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Mumford, Lee, Pedersen: 8 000 000 random high-contrast 3× 3
patches in E9.

By normalizing with respect to brightness and contrast the patches
are projected onto a set of pointsM in a topological seven-sphere
S7 ⊂ E8.
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Carlsson, Ishkanov, de Silva, Zomorodian: consider high-density subsets
M(k) ⊂M.

Codensity function: δk(x) is the Euclidean distance from x ∈M to its kth
nearest neighbour inM.

M(k) contains the 25% of patches with least δk(x).
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The β1 bar code for a random sampling ofM(300) yields a single persistent
homology class.
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The β1 bar code for a random sampling ofM(15) yields five persistent
homology classes.
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The β2 bar codes are less robust, but seem to indicate a single homology class
with mod 2 coefficients.

H2(Klein bottle,Z2) = Z2
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Theorem. [Edelsbrunner, Chazal, ...] For two �nite metric spaces
S , S ′ and n ≥ 0 we have

dBottleNeck(β∗∗n (S), β∗∗n (S ′)) ≤ dGromovHaussdorf (S ,S ′) .



Let (X , dX ) and (Y , dY ) be finite metric spaces.

By a correspondence between them we mean a set C ⊂ X × Y such that
both projections C → X and C → Y are surjective.

Let Γ(X ,Y ) denote the set of all correspondences between X and Y .

Define the Gromov-Hausdor� distance between X and Y to be

dGH(X ,Y ) =
1

2
inf

C∈Γ(X ,Y )
sup

(x ,y),(x ′,y ′)∈C
|dX (x , x ′)− dY (y , y ′)|.
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A bounded closed interval I = [a, b] ⊂ R has length b − a.

For δ ≥ 0 define τδ(I ) = {r ∈ R : |r − s| ≤ δ for some s ∈ I}.

A barcode is a finite multiset of bounded closed intervals in R.

For two barcodes C , D define a matching to be a bijection
C ⊇ S ↔ T ⊆ D between subsets S ,T of C ,D respectively.

Let C δ denote the multiset of those intervals in C of length at least δ.

Define a δ-matching between barcodes C and D to be a bijection
C 2δ ↔ D2δ such that: the bijection associates each interval in I ∈ C 2δ with
an interval in σ(I ) ∈ D2δ ; if σ(I ) = J then J ⊂ τδ(I ) and I ⊂ τδ(J).

Now define the bottleneck distance between two barcodes C ,D to be

dB(C ,D) = inf{δ : there is a δ−matching between C and D}.
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