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1. (a) Let α represent the statement “the program starts in a state satisfying the precondition”,
β represent the statement “the program terminates” and γ “the final program state
satisfies the postcondition”. Using α, β, and γ and the standard connectives in logic
(∧,∨,→, etc.) write (in the simplest form possible - i.e. using the fewest number of
connectives) the following Floyd Hoare Triples:

(i) ` [T]C[T]
(ii) ` {T}C{F}
(iii) ` {P}C{T}
(iv) ` [P ]C[F]
(v) ` [T]C[Q]

(note here that T stands for TRUE and F stands for FALSE). (15 marks)

(b) Explain the distinction between

(i) Specification and Implementation
(ii) An Axiom and an Inference Rule
(iii) An Axiom and a Theorem

(9 marks)

(c) If ` {P} C1 {Q} and ` {Q} C2 {P}, write down a simplified version of the program
C1;C2. Can you simplify the program C2;C1? (6 marks)

2. (a) Prove the derived inference rules

(i)
` {P} C {Q1} ` {P} C {Q2}

` {P} C {Q1 ↔ Q2}

(ii)
` {P1} C {Q1} ` {P2} C {Q2}
` {P1 ∧ P2} C {¬Q1 → Q2}

(15 marks)

(b) In each of the following state which (if any) condition is stronger.

(i) y(x− 1) = 0; x = 0
(ii) x > 2; 1 < x

(iii) x = 6; x 6= 5
(iv) P (4) = 6; (∀y)P (y) = 6
(v) (x > 1) ∧ (y > 1); (x > 2) ∨ (y > 2)

(15 marks)



3. (a) Prove the following formulas of Floyd Hoare logic:

(i) ` {X ≤ Y } WHILE X < Y DO X := X + 1 {X = Y }
(ii) ` [X = 0] WHILE X > 0 DO X := X + 1 [X = 0]
(iii) ` [TRUE] WHILE X > 0 DO X := X - 1 [TRUE]

(18 marks)

(b) Calculate the results of carrying out the following substitutions:

(i) (X3 − 3 ∗X)[Y − 1/X]
(ii) (X + Y − Z)[Y,X, Y/X, Y, Z]
(iii) (X + Y − Z)[Y/X][X/Y ][Y/Z]
(iv) (Z ≤ Y )[X + Y, Y/Z,X][X + Z, Y/Y,X]

(12 marks)

4. (a) Prove:
` {(A[x] = m) ∧ (A[y] = n)}
BEGIN VAR T;

T:=A[x];
A[x]:=A[y];
A[y]:=T;

END
{(A[x] = n) ∧ (A[y] = m)}

Is this program also totally correct? If so, state why this should be the case. (14 marks)

(b) Prove:

` [Y > 0]
R := X ; Q := 0 ;
WHILE Y ≤ R DO

BEGIN R := R - Y ; Q := Q + 1 END
[X = Y ×Q+R ∧R < Y ]

(N.B.: this is a total correctness specification). (16 marks)

5. (a) Use the loop invariant (Y = X!) ∧ (X ≤ N) to prove

` {X = 0 ∧ Y = 1}
WHILE X < N DO

BEGIN X := X + 1 ; Y := Y * X END
{Y = N !}.

Explain how weakening the loop guard X < N to X 6= N would affect your choice of loop
invariant. (15 marks)

(b) Using Weakest Precondition Semantics, determine

WP (y := 5; x := x− 1; x := −x ∗ y, x > 10).

(9 marks)

(c) In Program Refinement suppose #[P,Q] = 5 and #[Q,R] = 7. Determine

#{C | ` [P ]C[R]}.

(6 marks)



Supplementary Material – Axioms and Inference Rules

Assignment Axiom ` {P [E/I]} I := E {P}

Array Assignment Axiom ` {P [A{E1 ← E2}/A]}A[E1] := E2 {P}

Precondition Strengthening
` P ⇒ Q ` {Q} C {R}

` {P} C {R}

Postcondition Weakening
` {P} C {Q} ` Q⇒ R

` {P} C {R}

Sequencing
` {P} C1 {Q} ` {Q} C2 {R}

` {P} C1;C2 {R}

Blocks
` {P} C {Q}

` {P}BEGIN V AR I1; . . . V AR In; C END{Q}

Two-Armed Conditional
` {P ∧ S} C1 {Q} ` {P ∧ ¬S} C2 {Q}
` {P} IF S THEN C1 ELSE C2 {Q}

One-Armed Conditional
` {P ∧ S} C {Q} ` (P ∧ ¬S)⇒ Q

` {P} IF S THEN C {Q}

While
` {P ∧ S} C {P}

` {P}WHILE S DO C {P ∧ ¬S}

Specification Conjunction
` {P1} C {Q1} ` {P2} C {Q2}
` {P1 ∧ P2} C {Q1 ∧Q2}

Specification Disjunction
` {P1} C {Q1} ` {P2} C {Q2}
` {P1 ∨ P2} C {Q1 ∨Q2}


