MA140-Engineering Calculus

Lecture 12

September 29, 2017
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The second derivative

The derivative of the derivative is called the second derivative.
For a function y = f(x), we write the second derivative as

oo @) o )

The basic idea is that the optimal value of a differentiable function f(z)
(its maximum and minimum value) generally occurs when f/(x) =0
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Absolute maximum
No greater value of fanywhere.
Local maximum Also a local maximum.

No greater value of

nearby. o
/ Y Local minimum

No smaller value

[
| | of f nearby.
Absolute minimum } }
No smaller value of | | Local minimum |
[ anywhere. Also a | I I No smaller value of |
local minimum. } } } [ nearby. } }
! ! ! ! ! X
a c e d b
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Definition 1.1

An interior point of the domain of a function f where f’ is zero or
undefined is a critical point of f.

Note: One needs to check if points where the derivative does not exist is a
maximum or minimum. For example f(z) = /3 has a local minimum at
x = 0 although f(0) does not exist
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Note: Some values of x satisfying f/(x) = 0 are not maximum or
minimum.
for example 2 = 0 is a critical point of f(z) = 2, because

fllx)=32>=0=>2=0

But x = 0 is neither a maximum or minimum.
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The First Derivative Test

We will show how to test the critical points of a function for the presence
of local maximums and minimums.

Definition 1.2

Let f be a function defined on an interval I and let 21 and x5 be any two
points in I.

o If f(z1) < f(z2) whenever z; < x3, then f is said to be increasing
on [

o If f(z1) > f(x2) whenever x; < x9, then f is said to be decreasing
on I.

The function f(z) = x? decreases on (—o0,0] and increases on [0, 00)
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Theorem 1.4

Suppose that f is differentiable on (a,b)
e If f'(x) > 0 at each point x € (a,b), then f is increasing
e If f'(x) <0 at each point x € (a,b), then f is decreasing

Y
2
=x
s y
. 3r .
Function Function
decreasing increasing
2 —
y'<0 y'>0
1 —
I I I I X
-2 -1 oy 1 2
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Find the critical points of f(z) = 2° — 12z — 5 and identify the intervals
on which f is increasing and decreasing

The function f is everywhere continuous and differentiable. The first
derivative

flx) =32 —12=3(2® —4) = 3(z + 2)(z — 2)

is zero at x = —2 and x = 2. These critical points subdivided the domain
of f into intervals (—oo, —2),(—2,2) and (2,00) on which f’ is either
positive or negative. We determine the sign of f’ by evaluating f at a
convenient point in each subinterval.
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Note: At the points where f has a minimum value, f’ < 0 immediately to
the left and f/ > 0 immediately to the right. Thus the function is
decreasing on the left of the minimum value and it is increasing on its
right. Similarly, at the points where f has a maximum value, f' >0
immediately to the left and f’ < 0 immediately to the right. Thus the
function is increasing on the left of the maximum value and decreasing on
its right.

Theorem 1.6

First Derivative test for local maximums and minimums: Suppose that c is
a critical point of f,

e if f' changes from negative to positive at ¢, then f has a local
minimum.

e if f’ changes from positive to negative at c, then f has a local
maximum.
e if f' does not change sign at ¢ (that is, f’ is positive on both sides of

c or negative on both sides), then f has no maximum or minimum at
C.

v
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Find the critical points of

f@) =23z - 4)

Identify the local maximums and minimums.

We can write f(z) = 2V/3(x — 4) = 24/3 — 421/3.
The first derivative

f,(l') — i(x4/3_4$1/3) — %ml/S_ éx—2/3 — gl‘_2/3(l‘—1) —

dzx 3 3

Az 1)
3x2/3

is zero at x = 1 and undefined at = 0. So these are the critical points.
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f'(x) - - +
y
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y= B — 4)

2 —

(1, -3)
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