1.4.3 Partial Fraction Expansions - Integrating Rational Functions

We know how to integrate polynomial functions; for example
2 25 3,
2x°+3x —4dx = 3% + 7 —4x +C.

We also know that 1
J;dx=1n|x|+C.

1 1 1
[Lom- Lt 1ic

and that

xn n—1xn1
forn > 1.

This section is about integrating rational functions; i.e. quotients in which the numerator and
denominator are both polynomials.

and

REMARK: If we were presented with the task of adding the expressions —, W
x+3 x+4

e

would take (x + 3)(x + 4) as a common denominator and write

2 1 2(x +4) 1(x+3) 2(x+4)+1(x+3) 3x +11

x+3+x+4 - (x+3)(x+4)  (x+3)(x+4) (x+3)(x+4)  (x+3)(x+4)

. x4+ 11
uestion: Suppose we were presented with the expression ————————— and asked to rewrite it
Q PP P P (x+3)(x +4)

B
in the form A + ——, for numbers A and B. How would we do it?
x+3 x+4

Another Question Why would we want to do such a thing?

Answer to the second question: Maybe if we want to integrate the expression: we know how to

11

integrate things like T3 but not things like (xié)ﬁ
Ansuwer to the first question: Write

x+11 A B

(x+3)(x+4) x+3 x+4
Then
3x+11  A(x+4) B(x+3)  (A+B)x+4A +3B
(x+3)(x+4) (x+3)(x+4) (x+3)(x+4)  (x+3)(x+4)

This means 3x + 11 = (A + B)x + 4A + 3B for all x, which means
A+ B =3, and 4A + 3B =11.
Thus —4A —4B =-12, -B=—-1, B=1and A =2. So

3x+11 2 N 1
(x+3)(x+4) x+3 x+4

Alternative Method: We want
3x+11 = A(x +4) + B(x + 3),

for all real numbers x. If this statement is true for all x, then in particular it is true when x = —4.
Setting x = —4 gives
—-124+11=A(0)+B(-1) =B =1.
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Setting x = —3 gives
—9+11=A(1)+B(0) = A =2

Thus
x4+ 11 2 1

(x+3)(x+4) x+3+x+4'

Expansions of rational functions of this sort are called partial fraction expansions.

. 3x+11
Example 1.4.25. Determine | —————  dx.
P J (x +3)(x +4)

SOLUTION : Write

3x+11 2 1
J(x+3)(x+4) dX_Jx+3dx+Jx+4dX
Then

11
J( e dx =2In|x + 3| +In|x + 4|+ C =In(x +3)*> + In|x + 4| + C.

x+3)(x +4)

1

E le 1.4.26. Determi ————— dx.
xample 6. De ermmeJXZ T 16 dx

SOLUTION: Write in the form

X215x+6 (x +2)(x+3)

A n B
x+2 x+3

for constants A and B. This means

1 _ A(x+3)+B(x+2)

(x+2)(x+3) (x +2)(x +3)

7

ie. 1 =A(x+3)+ B(x+2) forall x.
Thus
O0x+1=(A+B)x+ (3A +2B),

which means A + B = 0 and 3A + 2B = 1. This pair of equations has the unique solution A =
1, B=—1. Thus

1 11
(x+2)(x+3)  x+2 x+3
S H
(x+2)(x+3) x+2 x+3

Inlx +3|—In|x+2|+C.

f(x)

NOTE: Any expression of the form —— where

g(x)
1. f(x) and g(x) are polynomials and g(x) has higher degree than f(x), and

2. g(x) can be factorized as the product of distinct linear factors

gx) =(x—a)(x—az)...(x —ax)
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has a partial fraction expansion of the form

f A A A
(X): 1 2 L k )
gx) x—a; x—ap X — Qg

where A{, A,, ..., Ax are numbers.

3 2
Example 1.4.27. Determine J % dx.

In this example the degree of the numerator exceeds the degree of the denominator, so first
apply long division to find the quotient and remainder upon dividing x* + 3x + 2 by x + 1.
We find that the quotient is x> — x + 4 and the remainder is —2. Hence

3 _
M — X2 — X+ 4 + 72
x+1 x+1
Thus
3
dex:sz—dex—zjidx: L i ax—2mpx+1]+C
x+1 x+1 3 2
NOTE: In the above example we had ;(();)) with f(x) of greater degree than g(x). In such cases we
can always write
f(x) (%)
= (X) + TN
FIC Ty

where the polynomials q(x) and r(x) are the quotient and remainder respectively on dividing f(x)
by g(x), and the degree of r(x) is less than that of g(x).

1
Example 1.4.28. Determine J Wt(x_m dx.

In this case the denominator has a repeated linear factor 2x + 1. It is necessary to include both
A

and B
2x +1 (2x +1)2

in the partial fraction expansion. We have

x+1 A B . C

(2x +1)2(x—2) 2x+1 (2x+1)2 x—2
Then

x+1 ~ A(2x+1)(x —2) +B(x —2) + C(2x + 1)?

(2x+1)2(x—2) (2x +1)2(x —2)

This means that the polynomials x + 1 and A (2x +1)(x —2) + B(x —2) + C(2x + 1)? are equal, and
therefore have the same value when x is replaced by any real number.

x=2: 3=C(5)? Cz%
b 1=B(-) B=-]

x=0: 1=A(1)(-2)+B(-2)+C(1)? A=—2%

Thus 1 6/25 1/5 3/25
X+ =6/ + -1/ +/

2x+1)2(x—2) 2x+1 (2x+1)2  x—-2

and

N . ) I ENRIE X e H
(2x +1)2(x —2) 25 ) 2x+1 5] (2x+1)2 25)x—2
Call the three integrals on the right above Iy, I, I3 respectively.
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o [ :Letu=2x+1, du=2dx, dx = %du.
[ g dx =3 [9% = TInful(+Cy) = 3 In[2x + 1|(+C1).

o [h:Letu=2x+1, du=2dx, dx:%du.

J (2&1)2 dx =5 [u?du=—u'(+Cy) = *2(2x1+1) (+C2).
o I3: Ii dx = In|x — 2|(+C3).
Thus

x+1 3 3
X = —ZInPx+14+———— + 2 Inx—2/+C.
J(2x+1)2(x—2) dx = =95 Inx+11+ 355 1) T 25 Mk 20+

LEARNING OUTCOMES FOR SECTION 1.4

At the end of this section you should

e Know the difference between a definite and indefinite integral and be able to explain it
accurately and precisely.

e Be able to evaluate a range of definite and indefinite integrals using the following methods:

— direct methods;
— suitably chosen substitutions;
- integration by parts;

— partial fraction expansions.
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