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1. Consider the following two point boundary value problem for a function
u = u(x), which is a solution of:

d2
——u—i—2u::c for O0<xz<1
dz?

u=0 for z=0,1
(a) Show that a weak form of the boundary value problem is given by
B(u, w) = p(w)

where

Y du dw !
B = —— +2 d d = d
(u, w) /0 (dx T + uw) r and p(w) /0 Twdx

and where w(z) is a sufficiently smooth weight function. In your deriva-
tion, you should classify the boundary conditions on w.

(b) Seeking an approximate solution of the form
N
uy = ¢o + Z Ci9;
i=1

where ¢; are pre-selected approximation functions, show that for the above
procedure the ¢; are determined by solving the linear equations

N
ZBijci:Fj for 7=1...N
i=1

where

Bij = B(¢i,¢;) and  Fj = p(¢;) — B(¢o, b;)-

(c) Calculate the approximate solution for the above problem with
o =0, ¢1 = :U(l - l‘)? Py = $2<1 - x)



2. Consider the following boundary value problem in a rectangular region €2 in
the (z,y) plane:

—V?u =z in Q,

u=0on T

where (2 is the rectangular region bounded by I', where I' is defined by the
lines x =0,2 and y =0, 3.

(a)

Show that the weak form of the boundary value problem is given by
B(u,w) = p(w)

where

B(u,w) = / Vu.Vwdzdy and p(w) :/:dexdy
Q Q

and where w = w(z,y) is a sufficiently smooth weight function. In your
derivation, you should classify the boundary conditions on w.

Seeking an approximate solution to this problem of the form
N
uy = ¢o + Z C;0i
i=1

where ¢; are pre-selected approximation functions, show that the ¢; are
determined by solving the set of linear equations

N
ZBZJCZ = Fj fOI']: 1,N
=1

where By; = B(¢i, ¢;), Fj = p(¢;) — B(¢o, ¢;)-

Calculate one component of B and one component of F' for the above
problem with ¢g =0, ¢ = zy(3 —y)(2 — ), 2 = 2%y(3 — y)(2 — z).

[Hint: You may quote the following identity

—/wVQdedy: —/w%ds—k/Vu.dexdy
Q r on Q

where we have used the usual notation, and where I' is the boundary of €2.]



3. Consider the boundary value problem

d2
—d—g+2u=x for 0<z<1 with w(0)=u(l)=0
x
Assume that the weak form of the problem reduces to

B(u,w) = p(w)

U du dw !
B = ——+2 d d = d
(u,w) /0 (d:c I + uw) r and p(w) /0 rwdzx

and where w(z) is a sufficiently smooth weight function.

where

(a) Consider the region [0,1] as four linear elements ( €,k =1...4 ) of equal
length with nodes o = 0,21 = 1/4, 29 = 1/2,23 = 3/4, 4 = 1 and using
linear functions ¢;(x) such that

(x —xizq)/(x; — xi1), for oy <2 <uw

di(r) = (g1 —2) /(2 — ), for a; <o <aipy
0 elsewhere

4
Let the approximate solution be of the form > cjoy.

k=0
Show that in order to satisfy the boundary conditions we must set ¢, =

¢y = 0, and so the Galerkin formulation of the problem reduces to
3
Y Kyej=F, i=123
j=1

where

1 d¢d¢ 1
,/O{dxdx+m}x, | aoe

(b) By considering the functions, as defined above, and using the fact that

/Olg(x)dx _ é/ﬁ o(x)dz

for any function g(z), show that the problem reduces to the set of equa-

tions
200 =98 0 c1 3 1
—98 200 -—-98 cy | = 3 2
0 —98 200 C3 3



4. Consider the eigenvalue problem in 0 < z < 3

2

u
—@—F)\UIO

with ©(0) = u(3) =0

(a)

Show that the weak form of the problem is given by
A(u,v) = AB(u,v)

where

® du dv 3
A = | ——dux; B = — d
(u,v) | duds x; (u,v) /0 wvdz

and v(x) is a sufficiently smooth function with v(0) =v(3) =0 .

Approximating u(z) by the function

unN = Z crdr(x)

k=0

show that the problem reduces to finding the roots of the equation
det(A—AB) =0
where the elements of the matrices A, B are given by
Aij = Ali, ¢;) and Bij = B(¢i, ¢;).
Letting N = 2 and
$1=2(3 — ), dp = 2*(3 — x)

estimate the first two eigenvalues of the problem above.



5. Consider the following system of linear equations:

2 -1 1] [z 1
2 9 4| |yl|=]2
5 1 3|z 3

(a) Write a MAPLE command to define the coefficient matrix A (say) in the
above system of equations

(b) Write MAPLE commands to calculate the eigenvalues and eigenvectors of
A.

(c) Write MAPLE commands to calculate the characteristic polynomial of A.
(d) Write MAPLE commands to solve the linear system of equations defined.

(e) Write MAPLE commands to solve each of the following problems:
i.

d
d—? +y=9¢*,y(0) =2,
1.
d*y | dy dy
e +7dt + 5y = cost, y(0) o (0)=0



