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Axioms for the Algebra
Part I of II

M is a Majorana algebra over R if
1. R is a commutative, associative ring with 1 containing Q
2. M is an algebra over R with commutative,

not necessarily associative product ·
3. M admits a bilinear symmetric form 〈, 〉 that associates

with ·, so ∀a,b, c ∈M, 〈a,b · c〉 = 〈a · b, c〉
and. . .
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Axioms for Majorana elements

. . . M is generated by marked Majorana elements m ∈M:
4. m is an idempotent of length 1: m ·m = m, 〈m,m〉 = 1
5. the space m⊥ admits a direct sum decomposition into

eigenspaces (adm : a 7→ ma, Mm
µ = {a ∈M | ma = µa})

m⊥ = Mm
0 ⊕Mm

1
4
⊕Mm

1
32

6. and the eigenspaces obey the following fusion rules:
1 0 1/4 1/32

1 1 0 1/4 1/32
0 0 0 1/4 1/32

1/4 1/4 1/4 1, 0 1/32
1/32 1/32 1/32 1/32 1, 0, 1/4
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Setup for Axioms 1 – 3
Fix n ≥ 2 for this section

I Let X̂ be the free commutative magma generated by
{m̂1, . . . , m̂n}.

I Introduce the equivalence relation ∼ on pairs of
elements from X̂, generated by (x, yz) ∼ (xy, z).

I Collection [X̂, X̂] of equivalence classes [u, v].
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Axioms 1 & 2: the ring R̂, the algebra M̂

I Let λ[u,v] be an indeterminate for each [u, v]

I and R̂ = Q[{λ[u,v]}[u,v]∈[X̂,X̂]
] the polynomial ring.

I Let M̂ = R̂X̂: the free R̂-module with basis X̂
I given multiplication induced linearly from the magma

product.
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Why the equivalence relation?
For Axiom 3

I Endow M̂ with a bilinear form 〈, 〉 by setting
〈u, v〉 = λ[u,v] on the basis.

I It associates by construction:
〈x, y · z〉 = λ[x,yz] = λ[xy,z] = 〈x · y, z〉.
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The Category

I Let C be the category of algebras, generated by n
marked elements, satisfying axioms 1 through 3.

I Morphisms are (φ, ψ) : (R,M)→ (R′,M′) such that

φ|Q = id, ψ|R = φ,

〈ψ(x), ψ(y)〉 = φ(〈x, y〉),
ψ : generators 7→ generators.

I M̂ is an initial object. Thus every other such algebra M
has unique (φ, ψ) : (R̂, M̂)→ (R,M).
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Axiom 4: m ·m = m, 〈m, m〉 = 1

I For the marked generators {m1, . . . ,mn} of M in C to be
Majorana elements, we express conditions using
(φ, ψ) : (R̂, M̂)→ (R,M).

I Let m̂ be the generator such that ψ(m̂) = m.
If m ·m = m, then m ·m−m = 0, so
ψ(m̂ · m̂− m̂) = 0, so m̂ · m̂− m̂ ∈ kerψ.

I If 〈m,m〉 = 1, then 〈m̂, m̂〉 − 1 ∈ kerφ.
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Axioms 5, 6: eigenspaces

I (adm : a 7→ am) ∈ End M
so f ∈ Q[t] maps adm to another endomorphism.

I For a ∈ m⊥, a = a0 + a 1
4

+ a 1
32
.

Let f = t(t− 1
4)(t− 1

32), so f (adm)(a) = 0
and f (adm̂)(â) ∈ kerψ for all â ∈ m̂⊥.

I Set fµ such that fµ(adm)(a) = αµ for αµ a µ-eigenvector
I Fusion rules: if Mm

µ Mm
ν ⊆Mm

κ then

(adm−κ)
(
αµ · βν

)
= 0 ∀µ, ν-eigenvectors

∴ (adm−κ)
(
fµ(a) · fν(b)

)
= 0 ∀a,b ∈M

and c · (adm−κ)
(
fµ(a) · fν(b)

)
= 0 ∀a,b, c ∈M

so their preimages are in kerψ.
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Each relation specifies elements that must be in ker(φ, ψ).

Observation. If (φi, ψi) : (R̂, M̂)→ (Ri,Mi) all satisfy the
Majorana conditions for i ∈ I,
then there exists (φ, ψ) with ker(φ, ψ) =

⋂
i∈I ker(φi, ψi).

Moreover (φ, ψ) : (R̂, M̂)→ (R,M) gives a Majorana algebra.

Theorem. Majorana algebras with n marked generators
form a subcategoryM of C with an inital object M, the
universal Majorana algebra with n marked generators.

Sakuma’s theorem: a classification of 2-generated Majorana
algebras
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Generating Trees
Solving in GAP

Binary Trees
Fix n = 2

Let the Majorana elements and generators be m,p.
I Trees with one leaf: m and p.
I Trees, two leaves: [m,p]
I Trees(3 leaves): [m, [m,p]] and [[m,p],p]
I #Trees(4) = 5
I #T(5) = 12
I #T(` ≥ 6) = 32, 86, 243, 696, 2045 . . .
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Generating Trees

Recursion!
I As an example: T(5) is T(4) with one extra leaf and T(3)

with two extra leaves.
I T(`) =

⋃i< `
2

i=1 T(i)× T(`− i)

. . . if ` is odd.
I If ` is even, we need to step carefully around symmetry;

T(`) = ∆T( `2) ∪
⋃i< `

2
i=1 T(i)× T(`− i)

where ∆S is unordered S× S.
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Building the algebra

I X the free commutative algebra on generators {m,p} is
infinite.

I Fix some ` and consider only relations involving trees
with less than ` leaves.

I Relations are e.g. (adm−κ)
(
fµ(a) · fν(b)

)
= 0 and thus

also c · (adm−κ)
(
fµ(a) · fν(b)

)
= 0 for trees a,b, c.

I Using the basis X, we get huge matrices to solve.
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I The GAP Group,
GAP – Groups, Algorithms, and Programming, Version
4.4.12, 2008, http://www.gap-system.org.

I A.A. Ivanov, D.V. Pasechnik, A. Seress, S. Shpectorov,
Majorana representations of the symmetric group of
degree 4, Journal of Algebra 324/9 (2010), 2432-2463.
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