MP231/209/291: 2011

Solutions to Problem Sheet Questions

These answers come from doing each question twice and checking that the results agree. However
mistakes do happen, as you have often been told in the tutorials, and so if anyone does spot a
mistake in these solutions please contact Neil.

SHEET 1 - Partial Differentiation

1) (a) up = vy =27, uy = —v; = —2y. (b) uy = vy = %, Uy = —Vp = —(xi%.

(c) up = vy = 2e¢v* %" (y cos (2zy) — a sin (2zy)), Uy = —Up = 2e¥” % (1 cos (2xy) + ysin (2ay)).
(d) ug =vy = T Uy = —Vz = —ﬁ. (e) uy = vy =322 — 3y%, uy = —v, = 1 — 6wy.

(f) up = vy =€ cos (y), uy = —v, = —e”sin (y).

2) Sz = _fyy 1: 21@(732 + 92)_2'

1
3) i) f:v = %x61u7 fy = _%yezu. (ii) f:c = fuu:v = 2xfu7 fy fuuy - _2yfu-
4) 1) fx = (x22+xy2)a fy = (:1:22ny2)' (11) fx = fuux = 2xfu7 fy - fuuy - 2yfu-
5) (1) fo=2y(x+y) % fy = =20(@+y) 2, for = —dy(x+y) 3, fyy =da(z+y)3,
foy = fyo = 2(z —y)(x +y) >
(i) fo =2y(2y —2)7%, fy = —20(2y — @)%, foo = 2y — )77, fyy = 82(2y — 2)7?,
foy = fya = =2y +2)(2y — 2) 7>
6) (a) fr=c"(fzcos(0) + fysin(0)), fo = —€"(fxsin () + f, cos (6)).
(b) fr =€ (fusec(0) + fytan (0)), fo = " sec(0) ([, tan (6) + f,sec(6)).
7) x =rcos(0) = x, =cos(0) & xg = —rsm(@), y=rsin(0) =y, = sin( ) & yo = rcos (6)

_ 2 2 _ _ y
r=+/x’+vy :rx—%&r—\/ﬁ,e—arctan()éH Ig+y &Hzxiii.)
8) fm:_(zza_%a fy (2+y &fz— 2+y2:($§—k+y%)2 :>fu— z2+y &fv—%-

SHEET 2 - Optimization

1) (a) (3,3) is a MIN where f = —32.

(b) There are 4 st. pts - 2 SADDLE POINTS, 1 MAX and 1 MIN and A = —36(2z — a)(2y — b):
(0,0) & (a,b) = A = —36ab and (0,b) & (a,0) = A = 36ab. The nature of each point depends on
the signs of a and b.

(c) single st. pt. at (—1,—2), A = 0 = inconclusive.

2) (a) (1,1) is a MIN where f = 3.

(b) at (0,0) fo = fy = fax = fyy = fzy = A = 0 = inconclusive, (—6,6) is a SADDLE POINT.
(c) (0,0) is a MIN where f =0, (1,1) is a SADDLE POINT where f = 2¢~2.

(d) (0,+£1) are SADDLE POINTS, (—1,0) is a MAX and (1,0) is a MIN.

(e) (1,—1) is a MIN where f = ™2,

3) (a) St. pts. lie on circle C = {(0,y, 2) € R? | y + 22 = 9} where £(0,y,2) =9 = MIN.
(b) :|:(2 4) are MIN where f = 40, j:( 2v/14, —/14) are MAX where f = 90.

(c) ( , 9,9) is a MIN where f = 18 o

4) h=1%and r = 5§/§ = A =150V/2m.
5) Rectangle is symmetric about both axes with corners at = = :I:%, y==4 \1[ and Area = 1.

