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Preface to Our Book, 2009

Over the last several decades algebra has become increasingly
important in combinatorial design theory....It seems that new
algebraic ideas will be needed to make (fundamental) progress....

Herb Ryser, Preface to Combinatorial Theory, February, 1963

Combinatorial mathematics is best studied within the framework of
modern algebra.
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Our Book, 2009

This is a book of ideas. It is our view that design theory is still in
its infancy... at this stage ideas are worth more than a
compendium of our present state of knowledge (which in any case
we expect to continue to grow rapidly).

Herb Ryser, Preface to Combinatorial Theory, February, 1963

Combinatorial mathematics is tremendously alive at this moment,
and we believe that its greatest truths are still to be revealed.

2D



Designs & Algebra

L Basic Ideas

2D



Designs & Algebra

L Basic Ideas

Basic ldea

A design is a v X b array where

2D



Designs & Algebra

L Basic Ideas

Basic ldea

A design is a v X b array where

elements drawn from a finite set

2D



Designs & Algebra

L Basic Ideas

Basic ldea

A design is a v X b array where
elements drawn from a finite set

rows pairwise satisfy combinatorial constraints

2D



Designs & Algebra

L Basic Ideas

Basic ldea

A design is a v X b array where
elements drawn from a finite set

rows pairwise satisfy combinatorial constraints

Important Observation

2D



Designs & Algebra

L Basic Ideas

Basic ldea
A design is a v X b array where
elements drawn from a finite set

rows pairwise satisfy combinatorial constraints

Important Observation

A design is a purely combinatorial concept.
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Q. How do we define them?

A. Define the set of pairs of rows that are allowed to appear
together in an array.
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Bits and Pieces

o b an integer
o A is a finite set not containing 0
o Ais aset of 2 x b (0,.A)-arrays

o A invariant under row and column swaps

Terminology

o A is called the alphabet
o A is the orthogonality set
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Two rows a and b are A-orthogonal if

[g]eA

A PCD(v,A) is a v x b array whose rows are pairwise
A-orthogonal.
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Ais set Apo(n,g) of 2 x n (0,1)-arrays where the entries in at
least d columns disagree.

Proposition

An error-correcting code with minimum distance at least d and
block-length n is a PCD(Apgn,a))-
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A is set Ag;prn) of 2 x b (0,1)-arrays where

@ each row contains exactly r 1's,
@ there are exactly A columns containing two 1's.
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Ais {1}
A is set Ag;prn) of 2 x b (0,1)-arrays where

@ each row contains exactly r 1's,
@ there are exactly A columns containing two 1's.

Proposition

An (r,\)-design is a PCD(Agip(r5))-
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Ais {1,-1}
Ais set Ay(y) of 2 x n (1, —1)-arrays where the rows disagree
in exactly n/2 columns.
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Ais {1,-1}
Ais set Ay(y) of 2 x n (1, —1)-arrays where the rows disagree
in exactly n/2 columns.

Proposition
A Hadamard matrix is a PCD(Ayy)).
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o How many mutually A-orthogonal rows can we get?
o How many PCD(v, A) are there?

o Do the columns of a PCD(v, A) inherit properties?
o Are there circulant PCD(A)?
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Lchme Questions

Umax(A) =Maximum number of pariwise mutually A-orthogonal
rows

© Vmax(Ars(n)) = 1.

o () = n forn=0 mod 4
maxii(n)) =3 > 3 otherwise.

9 Umax (ABC(n,d) ) =77
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(Craigen and Kharaghani) For every odd number g, there is a
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Proof

(Craigen and Kharaghani) For every odd number g, there is a
Hadamard matrix of order 2¢1°629¢, where c is small enough.

(Paley) There is a Hadamard matrix of order ¢ + 1 for every
prime power ¢ = 3 mod 4.
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Theorem (de Launey and Gordon)

For all sufficiently large n, vmax(Au(y) = 31+ O(nt13/132e(),

(Craigen and Kharaghani) For every odd number g, there is a
Hadamard matrix of order 2¢1°629¢, where c is small enough.
(Paley) There is a Hadamard matrix of order ¢ + 1 for every

prime power ¢ = 3 mod 4.

(Graham and Shparlinski) Fairly short arithmentic sequences

modulo 2% always contain a prime power.

So we can paste two Hadamard matrices of orders close to

n/2 together. ) A
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Lchme Questions

A is the incidence matrix of an SBIBD(v, k, \) iff AT is.
H is a Hadamard matrix iff H ' is.

if H= [h;j] is a generalized Hadamard matrix, then so is
H* = [hj] .

if A'is (1, —1)-matrix with all inner products equal to +1,
then sois A'.
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Surprising Fact

During the 1990's it became clear that many of the familiar
constructions for Hadamard matrices endowed the expanded design
with a regular group action.

Conjecture (de Launey, Horadam)

There is a cocyclic Hadamard matrix for all orders divisible by 4.

