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Incidence geometries

* Anincidence geometry (X, *, t, I) is a 4-tuple s.t.
— X is a set of elements;
— |l is a set of types;
— t:X->1:x->t(x)is the type function;
— *is anincidence relation, i.e. a reflexive, symmetric

relation on X x X, such that two distinct elements of
the same type cannot be incident;

The incidence graph is the graph (X,E) where {x,y} €E E
iff x*y.

Each maximal cligue in the incidence graph contains
an element of each type.

* #lis called the rank of the geometry.



Some definitions

A clique of the incidence graph is called a flag.

If a flag contains an element of each type, it is called a
chamber.

The number of elements of a flag F is the rank of F.

A geometry is firm (resp. thin) if every flag of corank 1
is contained in at least (resp. exactly) two chambers.

The residue of a flag F is the geometry whose
elements are all the elements incident to F but not in
F, with induced incidence relation and type function.

A geometry is residually connected if every residue of
rank at least two has a connected incidence graph.

A geometry is flag-transitive if its automorphism group
acts transitively on the chambers. ’



Coset geometries

Jacques Tits’ algorithm

Take a group Gand aset{G, | i=1,..., n}

of subgroups of G
X:= {Gg| G,<Gforalliin{l..n}, g € G}
| :={1, ..., n}
t:X->1:Gg->i

*: Two cosets are incident provided their intersection
IS non-empty.

(X, *, t, I2 is a geometry provided that every maximal
clique of the incidence graph is of cardinality n.



Coset geometries

Coset geometries from sporadic simple groups
— Ten smallest sporadic groups
— Some results for the O’Nan group
— Some results for Suz
— Suzuki simple groups
— PSL(2,9) groups in rank 2

First step : subgroup lattice computation



\ffichage Document Outils Fenétre Aide ®
1 /1 v '.f,' ‘.f) 100% ~ i lfjl E::] - Rechercher -

G Order of G | Factored order of GG Degree of G
Mi; 7920 [ 2737511 11
M 05040 | 26.3%.5. 11 12
) 175560 [ 2%.3.5.7.11-19 266
Moo 443520 | 27.32.5.7-11 22

Ja 604800 | 27 .3%.52.7 100 P
Mosg 10200060 | 27.32.5.7.11-.23 23
HS 44352000 [ 2737 .53 .7 11 100
Ja 50232060 | 27 .35.5.17. 19 6156
Moy 244823040 [ 210.3%3.5.7.11-23 24
MecL 808128000 | 27.36.5%.7. 11 275

He 4030387200 | 210 . 3% .57 .73 17 2058 .
Ru 145026144000 | 21 .33 .5%.7.13.29 4060
Suz 448345497600 | 213.37.57.7.11-13 1782
W O'N 460815505920 | 29.34.5.73.11.19.31 122760
Cos 495766656000 | 210 .37 .53 .7 .11 .23 276
Cop 42305421312000 | 218 .36 .53 .7.11.23 2300
Fioo 64561751654400 | 2T7.37 . 57.7 .11 .13 3510

HN 273030012000000 | 214 .36 .56.7.11.19 1140000 a
Ly 51765179004000000 | 2% .37.5% .7 .11 .31 -37 - 67 8835156
Th 00745943887872000 | 215.310.53 .72.13.19.31 143127000
Fioa 4089470473293004800 | 21 . 315 .52 . 7.11.13.17.23 31671
Cop 4157776806543360000 | 221 .39 .54.72.11.13.23 08280
Jg 86775571046077562880 | 221 .3% .5.7.11%.23.20.31 .37 .43 173067389
Fibg 1255205700190661721202800 | 221 .316.52.7%.11.13.17-.23 .29 920808
BM 4154781481226426191177580544000000 | 27 . 31356 . 7211 .13 .17 - 19 .23 . 31 - 47 13571955000
M 808017424704519875886450004061 71075 7005754368000000000 | 236320 .59 .76 112,133 .17.10.23.20.31 .41 -47-59 .71 | 97239461142000186000

