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Lecture 8




Limits of functions: examples

Example. Consider the function

3 —6x+3
flx) = -1

We know from our study of rational functions that the natural domain of this function

is R \ {1} and that the limits at +oco and —oo are not finite.

What happens near the point excluded from the domain? Or formally: what is

. 3x2—6x+3
im ——?
x—1 x—1



Limits of functions: examples

We cannot simply substitute for x the value 1, but we can evaluate f at values close to
this point:

£(0.9) = —0.299999999999998, f(0.99) = —0.0300000000000189, ...,

f(1.1) =,0.300000000000002,  f(1.01) = 0.0299999999999301,

£(1.001) = 0.00299999999953149 ...

We notice that for values of x close to 1 the values of f become arbitrarily close to 0.

Formally we will write:
. 32 —6x+3
lim —m—— =
x—1 x—1

0.
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Limits of functions: definition

Limit at xq (finite limit)

Suppose f(x) is defined for x close to xy. We write

lim f(x) =L

X=X
“the limit of f(x), as x approaches x,, equals L”
if we can make the values of f(x) arbitrarily close to L by taking x to be sufficiently

close to xj (on either side) but not equal to x;.
Limit at xy (infinite limit)
Suppose f(x) is defined for x close to xy. We write

lim f(x) = 400 (resp. —oo0)

X—X(
if we can make the values of f(x) arbitrarily large (resp. arbitrarily large negative)

taking x to be sufficiently close to x, (on either side) but not equal to xo.



Right and left limits and vertical asymptotes

If in the definition of the limit we allow x near x, but always x > x;, what we get is the

so-called right limit at xo:
lim f(x).

.'XA)XO
Similarly, if we only allow x near x, but always x < xo what we get is the so-called left
limit at xg:

lim f(x).

X*}XO

Vertical asymptote

We say that the vertical line x = x is a vertical asymptote for the function f if the limit
at xg or at least the right or left limits at xq is +oo0 or —oo.

x—1

Example The vertical line x = 2 is a vertical asymptote for f(x) = Pyt




Examples

Example
Letf(x) = xx—2 . Compute the limits atx = 0,1, 2, 3.
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Limits of functions: (helpful!) rules

-
Suppose thak/e R and the limits lim f(x) and lim g(x) exist. Then'

1.

tim(f (x) + g(x)] = lim f(x) + lim g(x)

X—a

- limlf (x) — g(x)] = lim f(x) — lim g(x)
' ' X=7
- limle - f(x)] = ¢ - lim f (x) s
. im[f(x) - g(x)] = lim f(x) - limg(x) o= x3
x—a x—a x—a %(K)‘—‘ X’L
f _HmfeO S
. xlirt}@ = }}E;g(x) provided }gr;g(x) #0 5 u-
%2

ISections 2.2 and 2.3 of Stewart contain a lot of instructive examples and more rules
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Example

£ 9

lim

x—1

3x2 —6x+3
x—1

3x* —6x+3
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More limit laws

Implicitly, we used
(a) If f is a polynomial, a rational or an algebraic function and 4 is in the domain of f
then
limf(x) = f(a)

X—a

(b) If f(x) = g(x) when x # a then lim f(x) = lim g(x) provided the limits exist.
X—a xX—a

Going back to our initial example: consider

f(x):% and  g(x)=3x—3
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More examples

N/ x2 9 _
Letg(x) = %3 Compute the limits at x =0,1,2, 3.

IDQL’,\G_VL\/\ Q‘g %_/\J' @\ (O)
Rule @ Tds us
gf— -2 — e-)

><>3> %DQ—/ %,(33" 3

Sl G\f\j Qef }:";"I k K"”

XST

G 3

x>0 =z ' m +3
X0 7 *x
x A

)

uxaf‘ S N S

T A0S 2y 0 B

o e K

Koy

(55w +3>

|
forg +3

-
C





More examples

XX +5x+4

Let h(x) = m (1) Compute the llmltS atx = —4, 0, 1.

(2) Does h have vertical asymptotes?

NI ur\ua»oﬁ\‘k%o

ek us shv\’bo mw&)«‘n& N {,-u)

2
Roo= (RGN The dowar o
(Reby) (k=1

A - (/l\ &(,)0:{/\(‘9): U= -
oy ows Wwls, m\@mdw R \«\(Q WN: L

i als XL
it ee A () o o and s edie 9007 2
s

o BRI e
) T\i\\g\ .;jim Wy RO kel e S
—a = 2
G ) _ W XH = T = < o . e~
2—2":\\ Gl XM A —‘\4—\:1&(“8 ke ““3'\'\' and W skt ey o -
~Us

g | G fadion giO dangrd S
e XXV e (R Runckien 3
e <

= -0 o x= B o woibieod

Lo
s g W

g.\A\;mmM 2SS o)

EEA)
Pty x=\