6) From origin MIN distance is 1/ at ( 575 241, 211)



D ( AD BD cD )
\/A2+B2+CQ A2+BQ+C2’A2+BQ+CQ’A2+B2+CQ .
8) From origin MAX distance is 3 at (0, £3,0) and MIN distance is 1 at (0,0, £1).
9) From origin MAX distance is v/5 at (0,42, 1) and MIN distance is 1 at (£1,0,0).

10) From origin MAX distance is 2v/5 at (2, —4) and MIN distance is v/5 at £(2,1).

11) From (1,1,1) MAX distance is \/7 + 4v/3 at (f T \[) and MIN distance is /7 — 4/3 at
2 2 2

G Ve va)

12 In each case the MIN value of f is 0, at +(3,0,3) in (a) and (b) and at £(6,0,6) in (c).

13) Every point is same distance (R) from origin, so method doesn’t work.

7) From origin MIN distance is

SHEET 3 - Fourier Series

1) Show that [ f(z)g(x)dz = 0 in each case.

. . 1 l, -3 <z < 0 . .
2) f(z) is neither ODD nor EVEN but use g(z) = f(z) — 5 = ? which is ODD.
L=3,a0=0,a,=0,b, = (_ln)ﬂ_l = fla)=S() =5+ 1Y (_131 ~Lsin (nz2)
0

NB: (—1)" — 1 = 0 when n is even or -2 when n is odd

3) f(z) is neither ODD nor EVEN. L =7, ag = & 20D p, = ACD D)

f@) = S() = % + 2307 (S

cos (nz) + —1)—rn
4) f(x) 1sEVENsobn =0.L=1,a0=2%, a,= 16752”2) = f(x) ~ S(z

™
30

)
From definition f(0) =0 and f(0) = S(0) as f is continuous at x = 0, s
5) f(z) is neither ODD nor EVEN. L =2, ay = 2, a, = M

br,
fl@) = S@)=1+ 5>~ (;Hcos("gx)—ysm(T)) [NB: 1 —(—1)" =0 when n

is even or 2 when n is odd]

+16 P ire (;L# cos (nmz).
S(0)=0

6) f(x)is EVENso b, =0. L=, ap = —ﬂ,an:wi

fl@) = S(x) =T+ 2y ;”cos(nx).

7) f(x) is neither ODD nor EVEN but use g(z) = f( ) — m = x which is opD. L = 7, a9 = 0,
an =0, by = =200 o () >~ S(2) = 7 — 2 325 ED%in (na).

2

8) Not done yet.
9) f(x) is neither ODD nor EVEN, but can separate f(x) into the sum of g(x) = 2* EVEN which gives
272

ap and ay, h(x) =  ODD which gives b, and a constant 1 which is added to §. L =7, ag = =5,
an = -2 b, = —w = f(z) =~ S(x) = 1+*—22" oo X n) (2cos(nm)+nsin(nx)).

n

10) Not done yet.
11) f(z) is BVEN = b, = 0. L =, ag = —=(e*" — 1), a,, = 2704)((_1)116&” - 1) = f(z) ~

ot m(n2+a?

S(;p) = a—lﬂ(eom — ) 2a Zn 0 n2+a2 ((71)n6a7r — 1) Ccos (nx)
SHEET 4 - Double Integrals

The following notations will be used: Imy and R, indicate that the integration is to be done first
w.r.t. x then wr.t. y, ie. Iy = ffR (z,y)dzdy & I, = ffRy;U f(z,y)dydz .

1) (a) I =(b—a)(d- )(b)f—6—2(0)1—*(d)f—27f

2) () Ry ={0<2<y, 0<y<1}=>R,={r<y<1l, 0<z<1}1=3.

(b) Roy={y<2<1,0<y<1} =Ry, ={0<y<z, 0<z<1}. 1=

(¢) Ryy ={-y <z <y, 0<y <1} = I, is the sum of two separate integrations with
Rly,={-2<y<l, -1<2<0}&R2,={z<y<1,0<a<1} I=2



(d) Ry ={0<y<z, 0<z<1}=Ry={y<z<l, 0§y§1}.]zl—15.

