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X = any contractible space on which G acts freely
Hn(G,Z) = Hy(X/G,Z)
Definition is computational:

1. construct X and X/G efficiently
2. then compute H,(X/G,Z).

Step 2 used in applied topology.
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For instance, S ¢ M c EZ2.
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Betti numbers
Bo(X) = number of path components of X

B1(X) = number of " 1-dimensional holes” in X

‘ S1 S S3 5S4 S5 Se S7 Ss
Gol478 32 9 2 1 1 1 1
/| 0 115 18 4 1 1 1 1

These numbers are consistent with the sample coming from some
region with the homotopy type of a circle.
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During an inclusion §; < S; holes can

persist o -
be born o -
,i{_

= number of n-dimensional holes in S; that persist to S;

Bg = number of path components in S; that persist to 5;



Bar codes

The matrix ( ;{) can be represented by a graph with horizontal
edges and vertices arranged in columns.

The ith column has B = 3,(S;) vertices.

There are B[{ paths from the /th column to the jth column.



(1 bar code for
our example




Bo bar code for our example
(first column cropped)




Bo bar codes

could be enhanced to dendrograms (or phylogenetic trees)

A B C D E F



From data to spaces
Given a set S C E" and number € > 0 consider
X2 =] B(xe)
x€eS

with B(x, €) the ball of radius € centred on x.
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From data to spaces
Given a set S C E" and number € > 0 consider

X2 =] B(xe)

xES

with B(x, €) the ball of radius € centred on x.

Any 0 < €1 < ep < €3 < --- vyields incusions Xé’; Cng - Xg C -



12

vertices < coloured regions

edges « intersections



edges < (non-contractible) intersections



Cech complex NX2

NX€5 is the simplicial complex with vertex set S and one simplex

for each ¢ C S satisfying
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Cech complex NX2

NX€5 is the simplicial complex with vertex set S and one simplex

for each ¢ C S satisfying

ﬂ B(x,€) # 0.

xXeo

Theorem: X ~ NX?



Vietoris-Rips complex Res
ReS is the simplicial complex with vertex set S and one simplex for
each o C S satisfying

distance(x, y) < € for each pair x,y € o.
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Vietoris-Rips complex Res
ReS is the simplicial complex with vertex set S and one simplex for
each o C S satisfying

distance(x, y) < € for each pair x,y € o.

Rips complex

. S S S
Theorem: R> C NXE\/E - F\’E\/§



A simplicial complex K is a collection of subsets of some (ordered)
set S satisfying:

» {x} e Kforall x €S,

» if o/ C o € K then 0/ € K.

{1,2} (1 {13}

{2} {3}

{23}



Computing Betti numbers

The chain complex C.(K)

s Co(K) 2 G (K) — .2 (k) 2 0

» C,(K) = vector space with basis {o € K: |o| = n+ 1}
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Computing Betti numbers

The chain complex C.(K)
On O O
— Co(K) == Co1(K) — ... — G(K) — 0

» C,(K) = vector space with basis {o € K: |o| = n+ 1}
>

n+1
8,,({X1, e 7Xn+1}) = Z(—l)’{xl, e ,)?,‘, . 7Xn+1}
i=1
determines the homology
ker(On
H(K) = - er(On)
image(Jnt1)

and Betti numbers

Bn(K) = dim(Ha(K)).
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Filtrations

KiCKyC K3 C---C Ky

determine persistent homology
ker(9!)
image(@,{H) N Co(Ki)

and persistent Betti numbers

HY(K) =

n

i = dim(HY (K)).

Theorem: All ﬁg can be determined from semi-echelon forms of
the two matrices 0} and 9%, ;.
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dim(Ca(Ks)) = 12,



Column reduce

X X|X X X
X X | X X X
X X|X X X

X X X | X X|X X X
X X X|X X|X X X
X X X | X X|X X X
X X X|X X|X X X
X X X|X X|X X X
X X X|X X|X X X

X X XX X|X X X
X X X | X X|X X X
X X XX X|X X X

4
n

0




Column reduce

X X|X X X

X X|X X X
X X | X X X
X X|X X X

X X X | X X|X X X
X X X|X X|X X X

X X | X X|X X X
X X | X X|X X X
X X | X X|X X X
X X | X X|X X X

X X | X X|X X X

X|X X|X X X

4
n

0




Column reduce

X

X

X

X X X | X X|X X
X X X|X X|X X

X X | X X|X X
X X | X X
X X | X X
X X | X X

X X | X X

4
n

0




Column reduce

X

X

X

X X X | X X|X X
X X X|X X|X X

X X | X X|X X
X X | X X
X X | X X
X X | X X

X X | X X

4

7,

3, dim(image(97)NC,_1(K2))

n)

dim(ker (0
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[llustration: Natural Images

van Hateren & van der Schaaf: 4167 digital photos of random
outdoor scenes.

Mumford, Lee, Pedersen: 8000000 random high-contrast 3 x 3
patches in E°.

By normalizing with respect to brightness and contrast the patches

are projected onto a set of points M in a topological seven-sphere
S’ C E&.
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Carlsson, Ishkanov, de Silva, Zomorodian: consider high-density

subsets M(k) C M.

Codensity function: dx(x) is the euclidean distance from x € M to
its kth nearest neighbour in M.

M(k) contains the 25% of patches with least dx(x).
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Better formulations of persistence
H, (K1) LN H,(K>) B N H.(Ky)
can be encoded as a (graded) F[t]-module :
N
V =P H.(K)
i=1

with

t- (81, ey aN) = (0, tl(al), ey tN_l(aN_l) )
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Since F[t] is a euclidean domain:

Theorem
V@ Ft] @t (F[t]/(t9 - F[t])

free summands: homology generators born at time a; which live
forever.

torsion summands: homology generators born at time b; which die
at time b; + ¢;.

Remark: Z[t] and F[s, t] are not PIDs.
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Quivers
A persistence module V is a representation of the quiver

1—2—...— N

- vector space V/(x) to each object x
- homomorphism V/(a) to each arrow a.

Direct sums
Two representations V', W have sum V @& W:

- (Ve W)(x) = V(x)® W(x)
- (V @ W)(a) = direct sum of linear maps V/(a), W(a).
Decomposables
A sum V @& W of two non-trivial representations is decomposable.
Finite type

A quiver has finite type if it has only finitely many isomorphism
types of indecomposable representations.
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Gabriel’s theorem
A connected quiver is of finite type if and only if its underlying
graph is of type A,, D,, Es, E7, Es.
Boot strapping

Use bar codes for small sub samples S1, S5, ... of a large sample
S C M to infer about M.

Difficulty: If bar codes for S; suggest 31 = 1 the situation could be
M or M'.

M/
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Carlsson, de Silva: Consider inclusions
512 5US5 S5 —>5US3+ ... Sy
and persistence in the ziz-zag diagram

Hn(Resl) - Hn(ReSIUSZ) N Hn(ReSZ) - Hn(ReSZUS3) AR Hn(ReSN)

Gabriel's theorem: The quiver
1-2+«3—4«—...«<N
has indecomosable representations I(i,;) for 1 < i< j < N:
1(1,2) :FS5F—0—0... 0

I(1,3): FSFLF 50— ... 0
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Other applications:
Medical images f: M — R could be analyzed using bar codes.

Consider a torus M, height function f

bar code

Bo £15132

=]

and filtration
M, = ([0, r]).



