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Figure 1:Rotational symmetries of D12.

Let G be a group with operation ∗.
G is a cyclic group if all elements ofG can be generated by a single element
a and a−1, where a ∈ G.
i.e G is cyclic if G =< a > for some a ∈ G.
Cyclic subgroups may have more than one generating element a.

Cyclic Subgroups

A cyclic subgroup of a group can be generated by taking x ∈ G and

combining it with itself and x−1 to assemble a sequence of elements.

. . . x−1 ∗ x−1 ∗ x−1, x−1 ∗ x−1, x−1, id, x, x ∗ x, x ∗ x ∗ x . . .

A cyclic subgroup also happens to be the smallest subgroup to

contain x.

Example of a cyclic subgroup of Z : 9Z under the addition operator.

. . . − 36, −27, −18, −9, 0, 9, 18, 27, 36 . . .

Example of a subgroup of the dihedral group D12 :The rotational

symmetries of D12 (D2n where n=6 polygon). figure 1

The group consisting of rotations by n2π
6 for n = {1, 2, . . . , 6} in the

anticlockwise direction.

The rotation 2π
6 is an immediate example of generating element of this

subgroup.

Finite Cyclic Group Cn

Elements ofCn (cyclic groupwith n elements) can be represented as such

{x, x2, . . . xn}, id = xn

The exponent of xn n indicates that xn has been generated by applying

x under the operation ∗ by itself n − 1 times. e.g
x3 = x ∗ x ∗ x

Generating elements of Cn from elements of Cn can be achieved by

multiplication under modulus n.

xi · xj = x(i+j)/n

Where (i + j)/n denotes the remainder on dividing i + j by n.
This enables us to understand which elements of Cn are generating ele-

ments of the cyclic group.

Generating Elements

Lets choose xi as a candidate to be a generating elelment ofCn.

Applying xi to itself under the group operation creates elements x
im
n where

m ∈ Z
For xito be a generating element im

n must create the set {1, 2, . . . n} relating
to each xi ∈ Cn

If xi ∈ Cn is to generate Cn as a cyclic group i and n must be coprime in
order for all elements to be produced.

Example of coprimes: 7 and 9 as they only share the factor 1.

E.x:cyclic group 9Z = {0, 1, 2, 3, . . . , 8}.
let xi = 2 as 2 is coprime with 9
(2·0/)9 = 0, (2·1)/9 = 2, (2·2)/9 = 4, (2·3)/9 = 6, (2·4)/9 = 8, (2·5)/9 = 1

(2 · 6)/9 = 3, (2 · 7)/9 = 5, (2 · 8)/9 = 7,

< 2 >= {0, 1, 2, 3, 4, 5, 6, 7, 8} = 9Z

E.x: Rotational symmetries of D12 = {R60, R120, R180, R240, R300, R360}
id=R360.
let xi = x5 = R300, clear that 5 is coprime to 6.
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< R300 >= {R60, R120, R180, R240, R300, R360}

If i and n are not coprime, (i · m)/n where m ∈ Z will cycle through a set
containing some but not all elements of {1, 2, . . . , n} relating to each xi ∈
Cn. Such xi fail to generate all elements of Cn.

Generating Sets

xj is an element which will generate Cn as a cyclic group, as j and n are

coprime.

The order of the set of all such elements is simply Euler's totient function

φ of n ie( the order of the set of numbers < n which are co prime to n).

e.g : φ(9) = |a|, where a is the set {1, 2, 4, 5, 7, 8}
φ(9) = 6

The generating set of the group of rotational symmetries of D12.

Order of R = {R60, R120, R180, R240, R300, R360} is 6.
φ(6) = |r|, where r is the generating set {R60, R300}

φ(6) = 2

Infinite Cyclic Group

Let < g > = G be an infinite cyclic group. For any infinite cyclic group G
there are 2 generators. These generators are g−1 and g. .

Proof

If G = < g > and G = < h >
Then g = hn for some integer n and h = gmn

G is infinitely cyclic so mn = 1
m and n are integers so they can only satisfymn = 1 ifm =1 and n=1 or
(m = −1 and n = −1)
Therefore n = 1 or n = −1
Thus the only possible generators are g and g−1
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