1.4 Techniques of Integration

Recall the following strategy for evaluating definite integrals, which arose from the Fundamental
Theorem of Calculus (see Section 3.3). To calculate

Jb f(x) dx

a

1. Find a function F for which F/(x) = f(x), i.e. find a function F whose derivative is f.

2. Evaluate F at the limits of integration a and b; i.e. calcuate F(a) and F(b). This means
replacing x separately with a and b in the formula that defines F(x).

b

3. Calculate the number F(b) — F(a). This is the definite integral J f(x) dx.

a

Of the three steps above, the first one is the hard one. There are many examples of (very
reasonable looking) functions f for which it is not possible to write down a function F whose
derivative is f in a manageable way. But there are many also for which it is, and they will be the
focus of our attention in this chapter.

Suppose for example we look at the function g defined by g(x) = sin(x? + x). From the chain
rule for differentiation we know that g’(x) = (2x + 1) cos(x? + x). But suppose that we started
with

(2x 4+ 1) cos(x? +x)

and we wanted to find something whose derivative with respect to x was equal to this expression.
How would we get back to sin(x* 4+ x)? In this section we will develop answers to this question, but
it doesn’t have a neat answer. The answer consists of a collection of strategies, techniques and
observations that have to be employed judiciously and adapted for each example. It takes some
careful practice to become adept at reversing the differentiation process which is basically what
we have to do.

Recall the following notation: if F is a function that satisfies F/(x) = f(x), then

F(x)I2 or F(x)[X= means F(b) — F(a).
We also need the following definition:

Definition 1.4.1. Let f be a function. Another function F is called an antiderivative of f if the derivative
of Fisf, ie. if F'(x) = f(x), for all (relevant) values of the variable x.

Thus for example x? is an antiderivative of 2x. Note that x* + 1, x? + 5 and x> — 20e are also
antiderivatives of 2x. So we talk about an antiderviative of a function or expression rather that the
antiderivative. So: a function may have more than one antiderivative, but different antideriva-
tives of a particular function will always differ from each other by a constant.

Note : Two functions will have the same derivative if their graphs differ from each other only by
a vertical shift; in this case the tangent lines to these graphs for particular values of x will always
have the same slope.

Definition 1.4.2. Let f be a function. The indefinite integral of f, written

Jf(x) dx

is the “general antiderivative” of f. If F(x) is a particular antiderivative of f, then we would write

to indicate that the differnt antiderivatives of f look like F(x) + C, where C maybe any constant. (In this
context C is often referred to as a constant of integration).
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Example 1.4.3. We would write
JZX dx=x*+C

to indicate that every antiderivative of 2x has the form x>+ C for some constant C, and that every expression
of the form x> + C (for a constant C) has derivative equal to 2x.

In this section we will consider examples where antiderivatives can be determined without
recourse to any sophisticated techniques (which doesn’t necessarily mean easily).

The following table reminding us of the derivatives of some elementary functions may be
helpful.

f(x) | f'(x) f(x) f'(x)

X 1 sinx | cosx

x2 2x cosx | —sinx
x3 3x2 sin2x | 2cos2x
x| -3 e

xm | nxnt e3x 3e3%

Basically our goal is to figure out how to get from the right to the left column in a table like this.

Example 1.4.4. Find (i) [x*dx, (i) [$x? dx

SOLUTION: (i) a(x3) = 3x* - s0 X° is not an antiderivative of X2, it is “too big” by a factor of 3.
Thus %x3 should be an antiderivative of x2; indeed

d (15\ _ 1,5,
dx(3x>—33x =X

We conclude

1
sz dx = -x* + C.
3
This means that every antiderivative of x* has the form 1x* + C for some constant C.
(ii) By FTC (Part 2) we have

Jé ¥*I” 6 4 153
5 =

2
x“dx =
4 4 3 3 3

Example 1.4.5. Determine J cos 2x dx.
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SOLUTION: The question is : what do we need to differentiate to get cos2x? Well, what do we
need to differentiate to get something involving cos?

(If you can’t answer this question fairly quickly, you are advised to brush up on your knowledge
of derivatives of trigonometric functions - don’t forget that the SUMS centre can help in this
situation).

We know that the derivative of sinx is cos x.

So a reasonable guess would say that the derivative of sin 2x might be “something like” cos 2x.
By the chain rule, the derivative of sin 2x is in fact 2 cos 2x.

So, in our search for an antiderivative of cos 2x, sin 2x is pretty close but it gives us twice what we
want - we are out by a factor of 2.

1
So we should compensate for this by taking 2 sin 2x; its derivative is
1
5 (2cos2x) = cos 2x.

1
CONCLUSION: | cos2x dx = 3 sin2x + C.

NOTE: The reason for the commentary on this example is to give you an idea of the sorts of
thought processes a person might go through while figuring out an antiderivative of cos2x. You
would not be expected to provide this sort of commentary if you were answering a question like
this in an assessment - it would be enough to just write the line labelled “CONCLUSION" above.
The following examples are similar, with less commentary as we continue.