Table 1: Sporadic groups, their orders and smallest permutation representation degree




G Factored order of G | Degree of GG Reference

My 21.32.5.11 | 11 Buekenhout, LNM 1181, 1984
Mi2 26.3%.5.11 |12 Buekenhout-Rees, Math. Comput., 1988
3 29.3.5.7-11-19 | 266 Buekenhout, LNM 1181, 1984
Maa 27.32.5.7.11 | 22 Pfeiffer, Exp. Math., 1997

Js 20.3%°.5%.7 | 100 Pahlings, 1987

Ma3 27.32.5.7-11-23 | 23 Pfeiffer, Exp. Math., 1097
HS 2Y.3%.5%.7.11 | 100

Ja 27.35.5.17-19 | 6156 Pfeiffer, 1991

Moy 210.3%.5.7.11.23 | 24 Pfeiffer, Exp. Math., 1997
McL 27.36.53.7.11 | 275 Pfeiffer, Exp. Math., 1997
He 21033 527917 | 2058 Merkwitz, 1997

Ru 214.33.5%.7.13.20 | 4060

Suz 209.37.52.7.11-13 | 1782

O'N 29.34.5.7%. 111931 | 122760 Holt, 1998 (subgroups only)
Cos 20.37.5%.7.11-23 | 276 Merkwitz, 1997

Coz 218.36.53.7.11.23 | 2300

Fizo 277.39.52.7.11-13 | 3510

HN 21 .36.56.7.11.19 | 1140000

Ly 25.37.5%.7.11-31-37-67 | 8835156

Th 215 . 310 .53 .72.13.19.31 | 143127000

Fins 215 .39 .5%.7.11.13-17-23 | 31671

Coy 221.39.54.72.11.13 .23 | 98280

Ja 2°1.3%.5.7.11°.23.29.31 - 37 -43 | 173067389

Fig 221.316.52. 78,11 .13.17- 23 .29 | 920808

BM 240315 5% 72011131719 23 - 31 - 47 | 13571955000

M | 246.320.59.76.112.13%.17.10.23.29-31 -41-47-59 - 71 | 97239461142000186000

Table 2: Sporadic groups and what is known about their subgroup lattice




Timings on a Pentium Xeon Dual Core at 3.2Ghz (4Mb of cache) with 16Gb of Ram

G Order(G) Deg(G) | cc(G) n(G) CPU Time
My, 7.920 11 39 R.651 0.1s
Mi2 95.040 12 147 214,871 0.41s

Jy 175,560 266 40 158,485 0.15s
Moo 443,520 22 156 941,627 0.47s

Js 604,800 100 146 1,104,344 0.63s
Mos 10,200,960 23 204 17,318,406 0.8s
HS 44,352,000 100 589 149,985,646 5.09s

Ja 50,232,960 6156 137 71,564,248 17.46s
Moa 244,823,040 24 1529 1,363.957,253 73.94s
McL 898,128,000 275 373 1,719.739.392 4.51s

He 4,030,387.,200 2058 1608 | 22.303,017.686 177.06s

Ru | 145926,144,000 4060 | 6035 | 963,226.363.401 | 20117.720s
Suz | 448,345,497.600 1782 | 6381 | 4,057.939.316,149 | 16130.870s
O'N | 460815505920 | 122760 | 581 | 1,169,254,703.685 7600s
Cosz | 495.,766.656,000 276 2483 | 2.547.911,497,738 67.92s
Finy | 64,561,751,654,400 | 3510 | 111004 7.3 days

Table 1: Computing times of subgroup lattices




Coset geometries

Link with locally 2-arc-transitive graphs

— Our geometries in rank 2 are locally 2-arc-
transitive bipartite graphs with the stabilizer of a
vertex of one bipart maximal in the group

- All locally 2-arc-transitive graphs for the 14
smallest sporadic simple groups are known
(Leemans, J. Alg 2009)

- Several locally 2-arc-transitive graphs for PSL(2,q)
and Sz(q).



