Section 2.2: Subsets of R Finite and Infinite Sets

We consider the notions of finite and infinite sets, and the cardinality of
a set.

Reasonable goals for this section are to become familiar with these ideas
and to practice interpreting descriptions of sets that are presented in
terse mathematical notation (this means, amongst other things,
distinguishing between different kinds of brackets: {}, [], (), etc.).
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Definition

A set is finite if it is possible to list its distinct elements one by one, and
this list comes to an end.

A set is infinite if any attempt at listing its distinct elements continues
indefinitely.

Example

{1,2,3,4,5} is a finite set - its only elements are the integers 1,2,3,4,5,
there are five of them.
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Finite and Infinite Sets

Definition

A set is finite if it is possible to list its distinct elements one by one, and
this list comes to an end.

A set is infinite if any attempt at listing its distinct elements continues
indefinitely.

Example

The interval [1, 3] is an infinite set - it consists of a/l the real numbers
that are at least equal to 1 and at most equal to 3.

[1,3] i ={xeR:1<x<3}.

Note: The symbol “:=" here means this is a statement of the definition
of [1,3].
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Finite and Infinite Sets

Definition

A set is finite if it is possible to list its distinct elements one by one, and
this list comes to an end.

A set is infinite if any attempt at listing its distinct elements continues
indefinitely.

Example

7 and Q are infinite sets.
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Finite and Infinite Sets

Definition

A set is finite if it is possible to list its distinct elements one by one, and
this list comes to an end.

A set is infinite if any attempt at listing its distinct elements continues
indefinitely.

Example

The set of real solutions of the equation
X Foxt = x4 x4+17=0

is a finite set. We don't know how many elements it has, but it has at
most five, since each one corresponds to a factor of degree 1 of this
polynomial of degree 5.

Subsets of R
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Finite and Infinite Sets

Definition

A set is finite if it is possible to list its distinct elements one by one, and
this list comes to an end.

A set is infinite if any attempt at listing its distinct elements continues
indefinitely.

Example
The set of prime numbers is infinite.
A pair of twin primes is a pair of primes that differ by 2: e.g. 3 and 5, 11

and 13, 59 and 61. It is not known whether the set of pairs of twin
primes is finite or infinite.

Subsets of R
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The cardinality of a finite set S, denoted |S|, is the number of elements The notation “| - |" is severely overused in mathematics. If x is a real
inS. number, |x| means the absolute value of x. If S is a set, |S| means
the cardinality of S. If A is a matrix |A| means the determinant of

Example A. It is supposed to be clear from the context what is meant.
Defining the concept of cardinality for infinite sets is trickier, since
If S =1{57,8} then |5] =3. you cang’t say how many elementsythey have. We will be able to say
[{4,10, 7}/ =3 though what it means for two infinite sets to have the same (or
{x€Z:m<x<3r} =6. different) cardinalities.
Note: {x € Z: 7 < x <37} ={4,56,7,8,9}.
The cardinality of Q is infinite.
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A silly example Bijections and bijective correspondence

In a hotel, keys for all the guest rooms are kept on hooks behind the Sgpp OsE that A and B are sets. Then a ont?—to—on'e.cor respondence or a
reception desk. If a room is occupied, the key is missing from its hook bUec.t/ve correspondence t.Jetween A and B is a pairing of each el«.ement of
because the guests have it. If the receptionist wants to know how many A with an element of B, in such a way that every element of B is

rooms are occupied, s/he doesn't have to visit all the rooms to check - matched to exactly one element of A.

L G e T e T S e
erinition

In this example, the occupied rooms are in one-to-one correspondence Suppose that A and B are sets. A function f : A — B is called a
with the empty hooks. This means that each occupied room corresponds bijection if

to one and only one empty hook, and each empty hook corresponds to
one and only one occupied room. So the number of empty hooks is the
same as the number of occupied rooms and we can count one by
counting the other.

m Whenever a; and a, are different elements of A, f(a1) and f(ay) are
different elements of B.

m Every element b of B is the image of some element a of A.
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If a bijective correspondence exists between two finite sets, they have the

same cardinality. Sometimes, in order to determine the cardinality of a

set, it is easiest to determine the cardinality of another set with which we

know it is in bijective correpsondence. Alternatively, we could notice that (31)% = 961 and (32)% = 1024,

So the numbers 12,22, ..., (31)2 are all in the range 1 to 1000 and these

" are the only perfect squares in that range, the answer to our question is
How many integers between 1 and 1000 are perfect squares? 31.

Example

What is used here is the fact that the set of perfect squares in the range
of interest is in bijective correspondence with the set {1,2,3,...,31} -

1, 4, 9, 16, ... it's not really the squares in the range 1 to 1000 that we are counting
but the integers in the range 1 to 31.

Solution:  The list of perfect squares in our range begins as follows

One way of solving the problem would be to keep writing out successive
terms of this sequence until we hit one that exceeds 1000, and then
delete that one and count the terms that we have. This is actually more
work than we are asked to do, since we are not asked for the list of
squares but just the number of them.
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Another example of bijective correspondence X3+ 2x+4=0and x> +3x>+5x+7=0

Solution: One way of doing this is to demonstrate a bijective
correspondence their sets of real equations. We can write

This last example shows that it could be possible to know that there is a
bijective correspondence between two finite sets, without knowing the
cardinality of either of them.

3432 +5x4+7 = (x3+3x2+3x+1)+2x+6
(x+1)°+(2x+2) +4
(x+1)°%+2(x+1)+4.

Example

This means that a real number a is a solution of the second equation if
and only if

xX34+2x+4=0andx>+3x>+5x+7=0 (a+1)34+2a+1)+4=0

Show that the equations

have the same number of real solutions. i.e. if and only if a+ 1 is a solution of the first equation.
The correspondence a <— a+ 1 is a bijective correspondence between
the solution sets of the two equations. So they have the same number of
real solutions.
Note: This number is at least 1 and at most 3. Why?
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Learning outcomes for Section 2.2

After studying this section you should be able to
m Explain what is meant by the cardinality of a set;

m Read and interpret descriptions of different subsets of R presented
using different standard notations. Decide what the elements of
these sets are and whether the sets are finite or infinite;

m Explain what is meant by a bijective correspondence and give
examples to support your explanation.
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