which tells us that
the PLR group can be generated by L and R.

Now let r = LR and s = L. Then r12 = id = s2 and

srs = L(LR)L = RL = s−1

Finally, [1] shows that the PLR group has exactly 24 elements by
showing it is a subgroup of the aforementioned TI group which has
order 24.

The Tonnetz

The Tonnetz, or tone network, can be used as a geometric represen-
tation of the PLR transformations. Since Euler first intouduced it,
the tonnetz has been developed by Hugo Riemann and David Lewin,
among others. As the tonnetz in Fig.3 is expanded, it repeats and can
be then projected onto a torus. Note that each triangle in Fig.3 rep-
resents a major or minor triad which together, triangulate the torus.
Also, since each PLR action only alters one note, these actions can be
considered as reflections of triangles about one of its edges.
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Groups of integers modulo n
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Introduction

A group G is a set equipped with a binary
operation that combines any two elements to form
a third element in such a way that four conditions
called group axioms are satisfied, namely closure,

associativity, identity and invertibility.

This poster is designed to expand the reader’s
understanding of Group Theory.

Unit Groups modulo n

Zn, a unit group of integers modulo n is the set, of n
non-negative elements, represented by

{0, 1, . . . , n - 1}
with addition and multiplication modulo n.

Elements of this set do not form a group under
multiplication since 0 does not have a multiplicative

inverse.[1]

Lagrange’s Theorem:
states that in group theory, for any finite group say G , the order of subgroup

H of group G divides the order of G . The order of the group represents the
number of elements. We can use Lagrange’s Theorem to make it a lot easier to

find a subgroup of the group of units in .
We can prove this by supposing H is a finite subgroup of a group G and that g ∈ G .
Then gH has the same number of elements as H .

We write k for the order of H and write {h1, h2, ..., hk} for the elements of H to prove this.
Meaning the elements of gH will be gh1, gh2, ..., ghk. This shows that gH has k elements, to

prove this we just have to prove that there is no repetition in this list.
So suppose that ghi = ghj for some i and j in the range {1, ..., k}.
We can multiply both sides of this equation on the left by g−1 to deduce that this means
hi = hj and therefore i = j .
So ghi are distinct for i = {1, ..., k} and the coset gH has the same number of
elements as H . [3]

To Prove Un is a Group Under
Multiplication

This is done by supposing Un is the set of units in
Zn , n > 1 with a, b ∈ Un, where

a having multiplicative inverse a−1and ,

b having multiplicative inverse b−1
we see,

(b−1a−1)(ab) = b−1(a−1a)b = b−1(1)b = b−1b = 1
(ab)(b−1a−1) = a(bb−1)a−1 = a(1)a−1 = aa−1 = 1

Showing that the identity element for multiplication
mod n is 1, where n > 1 is a unit in Z, 1 with a unit
in Zn with multiplicative inverse 1, meaning every
element of Un has a multiplicative inverse.[2]

Example: U8 Multiplication

Zn is a group under multiplication modulo n if and only if its
elements are relatively prime. Groups of units in Z8: there are

four elements within Z8 that are coprime to 8
U8 = {1, 3, 5, 7}

We’ll multiply elements of U8 and the reduce the outcome by
mod 8.

For any Zn where n is larger than 0, and if n is divisible by 2 we
can easily find out how many elements are coprime to n from

the equation n
2.

U8, Multiplication
x 1 3 5 7
1 1 3 5 7
3 3 1 7 5
5 5 7 1 3
7 7 5 3 1
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Overview

We will look at the following aspects of the Group of Rotational Symmetries of a
Cube.

• Showing that the rotations of a cube form a group.

• Illustrating the various rotations and axes of the rotations of a cube.

• Proving the group obeys the orbit stabilizer theorem.

• Showing the group of rotations of a cube is isomorphic to S4

Prove that the Rotations of a Cube form a
Group

Here G is the set of rotations of a cube and let x be some arbitrary rotation of the
cube, i.e x in G.