Polytopes in dimension 3
Polyhedra

Platonic solids




The Kepler-Poinsot Polyhedra
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Abstract polytopes

An abstract n-polytope P is a partially ordered
set satisfying:

Al. It has a least face and a greatest face.

A2. Every flag has exactly n + 2 faces.

A3. It is strongly connected.

A4. Foreach /=0, ..., n-1, if Fand G are incident
faces of P, of ranks i-1 and i+1 respectively, there are
exactly two j-faces H of P such that F< H < G.
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Abstract regular polytopes

An abstract n-polytope P is regular if its
automorphism group G is transitive on the
flags of P.

If the automorphism group G has two orbits
on the flags such that any two adjacent flags
are in distinct orbits, the polytope is called
chiral or chirally regular.

16



Platonic solids and their
automorphism group

Sym(4) Sym(4) x 2 Alt(5) x 2



The automorphism group of the
cube (octahedron)




The automorphism group of the
cube as an abstract group

Take three involutions g, b, and ¢
Impose that (a*b)3 = (a*c)? = (b*c)% =1
The group <a,b,c> is of finite order.

It is of order 48.

It is isomorphic to the full automorphism group
of the cube.



Coxeter groups

A Coxeter group is a group
G=<pg,---,Ppq | (0;p;) Mi=1> where

-m;=m;>1 is a positive integer or infinity,
whenever | #j.

The Coxeter matrix associated to G is the
matrix (m;).

20



Examples of Coxeter groups

<a,b [ a’=b’=(a*b)" = 1> is the dihedral
group of order 2n for any positive integer n.

Example forn=5:

21



Examples of Coxeter groups &

<Py .--sPpal PP=(0;012)° = (PjP1)> =13
is the symmetric group Sym(n)

(E. H. Moore, 1896)

22



Coxeter diagram

Given a Coxeter group G generated by
pairwise distinct involutions p,, . . ., p,1, With
associated Coxeter matrix (m;), the Coxeter
diagram is a graph on n vertices. Two vertices
i and j are joined by an edge provided that
m; >2. Moreover, on the edge {i, j}, we write
m,; provided m; >3.



Platonic solids and their
Coxeter diagram




n2 3 Coxeter Groups

Table 3B1. The Finite Irreducible Coxeter Groupy

Notatson Diagram Order
A nzl) e - SR . o (n+l)
B.(=D)n=4) o - P o 20l

Co=B)nz2) * » PR ¢ S

DI (=Liph(p=M) S S 2p

> —- PO
£ 2.6
»> — > - -
Es 59
- —o - - - -

Es 192100

Fi * Y * 1152

Gy (= Hy) - R Vi 120
Gii= Ha) = e 14400



C-groups

A C-group is a group G generated by pairwise
distinct involutions p,, . . ., p,_; which satisfy
the following property, called the

Intersection property:

V.,KES{0,...,n-1},

<p |lJjES>N<p | kEK>=<p, |jEJN K>,
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String C-groups
A C-group (G, {py, - - -, P,.4}) is a string C-

group if its generators satisfy the following
relations.

(pj pk)z =15

Vjke{0,...n-1}with|j-k|>1

27



Abstract regular polytopes and
String C-groups

String C-groups and abstract regular
polytopes are the “same objects”

(one may construct an ARP from a SCG in a
unigue way and vice-versa)

28



Same objects with different names

Thin residually connected regular geometries
with a linear diagram

]

Abstract regular polytopes

]

String C-groups

29



What made me work in ARP ?