Example 1.4.6. Determine J e dx

SOLUTION: We are looking for something whose derivative is e2*. We know that the derivative
of e* is e*, so the answer should be something like e2*. But this is not exactly right because the
derivative of e2* is

which is only half of what we want - we are out by a factor of 1 - what we want is twice what we
have. We can compensate for this by multiplying what we have by 2 (or dividing it by  which
is the same). So what we want is 2e2* - use the chain rule to confirm that the derivative of this
expression is e?* as required.

CONCLUSION: Je%" dx = 2e2* + C
Example 1.4.7. Determine Jx5 dx

. . 6 . 5 . . 1 6 . 5
SOLUTION: The derivative of x° is 6x°. So the derivative of gx is x°. Hence

1
Jx5 dx = —x°+C.
6
IMPORTANT NOTE: We know that in order to calculate the derivative of an expression like x™, we
reduce the index by 1 to n — 1, and we multiply by the constant n. So
d x
dx
in general. To find an antiderivative of x™ we have to reverse this process. This means that the
So

n_ nxnfl

) 1
index increases by 1 to n + 1 and we multiply by the constant e

1
an dx = mxn+l + C.
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This makes sense as long as the number n is not equal to —1 (in which case the fraction ——

+1
wouldn’t be defined). "
Note: included in the general description of [ x™ dx above is the statement that

Jldx:erC.

This makes sense when we ask ourselves what we need to differentiate in order to get 1. The
answer is x.

To deal with the exceptional case n = —1, suppose that x > 0 and y = Inx. Recall this means
(by definition) that e¥ = x. Differentiating both sides of this equation (with respect to x) gives
dy dy 1 1
v=J _q = = =,
“ax = dx evy x

Thus the derivative of In x is 1, and
X

J%dx:lnerC, for x > 0.

If x <0, then
1
dex:lnlxl—l—C.
X

This latter formula applies for all x # 0.

Example 1.4.8. Determine J3x2 +2x + 4 dx.

SOLUTION: JSXZ +2x +4dx =3(x3/3) +2(x*/2) + 4x + C =x> +2x> + 4x + C.

Remark: Here we are separately applying our ability to integrate expressions of the form x™ to
the x? term, the X2 term, and the constant term. We are also making use of the following fact that
indefinite integration behaves linearly. This means : if f(x) and g(x) are expressions involving x
and a and b are real numbers, we have

Jaf(x) + bg(x) dx = an(x) dx + ng(x) dx.

Uy
Example 1.4.9. Determine J sinx + cos x dx.

0
SOLUTION: We need to write down any antiderivative of sinx 4 cos x and evaluate it at the limits
of integration :

s
Jsinx+cosxdx = —cosx+ sinx|{
0

= (—cosm+sinm) — (—cos0+ sin0)

= —(-1)+0—-(-1+0)=2.
NOTE: In case you don’t find it easy to remember things like cosine and sine of 7, 7 etc, it is easy
enough if you think about it in terms of the definitions of the trigonometric functions. To deter-
mine cos 7, start at the point (1,0) and travel counter-clockwise around the unit circle through an

angle of 7 radians (180 degrees), arriving at the point (—1,0). The x-coordinate of the point you
are at now is cos 71, and the y-coordinate is sin 7t.

Example 1.4.10. Determine J x1/3 dx.

L Il : = — + = — .
SOLUTION JX dx /3X C X +C
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1.4.1 Substitution - Reversing the Chain Rule

The Chain Rule of Differentation tells us that in order to differentiate the expression sin x2, we
should regard this expression as sin(“something”) whose derivative (with respect to “something”
is cos(“something”), then multiply this expression by the derivative of the “something” with re-
spect to x. Thus

d d
— (sinx?) = cos x?— (x2) = 2x cos x2.
dx dx

Equivalently
JZxcosx2 dx = sinx? + C.

In this section, through a series of examples, we consider how one might go about reversing the

differentiation process to get from 2x cos x? back to sinx2.

Example 1.4.11. Determine [ 2xv/x> + 1 dx.

SOLUTION: Notice that the integrand (i.e. the expression to be integrated) involves both the ex-
pressions x* + 1 and 2x. Note also that 2x is the derivative of x> + 1.

du
Introduce the notation u and set u = x2 + 1. Note ™ 2x.

Then 2xv/x2 +1 = 4¢ u:u%g

dx’

Suppose we were able to find a function F of u for which diu (F(u)) = u?. Then by the chain rule

k) = & S w0 — /T L
dx du dx

So F(u) would be an antiderivative (with respect to x) of 2xv/x? + 1.
Thus we want

we would have

da
du

M=

(F(w)) =uz2.

So take )
Flu) = Ju% du = gu% + C.

(At this stage we are just using the note after Example 1.4.7, with n = 1).

Thus 2
JZX\/XZ +1dx = g(x2 +1)2 +C.

We usually formulate this procedure of “integration by substitution” in the following more
concise way.
To find [ 2xv/x2 +1dx.:

Letu=x%+1.

Then % = 2x = du = 2x dx. Then
X

[N

+C.