• Identity
We need to show that there is an element id such that id * x = x * id = x for
x in G. we need any rotation which leaves the cube completely unchanged.
The rotation by 360 degrees through any axis does this, so id in G

• Closure
Let a, b in G. Must show a * b in G. Apply a to an unmarked cube simply
rotates the cube about a certain axis, leaving a seemingly identical cube.
Applying b then after this leaves an identical cube as well. So a * b in G

• Inverse
Each rotation is the inverse of itself. If you apply rotation x to a cube in one
direction and then rotate in the opposite direction by the same degree, you
are left with the cube you started with. This is true for any rotation x in G.
Thus inverse of x is in G.

Isomorphism to S4

The group of rotations of a cube has the same order as S4, 24. We need to show
the group is isomorphic to a subgroup of S4. Remark that a cube has four di-
agonals and that the rotation group induces a group of permutations on the four
diagonals. However we must not assume that different rotations correspond to
different permutations.
Now labelling the consecutive diagonals 1,2,3 and 4, we see two perpendicu-
lar axes where 90 degree rotations give the permutations alpha = (1234) and
alpha = (1432). These induce an 8 element subgroup and a 3 element sub-
group {id, α, α2, α3, β2, β2α, β2α2, β2α3}, {id, αβ, (αβ)2} respectively. Therefore,
the rotations induce all 24 permutations since 24 = lcm(8, 3) [2].

Fig. 1: α = (1, 2, 3, 4)β = (1, 4, 3, 2)

Rotations and Axes of Rotation

The cube has a total of 24 rotations. The first rotation is the identity Now lets look at the
diagram below on the left. We have nine rotations, we can rotate by 90◦, 180◦, or 270◦,
around each of the three axes shown. Each of these nine rotations will leave two faces
fixed, and all vertices and edges are not fixed.The middle diagram shows six more rotations
of the cube. These six leave two edges fixed, while no faces or vertices are fixed. The final
diagram below shows rotations around the axes made by joining opposite vertices, we can
rotate by 120◦, 240◦ about these four axes, resulting in eight more rotations.

Fig. 2: Rotational Axis of a cube

[1]

The Orbit-Stabilizer Theorem

We let f = a face in a cube
|G . f] = |G : StabG(f)|
(Aside: We note that there are 24 rotational symmetries in a cube i.e. |G| = 24)

Proof:
If we take any face on a cube, it is possible to move from that face to any other face
in the cube (as seen in the first figure above).We then have that the orbit of any face is
{1, 2, 3, 4, 5, 6} (the numbers 1 to 6 represent a face on the cube).The stabilizer of all faces
in a cube are {id, R90, R180, R270} (as seen in the first image (left) above and we then apply
the appropriate axis in each case).
|G . f| = 6, |G : StabG(f)| = |24 : 4| = 6
6 = 6

We now take a look at the edges.
We let e = an edge in a cube
|G . e] = |G : StabG(e)|
(Aside: Again we note that there are 24 rotational symmetries in a cube i.e. |G| = 24)

Proof:
If we take any edge on a cube, it is possible to move from that edge to any other edge in
the cube. So, we then have that the orbit of any edge is {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12} (the
numbers 1 to 12 represent an edge on the cube). The stabilizer of any edge on the cube is
{id, R180} (where the axis of rotation goes from the centre of that edge to the centre of the
edge on the face directly opposite to it, passing through the centre of the cube, as seen in
the middle image above.
|G . e| = 12, |G : StabG(e)| = |24 : 2| = 12
12 = 12

Subgroups

We now take a look at the subgroups of the rotational symmetries of a cube.

• The stabilizer of each face forms a subgroup of order 4 and the stabilizer of
each edge forms a subgroup of order 2.

• If we examine the first image (left) as seen under Rotations and Axis of
Rotation, which shows the face midpoint rotations.For the axes shown, all
rotations through the same axis form a subgroup of order 4.

• We now examine the middle image as seen under Rotations and Axis of
Rotation, which shows the edge midpoint rotations. For the axes shown, all
rotations through the same axis form a subgroup of order 2.

• Lastly, we examine the last image (right) as seen under Rotations and Axis
of Rotation, which shows the diagonal rotations. For the axes shown, all
rotations through the same axis form a subgroup of order 3.

The order of the subgroups are 2,3 and 4, which are factors of |G| = 24. This
verifies Lagrange’s theorem.

Is the Group Abelian?

