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1. Consider the following two point boundary value problem for a function

u = u(z), which is a solution of :

—%—Fllu:x for 0<ax<?2
u=0 for x=0,2

(a) Show that a weak form of the boundary value problem is given by

B(u, w) = p(w)

where
2 [ dudw 2
B = —— 44 d d = d
(u, w) /0 <da: e + uw> z and p(w) /0 rwdx

and where w(x) is a sufficiently smooth weight function. In your

derivation, you should classify the boundary conditions.

(b) Seeking an approximate solution of the form
N

Un =0, + Y cjd;
j=1

where {d)i}i]\;l are pre-selected approximation functions, show that for
the above procedure the {c;}}¥, are determined by solving the linear

equations
N
ZBijcj == Fz for i=1..N
j=1

where

Bij = B(¢i,¢;) and F; = p(¢:) — B(¢,, ¢4)-

(c) Calculate the approximate solution for the above problem with
gbo 207 ¢1 :1‘(2—£E), ¢2:ZE2(2—IL’)



2. Consider the following boundary value problem in a rectangular region
Q in the (z,y) plane:

—V?u =z in Q,

u=0onTI

where () is the rectangular region bounded by I', where I' is defined by
the lines x = 0,1 and y =0, 2.

(a) Show that the weak form of the boundary value problem is given by
B(u, w) = p(w)

where

B(u,w) :/Vu.dexdy and p(w) :/:I;wdxdy
Q Q

and where w = w(x,y) is a sufficiently smooth weight function. In
your derivation, you should classify the boundary conditions.

(b) Seeking an approximate solution to this problem of the form
N
Unv =¢o+ Y _cjd;
j=1

where {¢;} | are pre-selected approximation functions,then the {c; }¥
are determined by solving the set of linear equations

N
Z Bijcj =5 Fz for i = 1, .N
j=1

Calculate the approximation for the above problem with N = 2 with
¢ =0, ¢1 =2y(2 —y)(1 - ), 2 = 2°y*(2 — y)(1 — 2)

[Hint: You may quote the following identity

—/ wV3udzdy = —/wauds—i—/ Vu.Vwdzdy
Q r on Q

where we have the usual notation, and where I" is the boundary of €.]



3. Consider the boundary value problem

—%-I-Su:x for O<x<l1
with ©(0) = u(1) =0

Assume that the weak form of the problem reduces to
B(u, w) = p(w)

where

U du dw !
B = _ —
(u, w) /0 ( + 3uw> dz and p(w) = /0 rwdz

and where w(z) is a sufficiently smooth weight function.

(a) Consider the region [0, 1] as four linear elements (Q, k = 1...4) of equal
length with nodes 9 =0, z; = 1/4, 20 = 1/2, 3 =3/4, x4 =1 and
using linear functions ¢;(x) such that

(x —mi—1) /(i — xiz1), forw; 1 <x <
di(x) =< (@ip1 — ) /(241 —x;), fora; <a<wip
0 elsewhere

4

Let the approximate solution be of the form Z Cr Q-

k=0
Show that in order to satisfy the boundary conditions cg = ¢4 = 0 and
so the Galerkin formulation of the problem reduces to

3
> Kijej=F,i=1,2,3
j=1

where

Y[ dg; do, !
Ki; = o ipj ¢ da, Fy = i .
: /O{dm e +3¢¢J}d:c | asido

(b) By considering the functions, as defined above, and using the fact that

/Olg(x)dx:g/gk g(z)dz

for any function g(z), show that the problem reduces to the set of

equations
68 —31 0 c1 1 6
-31 68 =31 co | = T2 12
0 —-31 68 c3 18



4. Consider the eigenvalue problem in 0 < z < 2

Py Ny =0

dz?

with y(0) = y(2) = 0.
(a) Show that the weak form of the problem is given by

A(u,v) =AB(u, v)

where

2 v 2
Ay == [ e, B = [ @@ da

and v(z) is a sufficiently smooth function with v(0) = v(2) = 0.

(b) Approximating y(x) by the function
N
Uy = citi(®)
i=1
show that the problem reduces to finding the roots of the equation
det(A —AB) =0

where the terms in the matrices A, B are given by

Aij = A(¢i,65)  and  Bij = B(¢i, ¢5)-
(c) Letting N = 2 and

$1=2(2-1), ¢2=12-1)

estimate the first two eigenvalues of the problem above.



5. Consider the following system of linear equations:

1 -3 10][= 1
31 8 1 y | =138
2 1 68 2 9

(a) Write a MAPLE command to define the coefficient matrix A (say)
in the above system of equations.

(b) Write MAPLE commands to solve for the matrix X in the following
matrix equation:

XAT =B

where AT denotes the transpose of A. You may assume the matrix
B has being defined earlier.

(c) Write MAPLE commands to calculate the eigenvalues, the
eigenvectors and characteristic polynomial of A.

(d) Write MAPLE commands to solve the linear system of equations
defined.

(e) Write MAPLE commands to solve each of the following problems:
i
du g oy =—3e*, u(0)=1
ii.

2y
dx?

% +y=u=xcosz, y(0)=1, %(O) =0



