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As it turns out there are only finitely many types of these finite simple
groups. The classification of finite simple groups is a theorem that
states that every finite simple group is isomorphic to ;

One of three infinite classes, namely :

» The cyclic groups,C, (where p is prime)

» The alternating groups, An, (n > 5)

» The groups of Lie type

Or else it belongs to :

» One of the 26 sporadic groups or ,

» The Tits group (sometimes considered the 27" sporadic group)

This theorem is considered to be a monumental achievement by
mathematicians. No one quite knows how long exactly the proof is but
it's agreed that it spans more than 10,000 pages spread across roughly
500 journal articles by over 100 authors and was mostly published
between 1955 and 2004.

The key idea for this proof came from Richard Brauer who said that you
should classify the finite simple groups by finding centralizers of
involution’s (which are elements of order 2).

The Sporadic Groups

Recall that a subgroup H of G is normal if :
gH=Hgforanyge G

Finite simple groups are finite groups whose only normal subgroups are
the identity element and the group itself. Finite simple groups are like the
"elements” of groups. Every group can be broken down into these finite
simple groups by looking at so called factor groups of composition series
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To understand a composition series we will first look at the definition of a
subnormal series. A subnormal series of a group G is a sequence of
subgroups of G whereby each subsequent subgroup is normal to the
next one.
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Note it is not the case that each H; be a normal subgroup of G but only
to Hi+1 .
A subnormal series :
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simple groups and it is in this sense that the finite simple groups are the
building blocks of groups !

Family”, which are the 20 sporadic groups that can be found in the
monster group and "The Pariahs” which are the remaining 6 that

Every finite simple group is isomorphic to one of the groups/family of groups in the above table. cannot be found in the monster.

The Monster

The Monster is the largest of the sporadic group. It has order
808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000.

It is the group of symmetries of an object that lives in 196883 dimensions (although it also
has representations in higher dimensional spaces with the next one being in 21296876
dimensional space ). It was predicted to exist around 1973 by Bernd Fischer but it was
thought to be too enormous to be constructed at the time. However, Greiss managed to
construct an algebra in 196883 dimensional space and showed that it's automorphism group
was the monster.

An automorphism is a way of mapping some object to itself whilst preserving its structure
and an automorphism group is simply the set of all automorphisms of an object.

This monster group would end up showing up in some rather strange places.

Moonshine and John McKays t-shirt

When working with this j-function, John McKay noticed that the coefficient of q, 196884, was equal to 196883+1,
which is the dimension that the monster group acts on plus 1. He made a t-shirt of this fact (conceptualized on the
left) and wore it to various different mathematical conferences where the general consensus was that this connection
was purely coincidental.

However, it was then noticed that there were other strange connections between this j-function and the monster
group. For example if you look at the coefficient of g2, which is 21493760 in the power series expansion of the
j-function, you find :

21493760 = 1 + 196883 + 21296876

which is the sum of the dimensions of the first three representations of the monster and this pattern continued for
other coefficients.

The J-Function ]
Monstrous Moonshine
John Conway coined the term "Monstrous Moonshine” to describe this odd relationship between the monster

The j-function J(7), a modular function discovered by Felix Klein, is the simplest function
satisfying the properties : -

yine brop 196884 = group and the j-function and proposed the monstrous moonshine conjecture along with Simon Norton. This

196883+1 conjecture was proven to be true by Richard Borcherds in 1992 using many different tools such as vertex operator

algebras, generalized Kac-Moody algebras and string theory in 26-dimensions.
It turned out that this connection between the monster group and these so called "modular functions” is not unique to
the monster group and exists for other finite simple groups such as the Mathieu group.
This seems to have important connections with many areas of physics such as to Conformal Field Theory’s and
String Theory and there are many open problems related to the strange phenomenon of "moonshine”.

J(r) =J(r+1)=J(-1/7)
It has a power series expansion :
J(T) = q ' + 744 + 1968844 + 21493760G°+......... (where g = €277)

It would end up having intricate connections to the monster. Pictured on the right is the
j-function in the upper-half complex plane.