Centre of the group, Z(G) = {id}, the centralizer of any element x of the group
CG(x) = {id, any rotation on the same axis as that rotation x}. Hence the group
is not abelian as not every element of the group commutes with one another.
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The Group Of Symmetries Of The Tetrahedron

Contact us:

This poster has been made by Brendan O'Donoghue, Cian Griffin, Paulina Karwan and 
Stephen Malone for our Groups module MA3343. We are all Mathematics and Education 
students, and we wanted to use this poster to educate everyone on the symmetries of a 
Regular Tetrahedron.

Introduction

As you can see in the diagram (top right), there are 6
possible planes that can bisect a tetrahedron. Each 
plane represents a reflection, hence there are 6 
different ways to conduct a reflection of a 
tetrahedron. 
In the process of a reflection, the two vertices lying 
on the plane will become fixed points while the other 
two vertices will swap positions If we compose a 
reflection by itself, we will always get the identity 
element (1,2,3,4).
Another way of justifying that there are 6 reflections 
of a tetrahedron is, if there are 4 vertices and 2 of 
them must be chosen and swapped then 4 
combinations of 2 will give you 6. i.e. 4C2 = 6.

Properties and Facts of a Regular Tetrahedron

A tetrahedron has 6 axes of symmetry, and it has 12 
rotations. In the image below (Fig. X) we see a 
tetrahedron with vertices labelled 1,2,3 and 4. We will 
denote a symmetry in this set as a list (i1,i2,i3,i4) 
where ij is an element of {1,2,3,4} and where ij is the 
vertex that j is sent to via a symmetry.if we take an 
example of a rotation- say R1 is the rotation that fixes 
vertex 1 and rotates the remining vertices on the plane 
by 2π/3 counterclockwisse, we would write this 

rotation as (1,3,4,2) with a fixed vertex at 1. As 

written before, there are 12 rotations . A list of all 

12 is given below: (Rotations are labelled R1 

meaning rotation with fixed vertex 1")

Rotations of a tetrahedron

S4 is a symmetric group with a degree of four. It can be defined as the group of all the 

permutations of a symmetric group of a set size 4 {1,2,3,4}. Example of this is the 

symmetries of the tetrahedron.

There are 5 conjugacy classes for the symmetric group s4, they are (1+1+1+1), 

(2+1+1), (2+2), (3+1), (4). Each of the numbers shown here cycles, e.g. (1+1+1+1) 

has four cycles of size 1 and (3+1) for example is one cycle of size three with another 

cycle of size 1.

The group s4 contains all the symmetries of the group of the permutations of the four 

faces of the regular tetrahedron. As shown in the rotations, reflections and 

rotorelections we can see the symmetries labelled as shown in permutations to label 

the symmetries.

The subgroup S4

To conclude, This is a poster of symmetries, there are 24 symmetries of a tetrahedron, on a 
regular tetrahedron we can see 4 vertices, 6 edges. It is a geometrical representation of the 
symmetric group S4.
Our study of group theory has helped us to understand the symmetries of a regular 
tetrahedron, and hopefully this poster has represented the symmetries well.

ConclusionsReflections of a Tetrahedron

Rotations:
ID: (1,2,3,,4) R: (2,1,4,3) R: (3,4,1,2)

R: (4,3,2,1) R1: (1,3,4,2) R1: (1,4,2,3)

R2: (4,2,1,3) R2: (3,2,4,1) R3: (2,4,3,1)

R3: (4,1,3,2) R4: (3,1,2,4) R4: (2,3,1,4)

A Regular Tetrahedron 
and its Net.
References 5 and 6

Reflections
F1:(2,1,3,4) F4:(1,3,2,4)
F2:(3,2,1,4) F5:(1,4,3,2)
F3:(4,2,3,1) F6:(1,2,4,3)

Rotoreflections of a tetrahedron
As we have seen so far, we have 12 rotations and 6 reflections. However, there must 
be 4!=24 symmetries and we have only discovered 18 of them. The remaining 6 
symmetries are called rotoreflections. Rotoreflections are a composition of rotations 
and reflections. An example of this is in the diagram below of a rotoreflection of the 
organic tetrahedral compund CH4 or otherwise known as methane. This compound 
goes through a rotation of 90° along with a reflection through a plane.