2
JZX\/xz—i—ldx :J\/x2+1(2xdx) = Ju% du = U

So

JZX\/XZ—I—ldx: %(x2+1)% +C.
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Example 1.4.12. Determine J x sin(2x?) dx

SOLUTION: Let u = 2x2.
du 1

Then — = 4x dx; x dx = —du. So
dx 4

1 1 1
stin(sz) dx = 1 Jsinudu =-1 cosu+ C = 1 cos(2x?) + C.

REMARK: It is good practice to check your answer to a problem like this, either mentally or on
paper. Check that the derivative of —1 cos(2x?) is indeed equal to x sin(2x?).

1
5
Example 1.4.13. Evaluate L ﬁ dr.

SOLUTION: To find an antiderivative, let u = 4 + 12.

Then % =2r, du=2rdr; 5rdr = §dLL.
dr 2

S0 5 51 5
LN U B I TS i )
J(4+r2)2dr—2J'u2du zju du.
5r 5 1 5 1
Thusjmdr = X 1 + C, and we need to evaluate —3 x - atr = 0and att = 1. We

have two choices :

1. Write u = 4 + 2 to obtain

Jlfwdr _ 51 7
0 (4+12)2 24+12|,_,
5 1 5 1
_24+12_(_2X4+02>
— 7§><1+§><1
2 5 2 4
_ 1
-8

2. Alternatively, write the antiderivative as —3 1 and replace the limits of integration with the

corresponding values of .
When r =0 we have u =4 + 02 = 4.
Whenr =1wehaveu =4+ 12 =5.

Thus
1 5r 5 1%
arapdr = o xo
0(4"‘1') 2 'Ll.u:4
_ 5.1 (51
o 2 5 2 4
_ 1
= 3

Example 1.4.14 (Summer paper 2013). Determine

S|
dx.
L X+ /X
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Solution: Write

4 4
J' 1 J’ 1
——dx=| ————dx.
1 X+ VX 1 VX(Vx+1)
Now write u = y/x + 1. Then
du _1
dx 2
Then

u=3 2
J Zdu=2Inuf}
u= u

2(In3 —1n2) = ZIn%.

Note on the exam: This question was answered extremely badly last year. It was not intended to
be particularly difficult or tricky. Only about five people in the whole class answered it correctly.
Many candidates made very fundamental and serious errors in algebra before attempting the
integration, for example rewriting .= as | + _=. No credit could be awarded in such a case
since the error rendered the rest of the question meaningless. So BE CAREFUL.

Example 1.4.15. Determine J (1—cost)?sintdt

SOLU%ION: Write u =1 — cos t.
Then d—ltl = sint; du = sint dt.
So

J(l —cost)?sintdt = Ju2du = %u3 +C= %(1 —cost)®+C.
QUESTION: How do we know what expression to extract and refer to as u?
Really what we are doing in this process is changing the integration problem in the variable t to
a (hopefully easier) integration problem in a new variable u - there is a change of variables taking
place.

There is no easy answer to the question of how to decide what to rename as “u”, but with
practice we can develop a sense of what might work. In this example the integrand involves the
expression 1 — cos t and also its derivative sin t. This is what makes the substitution u =1 —cost
effective for this problem. The “sint” part of the integrand gets “absorbed” into the “du” in the
change of variables, and the “1 — cost” part is obviously easily written in terms of u. We could
try the alternative u = sint, but this is not likely to be helpful, since it is not so easy to see how
to express 1 — cos t in terms of this u, or what would happen with du which would be effectively
cost dt.

1 3
Example 1.4.16. To determine J % dx

N

SOLUTION: How are we to choose u? Well, what are the candidates?
The integrand involves the expressions 1 + /x and % The derivative of 1 + y/x is “something

like” -, so setting u = 1 + /x might be worth a try.

W/
Letu=1+ /x.
du 1 1+ 11 1
Thena—iu z—iﬁ, ﬁdX—Zdu
So
1 3 1
J( + V) dx=2Ju3du:fu4+C=7(1—0—\/7?)44—0
VX 2
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Example 1.4.17. Determine J =X ix

8x2 +1

SOLUTION: Let u = v/8x2 + 1.

1 ]
Then T — L8 + 1)1 (16x) =
dx 2

Thus 16;7( dx = 2du, and
8x2 +1

8x
Ve +1

16x
—dx=2|du=2u+C=2vx2+1+C.
J\/8x2+1 J'

NOTE: An alternative here would have been to set u = 8x% + 1. That this would also be successful
is left for you to check as an exercise.

2 x

Example 1.4.18. To determine J stec dx

anx

Note : the derivative of tanx is sec?x, suggesting the substitution u = tanx. You are not

necessarily expected to know the derivative of tan x (or of any of the trigonometric functions) of
the top of your head, but you should know where to find them in the “Formulae and Tables”
booklet.

Letu = tanx. )
d 1

Then S — sec? x; du = sec? x dx. Thus =~ dx = —du, and

dx X u

2

1

Jsec x dXZdeuzloglu\JrC =log|tanx| + C.
tanx u
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