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Generalized polygons

Definition

A generalized n-gon of order (s, t) is a point-line geometry (P,L)
satisfying the following properties:

1 diameter of the incidence graph Γ is n;

2 girth (minimal cycle length) of Γ is 2n; and

3 every line is incident with s+ 1 points and every point is incident
with t+ 1 lines.

A generalized polygon is thick if s, t ≥ 2. By the Feit-Higman
Theorem, a finite thick generalized n-gon can only exist for
n = 2, 3, 4, 6 and 8.
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Minimal examples

The smallest generalized digon has order (2, 2). It has 3 points
and 3 lines, and its graph Γ is the full bipartite graph K3,3.

The smallest generalized triangle has order (2, 2) and it is the
Fano plane, the unique projective plane of order two. Γ has 7
points and 7 lines. Its automorphism group is L3(2).
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Minimal examples

The unique smallest generalized quadrangle has order (2, 2) and
it comes from the group Sp(4, 2) (isomorphic to Sym(6)). It has
15 points and 15 lines.

The smallest generalized hexagon is of order (2, 2), yielding 63
points and 63 lines. There is an example coming from the group
G2(2). The uniqueness (up to duality) is due to Tits (1959) and
Cohen and Tits (1985).
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Minimal examples

Additional restrictions stemming from the Feit-Higman Theorem
do not allow generalized octagons of order (2, 2) and (2, 3). So
the smallest possible order is (2, 4). Such an octagon must have
1755 points and 2925 lines. The unique known example comes
from the Tits’ group 2F4(2).

The uniqueness of the generalized octagon of order (2, 4) is an open
question.
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The problem

In the winter of 1991 Cohen visited Moscow, where he suggested that
we work on the uniqueness of the Tits’ generalized octagon.

He proposed the following additional assumption:

Hypothesis

Suppose O = (P,L) is a generalized octagon of order (2, 4) such that,
for a pont a ∈ P , the automorphism group AutO contains a subgroup
Q such that

Q fixes a point a and stabilizes each line on a; and

Q acts transitively on the set of points far away from a.

Can we determine all such octagons O?
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Far away

“Far away” refers to two objects of O being as far from each other in
the incidence graph Γ as possible, that is, at distance 8.

Since 8 is even, far away objects are of the same type, two points or
two lines.
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Some properties

Lemma
For a point x and line L, there is always a unique point on L closest
to x.

Proof.
Otherwise, there is a cycle of length less than 16.

Corollary

Any two points, x and y, that are far away from each other are
connected by exactly 5 = t+ 1 shortest paths in Γ, one through each
line on x and, symmetrically, through each line on y.

This establishes a matching between the lines on x and on y.
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Dually, there is a similar statement for far away lines.

Corollary

For any two lines, L and R, for away from each other there is a
matching between the points on L and on R, defined by the shortest
paths between L and R.
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Far away points

Let X be the set of points far away from a.

By an easy counting,
|X| = 1024.

Since Q is assumed transitive on X, we have |Q| ≥ 1024.

Our first step is the following.

Lemma

Q acts on X regularly, in particular, |Q| = 1024 = 210.
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The colour graph

Let ∆ be the subgraph of the collinearity graph of O induced on X.

If x ∈ X then every line on x has two out of its three points far away
from a. Hence the five lines on x produce the five edges of ∆ on x.

The edges of ∆ are coloured!

Since since there is a natural matching between the lines on a and on
x, if we assign colours 1 through 5 to the lines on a then every edge of
∆ on x gets a unique colour.

In this way, every edge in ∆ get one of the five colours, and every
vertex of ∆ lies on exactly one edge of each colour.
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Regularity

The key is that Q stabilizes each line on a and so it acts on ∆ without
mixing the colours!

Starting from a point x ∈ X, we note that the stabilizer Qx must fix
all neighbours of x in ∆, all neighbours of neighbours, and so on.
Hence Qx fixes the entire connected component of x in ∆.

Unfortunately, we do not know that ∆ is connected. Even worse, it is
disconnected in the known example.
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Regularity

Not a problem!

Proof.
We define the graph on ordered pairs of points of O that are far away
from each other. Two pairs (u, v) and (u′, v′) are adjacent if u = u′

and v and v′ are adjacent, or v = v′ and u and u′ are adjacent.

