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Q1. (a) Let L : R2 → R2 be the linear transformation with matrix

A =

(
−3 2

4 1

)
with respect to the standard basis vectors.

(i) [4 marks] Find L((5, 0)) and L((0, 2)).

(ii) [4 marks] Find the image of the line 2x+5y = 10 under the linear

transformation L.

(b) Consider the matrix

A =

(
6 5

−3 −2

)
.

(i) [5 marks] Verify that

(
−1

1

)
,

(
−5

3

)
are eigenvectors of A.

Hence find a diagonal matrix D and matrix E such that An =

EDnE−1.

(ii) [4 marks] Calculate A8.

Q2. (a) [8 marks] Encipher the plaintext

GAGA

by applying the enciphering function

fE : Z26 → Z26, x→ 14x + 12

to 1-letter message units over the alphabet A = 0, B = 1, . . . , Z =

25. Why is there a problem finding the corresponding deciphering

function?

(b) [9 marks] Find the determinant and inverse of the matrix

A =

 1 0 1

4 1 5

4 1 4

 .
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Q3. (a) (i) [3 marks] Use Euclid’s Algorithm to find gcd(7, 27).

(ii) [4 marks] Find 7−1 in Z27.

(b) [5 marks] Determine the third digit of the ISBN 3-5?0-90336-4.

(c) [5 marks]

Solve the simultaneous congruences

x ≡ 3 mod 7

x ≡ 4 mod 9.

Q4. (a) [12 marks] Evaluate the following limits.

(i) lim
x→+∞

x + 1

2− x
.

(ii) lim
x→−2

x2 − 3x− 10

x2 + 3x + 2
.

(iii) lim
x→0

sin2 4x

1− cosx
.

(b) [5 marks] Sketch the graph of the function f(x) =
x + 1

2− x
.

Q5. (a) [5 marks] Let f(x) =
1

x
. Show, using the definition of the derivative,

that f ′(1) = −1.

(b) [12 marks] Find the derivative of each of the following functions.

(i) f(x) = 2x3 − 5x2 + x + 1.

(ii) g(x) = x2 sinx cosx.

(iii) h(x) = ex
2
.
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Q6. (a) [9 marks] Find the critical points of the function

f(x) = 2x3 + 9x2 + 12x + 5

and use the second derivative test to classify each of them as either

a local minimum point or a local maximum point.

(b) [8 marks] Find the maximum value of xy where x and y are real

numbers satisfying

x2 +
y2

4
= 2.
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