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A3. (i)
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Please use separate answer books for Sections A and B.

SECTION A

Answer Only 2 Questions

Explain the meaning of the terms tautology, contradiction, contingency and logical e-
quivalence.

For each of the following propositions, give its truth table and hence determine if it is a
tautology, contradiction or contingency:

(a) p—= (-p—q),

(b) pA(p— —q) Ag,

(¢c) L —p.

For each of the following propositions, find a disjunctive normal form:

(a) (pVa) < (pAT),

(b) =(=p = —q).

(a) What is a valuation?

(b) Show that the equality [¢ V ¥]y = [é]v + [¥]v — [¢]v - [¢]v holds for all valuations
.

Using the method of truth tables, show that the following logical equivalences hold:

(@) A (pVa)=(dADh)VI(PA0),

(b) ¢V (mpAY) =9V,

() ¢ = =-9¢Vi.

Use the method of resolution to determine if the following arguments are valid:

(@) {p—>¢,r—=-qpVatEr,

(b) porarespariEg—s.

For each of the following propositions, determine wheter it is in CNF, DNF, both or
neither:

(a) (pA—q)V(rA=s),

(b) (pAg)VrVs,

(c) pAg

Show the following using natural deduction:
(@) Flp=aA@—=r)—=(p—=7),

(b) Fp— (¢ —p),

() {-p,pVa}ttaq.

p.t.o.
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SECTION B

Answer Only 2 Questions

Consider a generic binary operator [ on some set S. Explain what is meant by saying
O is

(a) idempotent

(b) commutative

(c) associative

Prove that if all three properties hold then ad(b0a) = b0a Va,b € S
Using the laws of Propositional Calculus, prove the following:

(@) (avb)V(cvd)=aV((bVe)Vd)

(bya—=(b—¢c)=b— (a—c¢)

©p=2@=2r)=pP—=q9—=>@—r)

(d) (Ve A-p) = g=(p—=>71)Ap) =T

Give a reason for each step, and if you combine several steps into one, list all the laws
used.

On the set Z of all integers, consider the predicates pi(z,y) : z =y, pa(z) : = >
1, ps(z,y,2):c+y =z, where z,y,z € Z. State whether each of the following is true
or false:

(a) Vz : Z e po(x)

(b) Vz : ZeVy : Z e pi(z,y)

(c) 3z :Z o3y :Zeps(z,y,7)

(d) v ZoVy :ZeNz:Ze (pa(x) Api(z,y) Ap3(z,y,2)) = p2(z)
() Jz:ZeVy:Zeps(x,—2,y)

(f) v Z-Hy:ZOPﬁ&wﬂn

Let U be the Universe of people (z,y € U) on which we define the following Atomic
Predicates:

F(z,y) : z is a friend of y

M (z,y) : = is married to y

Y (z,y) : z is younger than y

Represent the following statements in Predicate Calculus:

(a) Everyone has a friend.

(b) Everyone has a younger friend who is not married.

(c) Bob is older than all the married people.

(d) Nobody who is married is a friend of everyone else.
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(1)

Consider the following argument:

“If it rains a lot in the Spring, the apple trees or the pear trees will grow well. If the
apple trees grow well and the pear trees don’t, there will be a large number of insects in
the Autumn. The pear trees don’t grow well. Therefore, if it rains a lot in the Spring,
there will be a large number of insects in the Autumn”

(a) Using Propositional Calculus, prove this is a valid argument, stating the laws you
use at each step of the proof.

(b) Write two alternative proofs, one using the Deduction Theorem, and the other using
Reductio ad Absurdum.

Prove that
(a) Modus Tollens
(b) Hypothetical Syllogism

are valid inference rules.