Rotoreflections
RF1:(3,1,4,2) RF4:(4,3,1,2)
RF2:(3,2,1,4) RF5:(4,3,2,1)
RF3:(2,3,4,1) RF6:(3,4,2,1)

Examples of Companies with 
tetrahedral logos
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A Regular Tetrahedron (Also known as a Triangular Pyramid) is a pyramid which has 

four faces which are all equilateral triangles. Any of the four faces can be considered 

the base, this will be shown when we describe the symmetries of a Regular 

Tetrahedron.

A Regular Tetrahedron is a convex polyhedron which can be geometrically described 

as a polyhedron where any line connecting any two points on the surface of the shape 

all are contained within the interior of the polyhedron.
It is also one of the five regular Platonic solids which are derived from Eulers formula
F(Faces) + V(Vertices) - E(Edges) = 2
A Regular Tetrahedron has Four Triangular Faces, Four Vertex Corners and Six Edges.
Tetrahedrons are represented in real life through chemistry with the structure of 
molecules (e.g., Methane) and in a four-sided dice which is used less commonly then the six-
sided dice.
The group of symmetries of the tetrahedron has 24 elements and it is isomorphic 

to the symmetric group of degree 4 (the group of all permutations of four objects).
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Introduction

In the last few years, many papers have proposed cryptosystems based on group
theoretic concepts. The idea of group-based cryptosystems is interesting and the
different perspective leads to some worthwhile group theory. This poster aims to
introduce the use of group theory in public key and symmetric key cryptography
systems, with emphasis on Braid Group Theory and the Diffie-Hellman Key
Exchange.

Basics of Cryptography

• Plain text: the original message

• Cipher text: the coded message

• Encryption: the process used for converting the plain text into the cipher text

• Decryption: restoring the plain text from the cipher text

The main technique used in cryptography is based on encryption and decryption. The
methods of encryption/decryption fall into two categories: public key and symmetric
key. In symmetric key algorithms, the encryption and decryption keys are known to
both A and B. In public key cryptography, the encryption key is made public, but it
is computationally infeasible to find the decryption key without information known
only to B.

Braid Groups

In the last two decades a number of public key cryptosystems based on combinatorial
group theoretic problems in braid groups have been proposed. Based on braid groups
and its underlying problems, two cryptosystems were suggested by Anshel, Anshel
and Goldfeld in 1999 and by Ko, Lee, Cheon, Han, Kong and Park in 2000. These
cryptosystems initiated a wide discussion about the possibilities of cryptography in
the braid group.

Those underlying problems were as follows:

. Conjugacy decision problem

. Conjugacy search problem

. Multiple simultaneous conjugacy search problem

. Decomposition problem

Some notable key exchange protocols come to mind when on the topic of braid groups:

1. The Anshel-Anshel-Goldfeld key exchange protocol which assumes that the
conjugacy search problem is difficult. They used the images of braids under the
coloured Burau representation of the braid group defined by Marton, instead of
the braids themselves.

2. The Diffie-Hellman key exchange protocol which is based on the braid group
and some commutative property of some of its elements. We will talk more about
Diffie-Hellman later.

Although braid groups are not commutative, we can find large subgroups such that
each element of the first subgroup commutes with each element of the second and
indeed it is true that braids involving disjoint sets of strands commute.

Braid Groups

Fig. 1: Sample diagram of braid groups.

Anshel–Anshel–Goldfeld Key Exchange Protocol

Let G be a non-abelian group, and let elements a1, ..., ak, b1, ..., bm ∈ G be public.

• Alice picks a private word x in a1, ..., ak and sends bx1 , ..., b
x
m to Bob.

• Bob picks a private word y in b1, ..., bm and sends a
y
1, ..., a

y
k to Alice.

• Alice computes xy and Bob computes yx.

• The secret key is [x, y] = x−1y−1xy.