G:=<s, 54, Sy S3>
[5,3,5]
G is infinite

[5,3,5] +(545,5,)"5=1
+(5,5,55)"5=1
Coxeter 57-cells and G = PSL(2,19)

[5,3,5] +(545,5,)"5=1
G =J, x PSL(2,19)

30



Atlases of polytopes

- L.-Vauthier : all polytopes with automorphism
group G such that S <= G <= Aut(S), with S a simple
group in the Atlas of Finite Groups, of order less
than 900,000 (Aeq. Math., 2006)

- Hartley : all polytopes with less than 2000
chambers (some values omitted)

- Hartley and Hulpke : atlas of polytopes for sporadic
groups (CDM, 2010)



/> Polytopes Derived from Sporadic Simple Groups - Auxiliary Information - Windows Internet Explorer

Cols/Rdl > http://www.dr-mikes-maths.com/sporpolys/indexhtml v 4]
W R ’ ’ ‘ 2 Polytopes Derived from... X Lé http://zvonka.fmf.uni-lj.si/... ‘ ‘ 2

Dr—-Mnkcs—-Maths Com

Hartley's Maths - and More!

Maths Die-Cast Polyhedra Models Amusements in Mathematics
Platonic and Archimedean models. A is a collection of mathematical puzzles
Co " great gift for geometry students! and braintease - Free
meuTing Ads by Google
Jokes
F aith -
— Polytopes Derived from
anguage - -
Persoml Sporadic Simple Groups -
Breg Auxiliary Information
Email

This web page contains auxiliary information for the article
Polytopes Derived from Sporadic Simple Groups, submitted to
Experimental Mathematics in July 2006.

In that article, the twelve smallest sporadic simple groups were

| GoogleSearch |  studied, and for each one, the polytopes having that group as an
automorphism group were enumerated. This page contains links to
extra information that could not be adequately contained in the
article.

In particular, the generators of the automorphism groups of every
polytope discovered are stored in the file sporpolys.tgz (6.7 Mb,
uncompresses to 18 Mb), as permutations. These may be read
into GAP via the command




/> Atlas of Small Regular Polytopes - Windows Internet Explorer

=X
e

£9-
W @ Atlas of Small Regular Polytopes { ‘ 2 v B v ™ v | Page v {} Outils v ”
The Atlas of Small Regular Polytopes s

or other info.
This atlas contains information about all regular polytopes with n flags where n is at most 2000, and not equal to 1024 or 1536

Feel free to browse!

Polytopes of :

m

Rank 1 - 1 nondegenerate and 0 degenerate polytopes

Rank 2 - 996 nondegenerate and 1 degenerate polytopes
Rank 3 - 5946 nondegenerate and 993 degenerate polytopes
Rank 4 - 2912 nondegenerate and 6336 degenerate polytopes
Rank 5 - 352 nondegenerate and 8599 degenerate polytopes
Rank 6 - 2 nondegenerate and 6119 degenerate polytopes
Rank 7 - 0 nondegenerate and 2812 degenerate polytopes
Rank 8 - 0 nondegenerate and 797 degenerate polytopes
Rank 9 - 0 nondegenerate and 108 degenerate polytopes
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The Leemans-Vauthier atlas

The groups analysed are subdivided into six families:

- Sporadic groups;

- Alternating groups;

- PSL(2, gq) groups;

- Some other PSL(n,q) groups;
- Unitary groups;

- Suzuki groups

and their automorphism groups.
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Groups of Suzuki type

Theorem (Leemans, Proc. AMS, 2006)

Let Sz(q) <= G <= Aut(Sz(q)) with g = 2*¢*1and e >0
a positive integer.

Then G is a C-group if and only if G = 5z(q).
Moreover,

if (G, {py, - - -, P,¢}) is astring C-group, then n = 3.

35



Groups of Suzuki type

If Sz(q) < G <=Aut(5z(qg)), then G is not the
automorphism group of an abstract regular
polytope;

If G =5Sz(q), there exists an abstract regular polytope
P such that G = Aut(P). Moreover, if P is an abstract
regular polytope such that G = Aut(P), then P must
be an abstract polyhedron, i.e. a rank three
polytope.



