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Bn measures, in some sense, ‘the number of n-dimensional fioles’ in K.

A4 ‘0-dimensional hole’ in K is defined to be a connected component of K.
One can prove that 3y equals the number of connected components of K.

The clique complex K depends one > 0. We'd like to consider all0 < € < oo
and determine the number of n-dimensional holes in K that persist over a long
range of values of €.

This idea will lead us to a definition of persistent Betti numbers.

But let’s first consider the idea informally, via a potential application, before
studying the precise mathematical definition of persistent fomology.
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Given a set S of points randomly sampled from an unknown
manifold M, what can we infer about the topology of M?

For instance, S ¢ M C E2.
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Betti numbers
Bo(X) = number of path components of X

B1(X) = number of "1-dimensional holes" in X

| Si S S5 S S5 S St S
Bol|478 32 9 2 1 1 1 1
Br| 0 115 18 4 1 1 1 1

These numbers are consistent with the sample coming from some
region with the homotopy type of a circle.
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During an inclusion S; < S; holes can

persist o -
be born o —

¥ = number of n-dimensional holes in S; that persist to S;
§ = number of connected components in S; that persist to S;




Bar codes

The matrix (8) can be represented by a graph with horizontal
edges and vertices arranged in columns.

The ith column has B = 3,(S;) vertices.

There are BZ paths from the ith column to the jth column.



(31 bar code for
our example




(o bar code for our example

(first column cropped)
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