Note that Alice and Bob can both compute the secret commutator: Alice can premultiply xy

by x−1 and Bob can premultiply yx by y−1 and then compute the inverse: [x, y] = (y−1yx)−1.
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Diffie-Hellman Key Exchange Protocol

”We stand today on the brink of a revolution in cryptography”. This was the opening
line of a paper published in 1979 by Whitfield Diffie and Martin Hellman, in which
they proposed the first publicly known example of a public key cryptosystem; a
system now known as the Diffie-Hellman key exchange. It stems from the Discrete
Logarithm Problem, namely the complex problem of finding n when given gn and
g. The Diffie-Hellman key exchange can be explained nicely in terms of finite cyclic
groups.
We take there to be two parties with no prior knowledge of each other, Alice and
Bob, who wish to establish a shared secret key. The steps are as follows below, and
a simple example has been included in blue.

1. Alice and Bob agree on a finite cyclic group G with a generating element g, and
order n. For our example, let’s take G = (Z/23Z)X , the multiplicative group
of integers modulo 23, and the generating element g = 5 of this group.

2. Alice chooses a value for a, where a is a natural number and a < n, and
computes ga. She sends this value to Bob. Let’s say she chooses a = 4, then
ga is 54 mod 23 = 4. (It is a coincidence that in this case ga = a).

3. Similarly, Bob chooses a natural number b, b < n, and computes gb. He sends
this value on to Alice. Bob chooses b = 3, so gb is 53 mod 23 = 10.

4. Alice computes (gb)a, Bob computes (ga)b, and now both parties are in posses-
sion of the shared private key gab. In our example, Alice computes (10)4 mod
23 = 18 and Bob computes (4)3 mod 23 = 18. The key is 18.

The choice of group G and generating element g, and the values of ga and gb are
public knowledge, hence why the Diffie-Hellman key exchange is known as a public
key exchange. However the numbers a and b are private and so, thanks to the
Discrete Logarithm Problem, it is very difficult for an attacker to obtain the private
key gab.

Logarithmic signatures

There is an alternative approach to generalising the Diffie–Hellman scheme: to find
a more direct generalisation of the Discrete Logarithm Problem for groups that are
not necessarily abelian.

Let G be a finite group, S ⊆ G a subset of G and s a positive integer. For all
1 ≤ i ≤ s, let Ai = [αi1, ..., αiri] be a finite sequence of elements of G of length
ri > 1 and let α =[Ai, ..., As] be the ordered sequence of Ai.

We say that α is a cover for S if any h ∈ S can be written as a product
h = h1...hs, where hi = αiki ∈ Ai. If such a decomposition is unique for every
g ∈ S, then α is said to be a logarithmic signature for S.

One natural way to construct a logarithmic signature for a group G is to take a
subgroup chain 1 = G0 < G1 < ... < Gn = G, and let Ai be a complete set of coset
representatives for Gi−1 in Gi. Then α = [Ai, ..., An] is a logarithmic signature for
G.
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Introduction

Joseph Louis Lagrange was a mathematician in the 18th century, He discovered
and proved Lagrange’s Theorem. This theorem is seen in the foundations of
Group Theory.

This poster will give you an insight to Lagrange’s life, the development and
proof of his Theorem and uses of his thoerem within Group Theory.

How did Lagrange Discover His Theorem

Linear, Quadratic, Cubic and Quartic equations can be solved using an algebraic
formula. Lagrange wanted to find a solution to find the roots of Quintic or
higher degree equations. He investigated previous solutions to cubic and quartic
equations. He took a different approach to these equations by considering them
in terms of permutations of roots.
This was the beginning of group theory before the idea of group theory existed.

He found that cubic and quartic equations can yield an auxillary equation of
lower degree (known as a resolvent) which can be used to find the roots of the
original polynomial. ’The quartic was solved using a cubic resolvent polynomial
whose roots could be written as

x1x2 + x3x4
2

,
x1x3 + x2x4

2
,
x1x4 + x2x3

2
where x1, x2, x3, x4

Were the roots of the original polynomial.’[1] These roots can be permuted
in every way 4! = 24 and give 3 values. He tried to do this with the quintic
equation, which has 5 variables which gives 5! = 120 permutations. He wanted
to find an equation that would give either 3 or 4 values within all 120 permutations.

Lagrange did not succeed in this could not find a general formula to solve
the quintic and it was later proven to be impossible in the Abel–Ruffini Theorem.
However Lagrange did discover his Thoerem during his attempt.

