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Theorem (de Launey and Gordon)

For all sufficiently large n, vmax(ΛH(n)) ≥ 1
2n+O(n113/132+o(1)).

Proof

� (Craigen and Kharaghani) For every odd number g, there is a
Hadamard matrix of order 2c log2 gg, where c is small enough.

� (Paley) There is a Hadamard matrix of order q + 1 for every
prime power q ≡ 3 mod 4.

� (Graham and Shparlinski) Fairly short arithmentic sequences
modulo 2a always contain a prime power.

� So we can paste two Hadamard matrices of orders close to
n/2 together.
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� H is a Hadamard matrix iff H> is.

� if H = [hij ] is a generalized Hadamard matrix, then so is
H∗ = [h∗ij ] .

� if A is (1,−1)-matrix with all inner products equal to ±1,
then so is A>.
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Surprising Fact

During the 1990’s it became clear that many of the familiar
constructions for Hadamard matrices endowed the expanded design
with a regular group action.

Conjecture (de Launey, Horadam)

There is a cocyclic Hadamard matrix for all orders divisible by 4.

Conjecture (Ito)

There is a relative difference set in the generalized quaternion
group Q8t of order 8t for every t.
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There is a cocyclic Hadamard matrix for all orders 2tg for
t ≥ c+ a log2 g.

� (with Michael Smith) a = 8.

� (with Hadi Kharaghani) c = 10, a = 4/5.

� for any ε > 0, we may take a = ε for a positive density of g’s.
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� a way of combining these.

Conjecture

There are enough complex complementary sequences with zero
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Enter Algebra

Where We Are Heading

Modeling Λ-Equivalence

R contains a row group R, a column C such that two PCD(Λ)
designs A and B are Λ-equivalent if and only if there exist
P ∈ Mon(v,R) and Q ∈ Mon(v, C) such that

A = P ∗BQ .

Gram Property

A is a PCD(Λ) if and only if AA∗ ∈ GramR(Λ).
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There is a bijection ∗ on R such that for all r, s ∈ R,

1 (r∗)∗ = r,

2 (rs)∗ = s∗r∗,
3 (r + s)∗ = r∗ + s∗.
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The Gram Property II: Definition

Definition

Λ has the Gram Property over the involutory ring R if any v × v
(0,A)-array A is a PCD(Λ) if and only if for some finite set B,

AA∗ = B for some B ∈ B.

terminology

1 R is said to have the Gram Property for Λ,

2 The set B is denoted GramR(Λ).
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The Groups Πrow
Λ and Πcol

Λ

1 Πrow
Λ is set of permutations ρ on A such that Λ is invariant

under the operation where each entry x ∈ A in a row is
replaced by ρ(x).

2 Πcol
Λ is set of permutations ρ on A such that Λ is invariant

under the operation where each entry x ∈ A in a column is
replaced by ρ(x).
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Λ , replacing each entry x ∈ A in a column

with ρ(x).
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Two PCD(Λ) designs are equivalent if there is a sequence of row
and column operations which turns one into the other.
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3 Solve the group ring equation αα∗ = b over the group ring
R[G].
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Words of Encouragement

How to Proceed

1 Work on the hard problems,

2 Do some whimsical math,

3 Share your ideas,

4 Understand your colleagues strengths,

5 Try to find someone, who knows something that you don’t
know, who is willing to work with you on your problems.
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Words of Encouragement

My teachers (open literature):

1 K.T. Arasu (character theory),

2 David Cargo (recursions),

3 Dane Flannery (computational algebra),

4 Dan Gordon (number theory),

5 Kathy Horadam (cohomology),

6 David Levin (probability theory),

7 Martin Liebeck (representation theory),

8 Michael Smith (extraspecial p-groups, quadratic forms),

9 Dick Stafford (finite group theory).

Special thanks to my advisor: Jennifer Seberry (design theory).
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