This graph is connected. If an element of Q fixes a vertex then it also
fixes all its neighbours. Hence each vertex stabilizer is trivial, and we
get our result for the vertex (a, x).

Thus, Q is a 2-group of order 210 and it is regular on X.
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Five involutions

Let us fix a point x ∈ X as a reference point. Then for every y ∈ X
there is exactly one α ∈ Q taking x to y.

Let y1, . . . , y5 be the five neighbours of x in ∆ and let αi be the
element of Q taking x to yi.

We next notice the following.

Lemma
Every αi is an involution. Furthermore, ∆ is the Cayley graph of Q
for the set {α1, . . . , α5}.

Coupled with the fact that the girth of ∆ is at least 8, this is a
powerful handle: there cannot be too many of such graphs!

Unfortunately, there are nearly 50 billion (49,487,365,422) groups of
order 210. And every such group has zillions of five involution sets.
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for the set {α1, . . . , α5}.

Coupled with the fact that the girth of ∆ is at least 8, this is a
powerful handle: there cannot be too many of such graphs!
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Connected?

Let Q0 = 〈α1, . . . , α5〉.

The connected components of ∆ are the orbits of Q0 on X.

How many components can we have? Equivalently, how big (or small)
can Q0 be?

Since the girth is at least 8, every component contains at least
1 + 5 + 5 · 4 + 5 · 4 · 4 + 5·4·4·4

5 = 1 + 5 + 20 + 80 + 64 = 170 > 128
vertices. Therefore, |Q0| is at least 256 = 28. That is, ∆ has one, two,
or four connected components. The known example has two
connected components.

For information, there are 56, 092 groups of order 28 and 10, 494, 213
groups of order 29. The complete list is available in and MAGMA and
GAP, due to O’Brien.
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Colour quotient

The group Q (and hence also Q0) acts on the 10 points collinear with
a, having five orbits (colours!) of length two. How big is this action?

Lemma
The points x and yi have the same closest point on the line i and
different closest points on the remaining four line through a. In
particular, αi fixes the two points on the line i and switches the two
points on each of the remaining four lines.

Corollary

Q0 induces on the ten points an elementary abelian group of order 24.
Namely, the element α1 · . . . · α5 is in the kernel of the action.
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List of 3-generated groups

It follows that, while four of the five involutions αi can generate the
entire Q0, any three of these involutions must generate a proper
subgroup.

Based on this observation and using the condition that the girth of
the Cayley graph should be at least eight, it was possible to compile a
short complete list of groups that can be generated by three of the
five involutions αi.
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Case |Q0| = 29

This constitutes a strong condition on the group Q0, and Cohen
convinced O’Brien to run the check on all groups of order 29 (and 28).

The check takes on average about 5 minutes per group. So the entire
run took in excess of 1.5 years (human time) on ∼ 10 processors.

A few hundred groups survived the check, so these required additional
criteria to dispose of them.
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Case |Q0| = 29

The additional condition came from the following observation.

Lemma
For each 1 ≤ i ≤ 5, there exists a set of four edges
{e1 = xyi, e2, e3, e4} of ∆, all of the same colour i, such that the
pairwise distance between them is at least 6.

This is an extremely strong condition going half way towards
recovering O from ∆, and in fact it kills all the wrong groups. That
is, only the group coming from the example, the Tits’ octagon,
survives this check.
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Root subgroups

This approach is impractical in the case Q = Q0. So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Root subgroups
This approach is impractical in the case Q = Q0.

So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Root subgroups
This approach is impractical in the case Q = Q0. So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Root subgroups
This approach is impractical in the case Q = Q0. So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Root subgroups
This approach is impractical in the case Q = Q0. So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Root subgroups
This approach is impractical in the case Q = Q0. So a different idea
comes into play.

Consider the cycle of length 16 (an apartment) in Γ through a and x,
that passes through lines (colours) 1 and 2. Let this be the cycle

ab1b2b3b4b5b6b7xc7c6c5c4c3c2c1a,

so b1 and c1 are the colour lines 1 and 2.

Let Aj , 1 ≤ j ≤ 7, be the joint stabilizer in Q of cj and b8−j .