Lagranges Original Thoerem

Lagrange’s Original Theorem is not what we see in Group Theory today. In his
article Réflexions sur la résolution algébrique des équations, Lagrange states:
’If a function f (x1, ..., xn) of n variables is acted on by all n! possible permutations
of the variables and these permuted functions take on only r distinct values, then
r is a divisor of n!.’[1]
This theorem has evolved into a Theorem that can be used in what we call Group
Theory

Fig. 1: Réflexions sur la résolution algébrique des équations

Who was Lagrange

• Joseph Louis Lagrange was born on 25th January 1736 and died in Paris on 10th April
1813. He was an Italian Mathematician and Astronomer. He made significant contributions
to the fields of analysis, number theory and mechanics.
• He was educated at the College of Turin where he found a keen interest for mathematics
at the age of 17, after reading a memoir by Edmond Halley on the use of algebra in optics.
• At 19 years of age he wrote a letter to Euler in which he solved the isoperimetric problem.
The paper draws an analogy between the binomial theorem and the successive derivatives
of the product of functions.
• Euler recognized the generality of this methods and its superiority to his own method. This
placed Lagrange in the front rank of mathematics of that time.
• On 18 May 1787 he left Berlin after 20 years, to become a member of the Académie des
Sciences in Paris, where he remained for the rest of his career.
• Famous Lagrange Quote: “As long as algebra and geometry proceeded along separate
paths, their advance was slow and their applications limited. But when these sciences joined
company, they drew from each other fresh vitality and thenceforward marched on at a rapid
pace toward perfection.”

Fig. 2: Lagrange

Lagranges Thoerem

For a finite group G, the order of any subgroup H divides the order of G
Therefore, the order of H is a factor of the order of G.
(order = no. of elements).

Proof

Relies on three lemmas:
• If G is a group with subgroup H then there is a one-to-one correspondence between H
and any coset of H
• If G is a group with subgroup H then the left coset relation g1 ∼ g2 if and only if
g1 ∗ h = g2 ∗H is an equivalence relation.
• Let S be a set and ∼ be an equivalence relation on S. If A and B are two equivalence
classes with A ∩B 6= 0 then A = B

Let ∼ be the left coset equivalence relation defined in Lemma 2. It follows from Lemma
2 that ∼ is an equivalence relation and by Lemma 3 that any two distinct cosets of ∼ are
disjoint.
Hence, G = (g1 ∗H) ∪ (g2 ∗H) ∪ . . . . ∪ (gl ∗H)
Where gi ∗H, i = 1, 2, . . . , l guaranteed by lemma 3.
By lemma 1, the cardinality of each of these cosets is the same as the order of H and so
|G| = |g1 ∗H| + |g2 ∗H| + . . . + |g ∗H| = |H| + |H| + . . . + |H|
L summands = l ∗H = l ∗ k

Lagranges Theorem in C6

Lagranges Theorem can be seen in action for the group of 6 the roots of unity
which has all proper subgroups of order 2 or 3 a factor of 6.

Fig. 3: Cyclic group c6.

Interesting facts about Lagrange

• Lagrange’s parents were Italian, although he also had French ancestors on his
father’s side. In 1787, at age 51, he moved from Berlin to France and became
a member of the French Academy, and he remained in France until the end of
his life. Therefore, Lagrange is alternatively considered a French and an Italian
scientist.
• In 1766 Lagrange succeeded Euler as the director of mathematics at the Prus-
sian Academy of Sciences in Berlin.
• Lagrange’s treatise on analytical mechanics, first published in 1788, was the
best treatment of classical mechanics since Newton, and helped the develop-
ment of mathematical physics in the nineteenth century.

Euler - Lagrange Theorem

In the calculus of variations, the Euler-Lagrange equation is a second-order
partial differential equation whose solutions are the functions for which a given
functional is stationary. This was one of Lagranges large contributions to
Mechanics

I(x) =
∫ a
b F (x(t), x0(t), t)dt
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Cyclic Groups and their Properties

A cyclic group is a group, all of whose elements are generated, by particular element:
x ∈ G. We can expand on this and say that G is no more than the set containing
all those elements which can be generated from x. When we say x is a generator, we
mean, simply, that it is a primitive or base element of the set.
For a cyclic group, G, we then write: G =< x > and say: x generates G.

