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1. (a) (i) Let U be a vector space with u1, u2, . . . , un ∈ U . Explain what

is meant by saying that {u1, u2, . . . , un} is a spanning set for U .

[3 marks]

(ii) Give an example of a spanning set for the vector space P2(t),

where P2(t) denotes all polynomials in t with real coefficients

that have degree at most 2. [3 marks]

(b) (i) Determine with justification whether the polynomial p(t) = t is

a linear combination of polynomials 2t + t2 and 2 + t. [3 marks]

(ii) Hence, or otherwise, determine whether the set {2t + t2, 2 + t}
spans P2(t). [2 marks]

(c) (i) Let V be a vector space, and U a subset of V . Complete the

following: U is a linear subspace of V if for each u1, u2 in U ,

and each · · · is an element of U . [2 marks]

(ii) Decide with brief explanation whether {(0, y) ∈ R2 : y ≥ 0} is a

linear subspace of R2. [3 marks]

(iii) Decide with brief explanation whether

{(
a b

c d

)
: a− d = 0

}
is a linear subspace of M2,2. [4 marks]

2. (a) (i) Let U be a vector space with u1, u2, . . . , un ∈ U . Explain what

is meant by saying that {u1, u2, . . . , un} is linearly independent.

[2 marks]

(ii) For what values of k is the set {(2, 4, 2), (4, 6, 2 + k), (0, 2, 2)}
linearly independent in R3? [3 marks]

(b) (i) Explain what is meant by {u1, u2, . . . , un} being a basis for a

vector space U . [2 marks]

(ii) Find a basis for the vector space {p(t) ∈ P2(t) : p′(4) = p(1)}.
[3 marks]
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(iii) Find the coordinate vector of t2 + 7 with respect to the ordered

basis found in part (ii). [2 marks]

(c) Let W be the subspace of R3 spanned by {(1, 1, 3), (4, 4, 3), (3, 3, 0)}

and let A =


1 1 3

4 4 3

3 3 0

 . Find

(i) a basis for W [2 marks]

(ii) the dimension of W [2 marks]

(iii) the rank of A [1 mark]

(iv) a basis for the row space of A [1 mark]

(v) a basis for the column space of A. [2 marks]

3. (a) Three different functions f : R2 → R are defined below. In each

case, determine with explanation whether the given function is

linear.

(i) f(x, y) = (x + y)2 − (x− y)2 − 4xy [2 marks]

(ii) f(x, y) = 3x + |y| [2 marks]

(iii) f(x, y) = x. [2 marks]

(b) (i) Define what is meant by the kernel ker(g) and the image Im(g)

of a linear map g : U → V . [3 marks]

(ii) Show that g is injective (or one-one) if and only if ker(g) = {0}.
[4 marks]

(c) Let g : R3 → R3 where

g(x, y, z) = (x + 6y + 5z,−6x + y + 7z, 5x− 6y − 11z).

(i) Is (1,−1, 1) in the kernel of g? Is (6, 1,−6) in the image of g?

In each case, explain your answer. [3 marks]
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(ii) It is known that the dimension of Im(g) is 3. Use the

Rank-Nullity theorem to determine the dimension of ker(g).

Hence, or otherwise, decide with brief explanation whether g is

an injective function. [4 marks]

4. (a) Write down the matrix representation of the linear map

D : P3(t)→ P2(t) given by D(p(t)) = p′(t) with respect to the bases

{1, t, t2, t3} and {t− t2,−2t + t2, 1− t} of P3(t) and P2(t)

respectively. [8 marks]

(b) Find an orthogonal matrix A whose first row is (1
3
, 2
3
, 2
3
). [5 marks]

(c) Find a matrix representation with respect to the standard basis of

the linear map T : R3 → R3, where T (v) is the orthogonal reflection

of v in the plane with equation x− 2y + 2z = 0. [7 marks]
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