Conjecture (lto)

There is a relative difference set in the generalized quaternion
group Qg; of order 8t for every t. X

1DA
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Lchme Questions

There is a cocyclic Hadamard matrix for all orders 2tg for
t>c+alogyg.

(with Michael Smith) a = 8.
(with Hadi Kharaghani) ¢ = 10, a = 4/5.

for any € > 0, we may take a = ¢ for a positive density of g's.
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Lchme Questions

Ingredients

pairs of amicable cocyclic orthogonal designs OD(n; 1%, 1Y),

cocyclic plug-in matrices with correct
amicability/anti-amicability properties,

a way of combining these.

There are enough complex complementary sequences with zero
autocorrelation so that the WDL-Kharaghani construction gives a
as small as you like.
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L Enter Algebra

Key ldea
Turn the arrays into matrices.

Ambient Rings
Embed A into a ring R where the arithmetic in R is compatible
with A-orthogonality.
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Modeling A-Equivalence

R contains a row group R, a column C' such that two PCD(A)
designs A and B are A-equivalent if and only if there exist
P € Mon(v, R) and Q € Mon(v, C) such that

A=P*BQ.

Gram Property
Ais a PCD(A) if and only if AA* € Gramg (A).

2D



Designs & Algebra
L Enter Algebra

Involutory Rings
There is a bijection * on R such that for all r,s € R,

2D



Designs & Algebra
L Enter Algebra

Involutory Rings
There is a bijection * on R such that for all r,s € R,
o () =r.

2D



Designs & Algebra
L Enter Algebra

Involutory Rings
There is a bijection * on R such that for all r,s € R,
o () =r.

Q (rs)" = s*rx,

2D



Designs & Algebra
L Enter Algebra

Involutory Rings

There is a bijection * on R such that for all r,s € R,
Q (r)r=r,
Q (rs)" = s*rx,

Q (r+s)=r*+s"
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L Enter Algebra

A has the Gram Property over the involutory ring R if any v X v
(0, A)-array A is a PCD(A) if and only if for some finite set B,

AA* =B for some B € B.

terminology
O R is said to have the Gram Property for A,
Q The set B is denoted Gramp (A).
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L Enter Algebra

The Groups II'*™ and Hf{’l

O IV is set of permutations p on A such that A is invariant
under the operation where each entry x € A in a row is
replaced by p(z).

Q TI is set of permutations p on A such that A is invariant
under the operation where each entry z € A in a column is
replaced by p(z).
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O for some p € IT}PV, replacing each entry x € A in a row with
p().
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L Enter Algebra

(row operations)

O swaping two rows,
O for some p € IT}PV, replacing each entry x € A in a row with
p().

Definition

(columnn operations)
O swaping two rows,

Q for some p € II'’", replacing each entry z € A in a column
with p(z).

S
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L Enter Algebra

Definition

Two PCD(A) designs are equivalent if there is a sequence of row
and column operations which turns one into the other.
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designs A and B are A-equivalent if and only if there exist

P € Mon(v, R) and Q € Mon(v, C) such that

A=P*BQ.
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Modeling A-Equivalence

R contains a row group R, a column C' such that two PCD(A)
designs A and B are A-equivalent if and only if there exist
P € Mon(v, R) and Q € Mon(v, C) such that

A=P*BQ.

Note
R and C' are embeddings of II}*" and H?{ﬂ in R.
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L Enter Algebra

Every orthogonality set A has an ambient ring which models
A-equivalence and has the Gram Property for A.

Problem
Study these rings.

o
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L Enter Algebra

O Study and compute Automorphism Groups of Designs,
Q Solve the matrix equation AA* = B over the ambient ring R,

O Solve the group ring equation aa™ = b over the group ring
R[G].
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Designs & Algebra

L Words of Encouragement

O Work on the hard problems,

O Do some whimsical math,

@ Share your ideas,

@ Understand your colleagues strengths,

@ Try to find someone, who knows something that you don't
know, who is willing to work with you on your problems.

2D



Designs & Algebra

L Words of Encouragement

C0O0OO00O0O00O0

K.T. Arasu (character theory),

David Cargo (recursions),

Dane Flannery (computational algebra),

Dan Gordon (number theory),

Kathy Horadam (cohomology),

David Levin (probability theory),

Martin Liebeck (representation theory),

Michael Smith (extraspecial p-groups, quadratic forms),
Dick Stafford (finite group theory).
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K.T. Arasu (character theory),

David Cargo (recursions),

Dane Flannery (computational algebra),

Dan Gordon (number theory),

Kathy Horadam (cohomology),

David Levin (probability theory),

Martin Liebeck (representation theory),

Michael Smith (extraspecial p-groups, quadratic forms),
Dick Stafford (finite group theory).

C0O0OO00O0O00O0

b

Special thanks to my advisor: Jennifer Seberry (design theory).

o
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