Groups of Suzuki type

Theorem (with Kiefer, JCTA 2010, online)
A given Suzuki group Sz(q) with q = 2?¢™! and e > 0, acts on

1 2e +1
| ) > A(n)y(n,2f +1)
2 2f + 1

2f+1[2e+1 n|2f+1

n#1

polyhedra up to isomorphism and duality, where

A(n) = %Z“(S)'zd
d|n
m nd __
Y(n2f+1) = 2 dim(F)(2" —1)

m
2f+1
m|—:



Observations for PSL(2,q)

-forg=7and g =9, there is no polytope;

- for all other values of g we tested, there are
polytopes of rank three;

- there are polytopes of rank > 3 only for g = 11 and
19. In the latter cases, there is exactly one polytope
of rank four for each value of g and no polytope of
higher rank.

38



Groups of type PSL(2,q)

It is already known when a PSL(2, g) group has rank
three polytopes.

Theorem (Sjerve and Cherkassoff, CMR Proc. Lect.
Notes, 1993)

The PSL(2, g) group may be generated by three
involutions, two of which commute, if and only if g #
2,3, 7o0r09.

Theorem (L.-Vauthier, Aeq. Math, 2006)
Let G =PSL(2, q). If (G, {py, - .-, P, }) is astring C-
group, then n < 5.



Groups and polyhedra

Mazurov, 1980 : which finite non-abelian simple
groups are generated by three involutions, two of
which commute ? (Kourovka Notebook)

Theorem (Nuzhin, Algebra and Logic, 1997)
Non-sporadic : all but

-Alt(6), Alt(7), Alt(8)

-Lie groups of char 2: A,(q),%A,(q),As(a),%As(q)

-Lie groups of odd char:A,(q),%A,(q),A(7),A{(9),B,(3)

Sporadic : not known ?



Groups of type PSL(2,q)

Theorem (Leemans - Schulte, Adv. Geom. 2007)

Let G = PSL(2, q).

If (G, {py, - - ., P3}) is a string C-group, then
qg=11or 19.

Or in other words :

Let G = PSL(2, q). If P is a polytope of rank four on
which G acts regularly, then g =11 or 19.

41



Groups of type PSL(2,q)

- g =11 gives the 11-cells (Griinbaum, 1977);
- g = 19 gives the 57-cells (Coxeter, 1982);

- No other thanks to our result.

42



Groups of type PSL(2,q)

Conder, Potocnik and Siran, 2008

- enumeration of all regular hypermaps
for PSL(2,9) and PGL(2,q)
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Groups of type PGL(2,q)

Theorem (Leemans—Schulte, Ars Math Contemp ‘09)
Let G = PGL(2, q).

If (G, {py, - - -, P,.;}) is @ string C-group, then n < 5.
Moreover, if n=4, then q = 5.

Or in other words :

Let G = PGL(2, q). If P is a polytope of rank four on
which G acts regularly, then g = 5.

Observe that Sym(5) and PGL(2,5) are isomorphic.



4-simplex




PSL(2,q) <= G <= PIL(2,q)

With Buekenhout, De Saedeleer, Hubard and Pellicer
(work in progress)

Find similar results as for PSL(2,q) and
PGL(2,9)
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Groups of type PSL(3,q)

Theorem (Brooksbank, Vincinsky, DCG, 2010)

PSL(3,q) does not act as a regular automorphism
group on a polytope.



Groups of Ree type

With Hendrik Van Maldeghem and Egon Schulte.
(work in progress)

The maximum rank is < 5.
We have examples in rank three all the time.
No example in rank four yet.



Symmetric groups

With Maria-Elisa Fernandes (submitted)

1. Sym(n) has regular polytopes of rank at most n-1
and the (n-1)-simplex is the only polytope of
rank n-1 for Sym(n);

2. There is a unique regular polytope of rank n-2
for Sym(n) provided n > 6;

3. There are regular polytopes of rank 3, ..., n-1 for
Sym(n).



Symmetric groups

With Ann Kiefer (preprint)

Theorem 1.1. Let n > 3 be a positive integer. Set A(k), ¥(k,n) and n(n) as

follows.
sz+k+1 if k even,
’\(k) =\ k2 3 .
T tk+3 ifk odd

(2 (k= (252D + L (k— [252])  ifn=0,1mod 4,
Y(k,n) = 4

[ (k= 1252 —1)]* +k— [252]  ifn=2,3 mod 4,
[%J + 1 if n is even,

n(n)=J n—
L

There are, up to isomorphism,

1
| +1 if n is odd.

