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1.

(a) The enciphered message
HV V H

was produced by applying the enciphering function

fE : Z37 → Z37, x 7→ 14x+ 20

to single letter message units over the 37-letter alphabet

0, ..., 9, A = 10, B = 11, . . . , Z = 35, = 36 .

(i) [3 marks] Find the inverse of 14 modulo 37.
(ii) [2 marks] Determine the corresponding deciphering function.

(iii) [3 marks] Decipher the message.

(b) (i) [3 marks] Factorise 360 as a product of primes.
(ii) [3 marks] Then calculate φ(360), which is the number of integers from 1 to 360

that are coprime to 360.
(iii) [3 marks] Finally, calculate

1198 mod 360.

2.

(a) [8 marks] The ciphertext
ESDCWNMH

was produced by applying the function

fE :

(
x
y

)
7→ A

(
x
y

)
with A =

(
2 3
7 5

)
to 2-letter message units over the alphabet A = 0, B = 1, ..., Z = 25. Use

A−1 =

(
9 5
3 14

)
mod 26

to determine the first four letters of plaintext.
(b) [8 marks] Use row operations to find the inverse of

B =

 1 2 2
3 2 2
2 1 2

 .

3.

(a) Let f : R2 → R2 be reflection in the line y = −x and let g : R2 → R2 be anticlock-
wise rotation through 90◦ about the origin.
(i) [4 marks] Find the matrices of f and g with respect to the standard basis vectors.
(ii) [4 marks] Find the matrix of the composite transformation g ◦ f : R2 → R2 with

respect to the standard basis vectors.

(b) [9 marks] Consider the matrix

A =

(
1 3
1 −1

)
.

Verify that

(
1
−1

)
,

(
3
1

)
are eigenvectors of A. Hence find a diagonal matrix

D and matrix E such that An = EDnE−1.
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4.

(a) Calculate the following limits:

(i) [4 marks] lim
x→0

√
(4 + x)− 2

x
and (ii) [4 marks] lim

x→+∞

1√
(x2 + 2x)− x

.

(b) [9 marks] For what values of k and ` is the following function g : R→ R continuous
and differentiable at all points?

g(x) =

{
x3 + kx2 + x , if x < 1
`x+ k , if x ≥ 1

5.

(a) [7 marks] State the Intermediate Value Theorem and use it to prove that the equation

x3 − 4x− 1 = 0

has three real solutions.
(b) Consider the function

f(x) = x4 − 4x3 + 10.

(i) [3 marks] Find all critical points of f .
(ii) [2 marks] Find the intervals on which f increases/decreases.

(iii) [3 marks] For each critical point, decide whether it is a local maximum, a local
minimum, or neither.

(v) [2 marks] Find the interval on which f(x) is concave down.

6.

(a) [9 marks] Find antiderivatives of each of the following functions

f(t) =
√
t , g(t) = t sin(t2) , h(t) =

1

2t+ 1
.

(b) [7 marks] The number y(t) of ants at time t in a new ant colony is described by the
differential equation

dy

dt
= k y,

where t is measured in weeks and where k is some constant. Suppose that the
colony has 1000 ants at time t = 0, and 2000 ants at time t = 1. Calculate the
number of ants after 4 weeks.