3) (a)Ryx—{o<y<\/1—x2 0<2<1}=Ry={0<2</1-92, 0<y<1}.I=1
(b) Ry, = {0 <y < a2, 0<m<1}:>Rmy—{O<x<\f 0<y<4}. I—

(€) Roy ={0<2<{/1-92 0<2<2}= Ry = {0<y <V1—22 ogx51}.I:g.

(d) Reyy = {-§ <2<y, 0 <z <1} = I, is the sum of two separate integrations with
Rl,, ={- 237§y§2, -1<2<0} & R2y, ={z<y<2, 0§x§2}.]=%—cos4—cos2.

4) (a) Cannot be integrated in original order. R is a simple rectangle so order can be switched
without adjustment. I =2 — /2.

(b) Easier in original order. Ry, = {1+ § <y <2, 0<x<2} I=2
(c) Cannot(?) be integrated in original order Ry, = {4 f<y<f 0<y<ochI=3
(d) Cannot be integrated in original order. Ry, ={z <y <1, 0<z <1}. I =5(3

(e) and (f) Not done yet.

5) Intersections at (0,1) and (2,5), Ry, = {2? +1<y<293+1 0<z<2}= A 3.
6) Intersections at (:i:%,%) yx—{4—x2<y<2m+1 f— x < } W'
7) (@) Ry ={0<2<y, 0<y<1}. I=Z(e—1).

(b) Iy is the sum of two separate integrations with Rl ={0 <2<y, 0<y <1},
R2,y ={0<2<2-y 1<y<2}.I=3+In4

(c) Royy={0<z< 5, 0<y<1}. 1= fl

8) Rg={<r<2 rm<6<3r} (a)f_r, =37 (b) f =13, [ = 12D

9) Ry={0<r<2 37”§9§27r}, f:27“(cos(9)+sin(9)) I=0.

10) (a) Ryg={0<r <a, 0<0 <27}, f:T3(cos(€)2sin( ) + cos (#) sin (6) )+3 I = 6ma?.
(b)Ry={0<r<a, -F<0<7}, f:r2+2r(cos(9)—sm(9)) I:%—i—fa

(c) Rio={1<r<2,0<6<2r} f= 27’6 P r=re

(d) Ryop={a<r<b 0<6<%I}, f=In(r?). —g((b2—1)1n(b2) (a*> — 1)In(a?)).

11) Rg={0<r<1,0<0< 3}, f= 2re7‘51n(26)1:g.

e

%\M

SHEET 5 - Green’s Theorem and Line Integration

The following notatlons will be used;
L{h(x,y) = ¢} ﬁz ZZ f((wb 95) fdx + gdy along the line/curve defined by h(z,y) = c.
C{h(z,y) =c} = § fdz + gdy around the closed curve defined by h(zx,y) = c.
1) In all parts g, — f, = 10y.
(@) Ry = {2 <y<Vz, 0<z<1}=TI=3.
1,1 0,0
Ly ="} = —1 Ly = val(y) =3
(b) ny—{0<w<y—1 0<y<1}:¥f—
0,0)
L{z =0} = =2, L{y = 0}y =1, L{a;:l—y} =8
(€) Ry ={0<y<1—2? —1<J:<1}:>I—m
1,0)
L{y =0}"1y, =2, L{y_1—x2}10) =1
2) gz — fy—2x(1 Y), Rwy_{gy <m§2, —4<y<4}=>1=18
(4,2)

L{z = 2}( 1) = 24, L{z = 8y2} 42) =8

(3) gz — [y = 2, convert to eliptical polar coordinates: x = ar cos (), y = brsin (6) = 200 = abr.
R,p={0<r<1, 0<¢9<27r}:>l—ffR 2)(abr)drdf = 2abm.

dx = —arsin (), dy = arcos(0) = C{r = 1} = fo abdf = 2abr.

(4) to (7) not done yet.
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