3] - 3]
_% . [gJ +k2=1)‘(k) : (%[n 2kJ +1) - % > W(k,n)

k=n(n)

pairs of commuting involutions in Sym(n), with n # 6.

If n = 6, there are, up to isomorphism, five pairs of commuting involutions
in Sym(n).



Alternating groups

With Maria-Elisa Fernandes and Mark Mixer

(work in progress)
Find the maximum rank of a regular polytope for
Alt(n).



Alternating groups
With Ann Kiefer (preprint)

Theorem 1.2. Let n > 3 be a positive integer. Set \'(k) and p(n) as follows.

wi ) AlR) =1 if k < v(n),
A= {A(k) —¢(k,n) =1 ifk > v(n),

pln) =—2- 7]
%) - n—
+ 3 [ (O w5 (5 + )
k=1
k even
and K2 3k
Ae(k)=§+z+1,
2
Ao(k) = % + g

Then in Alt(n), with n # 6, there are, up to isomorphism,

1Z)
1 "
5 [#m)+ 3 (k)
k=1
k even
pairs of commuting involutions.
Ifn = 6, there is, up to isomorphism, a unique pair of commuting involutions
in Alt(n).



Alternating groups

Theorem (Fernandez-Leemans-Mixer, 2010)

For each rank k 2 3, there is a regular k-polytope P
with automorphism group G(P) isomorphic to an
alternating group Alt(n) for some n.

In particular, for each even rank r 2 4, there is a
regular polytope with Schldfli type {10, 34} and
group isomorphic to Alt(2r + 1), and for each odd
rank g = 5, there is a reqular polytope with Schlifli
type {10, 3974, 6, 4} and group isomorphic to
Alt(2qg + 3).



Alternating groups

With Maria-Elisa Fernandes and Mark Mixer :
Polytopes of rank r for Alt(2r+1) and Alt(2r+2)

If you want to know ... attend the next talk | ©



Abstract regular polytopes

An abstract n-polytope P is regular if its
automorphism group G is transitive on the
flags of P.

If the automorphism group G has two orbits
on the flags such that any two adjacent flags
are in distinct orbits, the polytope is called
chiral or chirally regular.
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Highest rank of a chiral polytope

Pellicer, 2010 (Discrete Math)
constructs a family of chiral polytopes of rank
d for every d > 2.



Open question

Are there more chiral polytopes than regular
polytopes ?

More in terms of what ?
Order of Automorphism group
Genus
Rank



Marston Conder’s atlas of maps :
3378 orientable regular maps of genus 1 < g < 102
862 non-orientable regular maps of genus 1 < g < 203

594 chiral orientably-regular maps of genus 1 < g <102



Chiral polytopes

Given a group G, find generators 0, ..., 0, , such
that
-G =<0y, ..., 0, >

T,;:=0;...0;is an involution forall0 <i<j<n

I

[yi=<t; [i<j+l;i-landj&€J> for) & {0, ..., n-1}

- The intersection condition becomes :
-I', NI',=T,,,foreveryl,J] & {0, ..., n-1}

- No involutory group automorphism of the form
p : G =>» G such that p(o,) = 0,7, p(0,) = 0,°0,,
and p(o;) = o, for (2 <i<n).



Chiral polytopes

With Isabel Hubard and Michael |. Hartley :
Atlas of chiral polytopes (submitted, 2011)

With Isabel Hubard :
Chiral polytopes related to Suzuki simple
groups.
(work in progress)



Almost simple groups

Number of regular | Number of chiral

Sporadic 2404 6998
PSL(2,q) 3904 2050
PSL(3,9) 1840 3998
PSU(3,q) 1202 4222
Sz(q) 14 412

Here, S <= G <= Aut(S), with S of order < 1 million, in the Atlas of finite groups



