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First Order Linear Differential Equations (The Integrating Factor Method):

Definition 1.1
A D.E. of the form

Y 4 Py = Q@)

is called a first order linear D.E., where P(z) and Q(z) are functions of
z.

We can find the general solution of this D.E. as follows:
1.) Find the integrating factor

ef P(z)dx

2.) Multiply the D.E. by the integrating factor (I.F.) to get:

of P@)de (ZZ +p(x)y> = efP(x)de(;g) (%)
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3.) Note that the L.H.S. of (x) equals:

d
4 P(x)dz
T (ye )

So (%) becomes:
d<yefP(x)da:) _ efP(m)de(x)dw

4.) Integrate both sides and solve for y.
This algorithm is called the integrating factor method.
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Example 1.2

Solve the first order linear differential equation

dy

using the integrating factor method.

1)

IF — ef P(z)dx _ ef —3dr _ 3

(note that we do not include the arbitrary constant C').
2.) Multiply the D.E. by the I.F. to get

673””(% —3y) = 0e3" (%)

3.) Recall that the L.H.S. of () equals
A
dx

(ye ")
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therefore
d

dz
4.) Integrate and solve for y:

(ye™3%) = 0 = d(ye %) = 0dx

/d(ye?"”) = /Odz Sy =04+C=y=Ce*
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Example 1.3

Solve the first order linear differential equation

__:x
dﬂvye

using the integrating factor method.

1)

IF =l P@de _ [ ~lde _ —x

(note that we do not include the arbitrary constant C').
2.) Multiply the D.E. by the I.F. to get

dy

(L= ()
3.) Recall that the L.H.S. of () equals

d —T

%(ye )

Lecture 35 Page 6



MA140

therefore

d
R T\ — 1 Ty — 1
T (ye™) = d(ye™™) dx

4.) Integrate and solve for y:

/d(yew):/ldxjyez:x—i-C:y::ce””—l—c
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Example 1.4

Solve the first order linear differential equation

d
ﬁ—i—%‘y:x

using the integrating factor method.

O Note that P(x) = 2z while Q(x) = z.
2]

I F = f P@de _ [22dz _ o*

(note that we do not include the arbitrary constant C').
© Multiply the D.E. by the I.F. to get

d d
exZ(di; + 2zy) = eV = . (yex2)
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— ye* :/exgxdm:er/Z—i—C
_€x2/2+0_e””2+0

= Y e T T 9er?

Solve the first order linear differential equation

d 2 sin x
dy 2 _

de =z 2

P(z) = 2/z; Q(x) = (sinz)/x?, so we have

/P(x)da: = / <i> dx = 2/ <;> dx = 2log x = log(z?)
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. 2
Integrating Factor = e/ P(®)dr — clog(@®) — ;.2

s x2 d_y_|_2_y :1;2 w
dr =z 2

d N .
== %(yx)—smx

= y:c2:/sinxdx:—cosx+0

—cosz +C

:y: x2
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Last year exam Solutions:
Question 1.(a).i:

Lo e=1 L (- D(E+D)
a1 (o —1)(x +2) = (Vr—1)(z +2)
Vz+1l 2
_:t—>1 r+2 3
Question 1.(a).i
we apply L'Hépital’'s Rule:
6sinf H . 6 cos @ 6 _

lim ——~ it
91—I>I%)H+2tan0 01—r>I(1)1+286C29 3
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Question 2.(a).i:
The derivative of the function f(x) with respect to the variable x is the
function f’ or % whose value at z is

f'(z) = lim fla+h) - f(z)

h—0 h

Question 2.(a).7i:

— 2 N 2
f/(:n)zlimf(w+h) f(l‘):hm (x+h)*"+(x+h)—(z°+2x)
h—0 h h—0 h
224 R2+2%h4ar+h—22—2 . h2+42h+h
= lim = lim —
h—0 h P h

=limh+2x+1)=2c+1
h—0
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Question 2.(b).i:

flz)= 5% gin g
= f'(z) = (ecost sinz)’ = (ecosxz)’sina: +ecos (sinz) (%)

To differentiate e“**” we use the chain rule:
Let y = ecosz? _ e, where u = cos x2, then by chain rule we have:
dy dy du
/ u 2\/
y dx du dz ( )

2

To differentiate cos x* we use the chain rule again:
2

u = cosx? = cosv, where v = 22, then by chain rule we have:

du du dv
p_ 0w du dv (w2
U= = o = (—sinv)(2z) = (—sinz*)(2z)
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So
(ecost)/ — y/ =e%. (—sinx2)(2$€) = (ecosm2) : (_ sin 562)(2113)

Therefore

(x) = fl(x) = (e°°S$2) - (—sinz?)(2z) sinx + 03 (cos )
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Question 2.(b).iii:

y = (cosx)®

= Iny =In(cosz)® = Iny = xlncosx

! cosz)
:>(1ny)':(xlncosx)':gzl-lncosm—l—x-( )
Y Cos T
! T sinx
= ¥y _ Incosx —
Yy CoS T
rsinz rsinx
:>y’:y[lncos:n— ] :(cosa:)‘”[lncosx— ]
Cos T Cos T
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