Partial Differentiation Il

Last time we saw

@ Functions and derivatives in 1D & 2D
@ Definitions of derivatives

@ Examples
Today we will discuss

Notation
Partial differentiation

Mixed derivatives

Taylor expansion
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Partial derivatives

Notation:

Example 5: Let f(z,y) = 2%y> then
fo(z,y) = 22y° and fy(x,y) = 327"
At the point (z,y) = (1,2) we have

of of

f(1,2) =8, Z2(1,2) =16, 8—y(1,2):12.

ox
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Partial derivatives

Notation:
L) = funlo,y) = & (Be) = T y)
@) = Funl@y) = 5 (S = $hy)
4(@y) = fay(@,y) = 5 (3@.0)) = ik (a0)
1o (@,y) = Fiale) = & (B @w) = Sk (@)

Example 5 continued: The second derivatives of f(x,y) = 22y are

fm(l’,y) = 2y37 fyy(xﬁy) = 6$2y, fl‘y(‘ray) = 6373/27 fyw('r7y) = 6.’1fy2

0
Notice that Bxgy = 8y8fa: or fyz = fuy.
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Three variables

Example 6: Let f(z,y,2) = 2%yz — xy2z?, then

% = 2wyz — Y22, a—f=:1: z —x22, %zﬁy—%cyz,
9?2 0 0

a_szc = 2yz, a—yjzc =0, 3—5 = —2xy,

?f _ 8f _ 2

oydx — Oxdy 2z — 2%,

Pf _ Pf _

0z0x oxdz 2333/ B 2yz,

0?2 02 f 2

Pf _ 0f _ F 9y 9,
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Partial derivatives

Theorem 1: If f = f(x,y) is a sufficiently smooth function then
o*f  O*f
0xdy  Oyoz’

Proof: From the definition we have

9f 73(g)7 o Spe+Any) - F@y)

dzdy oz \dy/) Az-0 Az
= lim — ( lim — lim
Az—0 Ax \Ay—0 Ay Ay—0 Ay
— lim qim L@ T ATY+Ay) — f@+ Azyy) — f(z,y + Ay) + f(z,y)
Axz—0 Ay—0 AzAy
- im  lim J@tATy+AY) -~ flztAzy) — flzy+ Ay) + f(z,y)
Ay—0Azxz—0 AxAy
— tim L g fET ATy AY) -~ fzy+Ay) L flet Azy) — flzy)
= m — 1m - m
Ay—0 Ay \Az—0 Ax Az—0 Az
_ oy or@ytAy ey o (g) _ &
T Ay—o0 Ay T oy \oz)  Oyox’
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Partial derivatives

Another way to show that the mixed second derivatives are equal is to
have a geometrical view point. We have that

flxo+ Az, y0) = f(xo,y0) + %(xo,yo)ﬁx, (1)
F(@o+ Az, o + Ay) ~ f(zo + Az, o) + %(xo + Az, o)Ay, B

From (1) and (2) we get
%(wo + Az, yo) & %(wo,yo) + a% (%(fvovyo)) Az

F(wo + Az,yo + Ay) & f(o + Az, yo) + (%;”@o,yo) 4 6% (g(lmyo)) Ax) Ay

oz
9% f
oyox

) d
~ f(zo,y0) + a*f(xo,yo)ﬁm + l(w07 yo)Ay + (w0, y0)AzAy
1 Jy
The derivatives have been done in the following order:

(w0,%0) — (w0 + Az, yo) — (w0 + Az, y0 + Ay)
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Partial differentiation

In the same way we have

(w0,%0) — (w0, 50 + Ay) — (20 + A, yo + Ay)

which gives

0 0 9?2
flzo+ Az, yo+Ay) = f(xo,y0)+l(x0,yO)A$+l($0,y0)Ay+ )

(w0, yo)AyAx

ox Oy 0xdy
and so

0% f B 0% f

oxdy  Oyox
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Taylor expansions
Taylor's theorem in one dimension about = = xq:

_ / f"(z0) 2 FO D (o) ne1
f(@) = f(zo)+f (zo)(x—m0)+ o (z—wo) +~~~+W($—$O) +Rn (z—0)

Taylor expansion in two dimensions:

First we have

2

0 10
f(xo + Az, yo) =~ f(zo0,y0) + a—i(xo,yo)Ax + 587{(5507 yo)Az?,
of 10%f 2
flo+ Az, yo+Ay) = f(aco—l—ALyo)—i—8—y(azo+Am,yo)Ay+ga—yQ(xo—i—Ax,yo)Ay ,
of

of ~ 9f 9 (of
3y (o + Az, yo) = ay (zo,90) + p (ay (mo,yo)) Az,

which gives

0 0
oo+ Ao+ Ag) % fav.90) + 5 (@0, 10) Az + G (20,0) Ay

1 (62 ?
+ 5 (3 ];(wo,yo)Aw +25- fy(ﬂco,yo)AxAzHr 9 f(mo,yo)AyQ)
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Taylor expansions

The Taylor expansion about (z,y) = (x0,yo) can now be written as

F@9) =) + 5 zo,w0)Ae+ 5 0,0)8y

1 (f o*f o’ f 2
+ 5 (8 2 (.To,’y())AZU +28 y(xo,yO)AxAy—l— 87?42(1'07y0)Ay )

+...+m(...)+Rn(l‘07y0)

n—1 j
1 0 oY\’
:Zf <A$%+Ay%) f(zo,90) + Ru(20,y0),

where Az =z — 29 and Ay = y — wo.
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