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(a) Express
2+ 3i —i

6+8 6—8i
in the form x + iy with real numbers x and y.
(b) Differentiate

f(2) = (42% — 5i2?) sin’ (2).

Without using the Cauchy Riemann equations state the region in
the Argand diagram where the function f(z) is differentiable.

(c¢) Use the Cauchy-Riemann equations to find all points z = x + iy,
where

f(2) = (2° — 102°y* + 5ay*) +i(5x'y — 102%y° + ¢°),

is differentiable and find f’(z) for those z.
(d) Find where
9(2) = Im(2?%),
(the imaginary part of 2?2) is differentiable in the complex plane.

(e) What does it mean for a function u(z,y) to be harmonic? Show
that
u(x,y) = —x + 9y — e” cos(y),

is harmonic and find a harmonic conjugate v of u.

p-t.o.



2. (a) Solve the equation
25 41=iv3,
and sketch all the solutions in an Argand diagram.

(b) Evaluate the complex integral:

/C[zRe(z) — zIm(z)]dz,

where C' is the line segment joining —1 to 1.

(c) Evaluate the complex integral:

/ [i2® — 2 — 3i]dz,
c

where C' is the quarter circle with centre the origin which joins
—1 to 1.



3. (a) State Cauchy’s integral formula for derivatives and use it to eval-

uate
/ 52° + 323
2F TOF s
c (z+1)3
where C'is the positively oriented circle |z| = 2.

(b) Expand
3

f(z) = EEENEEE
in a Laurent series valid in (i) 0 < |z — 1] < 1 and (ii) |z — 1| > 1.

(c) State the Residue Theorem and use it to evaluate:

/C (z — z’)21(z2 +4)’

where C' is the positively oriented circle |z — i| = 2.

End of paper.



