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G = discrete group

X = any contractible space on which G acts freely

Hn(G ,Z) = Hn(X/G ,Z)

Definition is computational:

1. construct X and X/G efficiently

2. then compute Hn(X/G ,Z).

Step 2 used in applied topology.
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One problem from applied topology

Given a set S of points randomly sampled from an unknown
manifold M, what can we infer about the topology of M?

For instance, S ⊂ M ⊂ E2.
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One approach to the problem

Repeatedly “thicken” the set S to produce a sequence of inclusions

S = S1 ⊂ S2 ⊂ S3 ⊂ · · ·

and then search for “persistent” topological features in the
sequence.
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Betti numbers

β0(X ) = number of path components of X

β1(X ) = number of ”1-dimensional holes” in X

S1 S2 S3 S4 S5 S6 S7 S8
β0 478 32 9 2 1 1 1 1
β1 115 19

These numbers are consistent with the sample coming from some
region with the homotopy type of a circle.
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Bar codes

The matrix (βijn ) can be represented by a graph with horizontal
edges and vertices arranged in columns.

The ith column has βiin = βn(Si ) vertices.

There are βijn paths from the ith column to the jth column.
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β0 bar codes

could be enhanced to dendrograms (or phylogenetic trees)

A          B          C          D          E          F          G



From data to spaces

Given a set S ⊂ En and number ε > 0 consider

X S
ε =

⋃
x∈S

B(x , ε)

with B(x , ε) the ball of radius ε centred on x .

Any 0 < ε1 < ε2 < ε3 < · · · yields incusions X S
ε1 ⊂ X S

ε2 ⊂ X S
ε3 ⊂ · · ·
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vertices ↔ coloured regions

edges ↔ intersections



simeq

edges ↔ (non-contractible) intersections



Cech complex NX S
ε

NX S
ε is the simplicial complex with vertex set S and one simplex

for each σ ⊆ S satisfying ⋂
x∈σ

B(x , ε) 6= ∅.

Theorem: X S
ε ' NX S
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Vietoris-Rips complex RS
ε

RS
ε is the simplicial complex with vertex set S and one simplex for

each σ ⊆ S satisfying

distance(x , y) ≤ ε for each pair x , y ∈ σ.

cech rips

Theorem: RS
ε ⊆ NX S

ε
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A simplicial complex K is a collection of subsets of some (ordered)
set S satisfying:

I {x} ∈ K for all x ∈ S ,

I if σ′ ⊂ σ ∈ K then σ′ ∈ K .

{1,2} {1,3}
{1}

{2,3}

{2} {3}



Computing Betti numbers

The chain complex C∗(K )

−→ Cn(K )
∂n−→ Cn−1(K ) −→ . . .

∂1−→ C0(K )
∂0−→ 0

I Cn(K ) = vector space with basis {σ ∈ K : |σ| = n + 1}
I

∂n({x1, . . . , xn+1}) =
n+1∑
i=1

(−1)i{x1, . . . , x̂i , . . . , xn+1}

determines the homology

Hn(K ) =
ker(∂n)

image(∂n+1)

and Betti numbers

βn(K ) = dim(Hn(K )).
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Filtrations

K1 ⊆ K2 ⊆ K3 ⊆ · · · ⊆ KN

C∗(K1) ⊆ C∗(K2) ⊆ C∗(K3) ⊆ · · · ⊆ C∗(KN)

determine persistent homology

H ij
n (K ) =

ker(∂ in)

image(∂ j
n+1) ∩ Cn(Ki )

and persistent Betti numbers

βijn = dim(H ij
n (K )).

Theorem: All βijn can be determined from semi-echelon forms of
the two matrices ∂Nn and ∂Nn+1.
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Illustration: Natural Images

van Hateren & van der Schaaf: 4167 digital photos of random
outdoor scenes.

Mumford, Lee, Pedersen: 8 000 000 random high-contrast 3× 3
patches in E9.

By normalizing with respect to brightness and contrast the patches
are projected onto a set of points M in a topological seven-sphere
S7 ⊂ E8.
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Carlsson, Ishkanov, de Silva, Zomorodian: consider high-density
subsets M(k) ⊂M.

Codensity function: δk(x) is the euclidean distance from x ∈M to
its kth nearest neighbour in M.

M(k) contains the 25% of patches with least δk(x).
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The β1 bar code for a random sampling of M(300) yields a single
persistent homology class.
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persistent homology classes.
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The β2 bar codes are less robust, but seem to indicate a single
homology class with mod 2 coefficients.

H2(Klein bottle,Z2) = Z2
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Better formulations of persistence

H∗(K1)
t1−→ H∗(K2)

t2−→ · · · tN−1−→ H∗(KN)

can be encoded as a (graded) F[t]-module :

V =
N⊕
i=1

H∗(Ki )

with

t · ( a1, . . . , aN) = (0, t1(a1), . . . , tN−1(aN−1) ).
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Since F[t] is a euclidean domain:

Theorem

V ∼=
⊕
i

tai · F[t] ⊕

⊕
j

tbj · (F[t]/(tcj · F[t])

 .

free summands: homology generators born at time ai which live
forever.

torsion summands: homology generators born at time bj which die
at time bj + cj .

Remark: Z[t] and F[s, t] are not PIDs.
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Quivers
A persistence module V is a representation of the quiver

1 −→ 2 −→ . . . −→ N

- vector space V (x) to each object x

- homomorphism V (a) to each arrow a.

Direct sums
Two representations V ,W have sum V ⊕W :

- (V ⊕W )(x) = V (x)⊕W (x)
- (V ⊕W )(a) = direct sum of linear maps V (a),W (a).

Decomposables
A sum V ⊕W of two non-trivial representations is decomposable.

Finite type
A quiver has finite type if it has only finitely many isomorphism
types of indecomposable representations.
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Gabriel’s theorem

A connected quiver is of finite type if and only if its underlying
graph is of type An, Dn, E6, E7, E8.

Boot strapping

Use bar codes for small sub samples S1,S2, . . . of a large sample
S ⊂ M to infer about M.

Difficulty: If bar codes for Si suggest β1 = 1 the situation could be
M or M ′.

sj
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m1
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Carlsson, de Silva: Consider inclusions

S1 → S1 ∪ S2 ← S2 → S2 ∪ S3 ← . . .← SN

and persistence in the ziz-zag diagram

Hn(RS1
ε )→ Hn(RS1∪S2

ε )← Hn(RS2
ε )→ Hn(RS2∪S3

ε )← . . .← Hn(RSN
ε )

Gabriel’s theorem: The quiver

1→ 2← 3→ 4← . . .← N

has indecomosable representations I(i , j) for 1 ≤ i < j ≤ N:

I(1, 2) : F 1→ F← 0→ 0← . . .← 0

I(1, 3) : F 1→ F 1← F→ 0← . . .← 0
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Other applications:
Medical images f : M→ R could be analyzed using bar codes.

Consider a torus M, height function f

0

r

f

b0 b1 b1 b2

barcode

and filtration
Mr = f −1([0, r ]).
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