Properties of Cyclic Groups

• Every cyclic group is abelian. Its group operation is commutative, meaning:
xy = yx ∀ x, y ∈ G.

• An important fact arises out of this abelian property: each of conjugacy class of
G, consists of only one element. This is why the order of a cyclic group is equal
to the order of its generator; since a cyclic group of order n, has n, conjugacy
classes.

• A subgroup of a cyclic group is a cyclic group, however cyclic subgroups can
appear for non-cyclic groups also.

• If G is a finite finite group, then the order of any elent of G divides G.

• Any two cyclic groups of the same order, whether finite or infinite, are isomor-
phic.

Finite Cyclic Groups and their Structure

Since a group G is called cyclic if:

∃ x ∈ G

such that < x >= G and that any such x is called a generator of G.

⇒ G =< x >

is a cyclic group of order n <∞, then

G = e, x, ..., xn1

,all elements e, x, ..., xn1 are distinct, and so:

xn = e

.

Let G =< x > be a finite cyclic group of order n. The following must hold:

• Every subgroup of G is cyclic and is equal to < xd >. Here we have d ≥ 0 and
d|n

• If a and b are positive divisors of n and a 6= b, then < xa >6=< xb >

• If k ∈ Z, then xk is a generator of G↔ k and n are coprime.

• For any k ∈ Z we have < xk >=< xd > where d = gcd(n, k)

• For any k ∈ Z we have o(xk) = n
gcd(n,k)

Ultimately, a group is both finite and cyclic if it is isomorphic to the group of integers
modulo n for some positive integer n.

Infinite Cyclic Groups

There is only one candidate to exemplify an infinite cyclic group; that is G = (Z,+),
in which case x =< 1 >,< −1 > are the generators. For example; if n is a positive
integer, Zn is a cyclic group of order n generated by 1. We say here, that 1, generates:
Z7, since

1 + 1 = 2
1 + 1 + 1 = 3

1 + 1 + 1 + 1 = 4
1 + 1 + 1 + 1 + 1 = 5

1 + 1 + 1 + 1 + 1 + 1 = 6
1 + 1 + 1 + 1 + 1 + 1 + 1 = 0

Z is an infinite cyclic group, because every element is a multiple of ±1.
More precisely it is the only infinte cyclic group up to isomorphism.

A subsequent lemma of this is that:

∀x ∈ G, x 6= e | ∀m,n ∈ Z : m 6= nxm 6= xn

Here, e is the identity element of G. That is, such that all the powers of x are
distinct.

Examples of Cyclic and Non-cyclic Groups

Above are representative group tables, illustrating the inherent pictographic nature
of cyclic groups.

In the first figure we have the cyclic dihedral group D4 dihedral group. In fact, all
D2n dihedral groups are cyclic.

The cycle graph of D4 as shown, has cycle index given by:

Z(D4) =
1

8
x4

1 +
1

4
x2x

2
1 +

3

8
x2

2 +
1

4
x4.

Above are the dihedral groups D3. It represents an example of a group that is not
cyclic in nature and so; no singular element can ever be met with luck in producing
all other elements of the group.

The cycle graph of D3 is shown above. D3 has cycle index given by:

Z(D3) =
1

6
x3

1 +
1

2
x2x1 +

1

3
x3.

How Such Groups are Generated

A cyclic group can have more than one generator.
Notice how 3 generates Z7

3 + 3 = 6
3 + 3 + 3 = 2

3 + 3 + 3 + 3 = 5
3 + 3 + 3 + 3 + 3 = 1

3 + 3 + 3 + 3 + 3 + 3 = 4
3 + 3 + 3 + 3 + 3 + 3 + 3 = 0

The group can also be written using multiplicative notation:
Z(7) = {1, a, a2, a3, a4, a5, a6} . In this form, a is a generator of Z7. It turns out
that in Z(7) = {0, 1, 2, 3, 4, 5, 6}, every nonzero element generates the group. On
the other hand, in Z(6) = {0, 1, 2, 3, 4, 5}, only 1 and 5 generate.


	References
	References
	Introduction
	The Basics

	References
	References

	pbs@ARFix@1: 