Lemma
The order of Aj is two if cj and b8−j are lines, and it is four if cj and
b8−j are points.

Proof.

There are two (respectively, four) apartments completing the half
apartment from cj to b8−j via a, if cj is a line (respectively, point).



Factorization

Thus, A1, A3, A5, and A7 have order two, while A2, A4, and A6 have
order four.

Lemma

We have Q = A1A2A3A4A5A6A7. Furthermore, every (continuous)
subproduct in this product is a subgroup. The order of the subproduct
is the product of the orders of the factors.

Proof.
The subproduct from Ai to Aj , i ≤ j, is simply the joint stabilizer Qij
in Q of ci and b8−j . (In particular, Q = Q17 and Qjj = Aj .)

The proof proceeds by “induction” on length, using the equalities
Qi−1,j = Ai−1Qij and Qi,j+1 = QijAj+1.
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Factorization

The existence of a factorization as above is a very strong condition.
In particular, very few (in the relative sense, compared to the total of
50 billion) groups of order 210 have it.

Unfortunately, there is a great many different factorizations (of the
same groups). By crude estimates, the bound is 1040 or so. Based on
later calculations, the real number must be somewhere between tens
of billions and low trillions.

The real issue is that it is difficult to formulate a strong cutoff
condition that does not involve the entire factorization, from A1 to
A7.
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done in GAP using the 16-core machine babbage2 in Birmingham.
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Case |Q0| = 210

Let R = A2A3A4A5A6. Note that R is of index two in both
subproducts A1R and RA7. Hence R is normal in Q.

In particular, the involutions from A1 and A7, which “accidentally”
are α1 and α2, can be viewed as automorphisms of R.

The automorphism α1 normalizes the series
A2 < A2A3 < A2A3A4 < A2A3A4A5, so it lies in the normalizer N1 of
this series in AutR. Similarly, α2 lies in the normalizer N2 of the
series A3A4A5A6 > A4A5A6 > A5A6 > A6.

So the choices are somewhat limited, although N1 and N2 can still be
very big. However, the best would be not to choose α1 and α2 at all.
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Case |Q0| = 210

It can be shown that αi, 3 ≤ i ≤ 5, must be of the form α1riα2, where
ri is an element of R of order four or higher.

Consider D = [R,R][R,N1][R,N2]. This is a normal subgroup of R,
since D contains the commutator subgroup of R.

Furthermore, R/D must be elementary abelian of rank at most three.
Indeed, it must be generated by the image of r3, r4, and r5, or else Q0

cannot be equal to Q!

This simple observation kills close to 90% of all factorizations.
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Case |Q0| = 210

For the “stubborn” cases we can try selecting α1 and α2, but not
q = [α1, α2] ∈ R and not r3, r4, and r4.

The conditions on α1 and α2 are as follows: α1 ∈ N1, α2 ∈ N2, [α1, α2]
(as computed in AutR) should be an inner automorphism of R.

We can select the pair α1, α2 up to conjugation by the automorphism
group of the factorization (the normalizer in AutR of the five factors
Ai). This group tends to be bigger in the bad cases.

Once α1 and α2 are selected, we can take D = [R,R][R,α1][R,α2].
Again, we must have that R/D is elementary abelian of rank at most
three, for the same reason.

This shaves another order of magnitude off the length of our list.
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Case |Q0| = 210

For the final hundred of thousands of the “doubly stubborn”
factorizations, we have to select α1, α2, q = [α1, α2] ∈ R, and r3, r4,
and r5.

We have a useful relation

q = rir
α1α2
i ,

which follows from the condition that αi = α1riα2 is of order two.

So once one of q, r3, r4, r5 is chosen, the possibilities for the other
three are more limited, especially outside of the case q 6= 1, the latter
only happening when the automorphisms α1 and α2 commute.

Once all selections are made, we have Q = Q0, together with the five
involutions αi. The condition that the girth of ∆ is at least eight
amounts to checking that none of about a hundred particular words in
α1, . . . , α5 of length seven or less results in the identity element.
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Conclusion

None of the factorizations survives these most rigorous checks. This
means that the following result holds.

Theorem
Up to isomorphism, there is only one generalized octagon of order
(2, 4), the Tits’ octagon, satisfying the Hypothesis.
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