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Recap

I The maximum of a function f is the largest value it attains. The minimum is the

smallest.
I Whether absolute extreme values exist or not depends on the function and the

domain we consider.
I A continuous function attains extreme values in a closed interval [a, b]. Here’s

how to find them:
1. Find the critical points of f : zeros of its first derivative and points at which the

derivative does not exist.
2. Find the values of f at the critical points of f in (a, b).
3. Find the values of f at the endpoints of the interval.
4. Compare all the values: the largest of these is the absolute maximum value and the

smallest is the absolute minimum value.

I Local extreme values are to be found among the critical points.
I If the function is nice enough then the second derivative test can help identifying

local maxima and minima.
I The sign of the second derivative tells if the graph is concave upwards (f ′′ > 0) or

downwards (f ′′ < 0).



Example/Recap

Let f (x) =
2x

1 + x + x2 .

1. Find the domain of f . Decide whether it has any horizontal or vertical asymptotes.

2. Find and classify all local extreme values of the function f (x) =
2x

1 + x + x2 .

3. Determine the extreme values of f in the interval [0, 3]



Example/Recap



Mean Value Theorem

Mean Value Theorem

If f is nice enough in the interval [a, b]1 then there is a number c in (a, b) such that

f ′(c) =
f (b) − f (a)

b − a
.

Remember the two main interpretations we gave of the first derivative of a function: in

terms of slope of the tangent line and in terms of instant velocity. The mean value

theorem has interpretations in both contexts.

1that is: continuous in the closed interval [a, b], differentiable in the open interval (a, b)



Mean Value Theorem: slopes

If the function is nice enough between a and b, then there is (at least) a point in the

interval at which the slope of the tangent equals the slope of the secant through the

endpoints.

Example.

I Find the secant s to the graph of f (x) = x3 + x − 1 through its points with x = 0 and

x = 2.

I At which points (if any) in the interval [0, 2] is the tangent to the graph parallel to

the line s?

I Write an equation for the tangent at each of these points.



Mean Value Theorem: slopes



Mean Value Theorem: instant and average velocity

Here is a reformulation of the MVT in terms of instant and average velocity.

If the position in time between a and b is given by a nice enough function, then there is

(at least) a point at which the instant velocity equals the average velocity between a

and b.

Example. A particle is travelling along a straight line. Its position at time t is given by

some differentiable function f (t). If the position after 3 seconds is 2m and the velocity

is always less than or equal than 2m/s, how far can the particle get after 10 seconds?



Mean Value Theorem: instant and average velocity



Exercise

Let f (x) =
x2 − 2x − 3

x3 + x2 .

I Find and classify all critical points of f .

I Determine whether f has any horizontal or vertical asymptotes.



Exercise


