COMPUTING WITH MATRIX GROUPS OVER INFINITE
FIELDS

A. S. Detinko®, B. Eick?, and D. L. Flannery?

13 School of Mathematics, Statistics and Applied Mathematics, National University of
Ireland, Galway, Ireland
Email: alla.detinko@nuigalway.ie; dane.flannery@nuigalway.ie

2 Institut Computational Mathematics, TU Braunschweig, 38106 Braunschweig, Germany
Email: beick@tu-bs.de

Abstract

We survey currently available algorithms for computing with matrix groups over
infinite domains. We discuss open problems in the area, and avenues for further
development.

1 Introduction

The subject of linear groups is one of the main branches of group theory. Linear
groups provide a link between group theory and natural sciences such as physics,
chemistry, and genetics; as well as other areas of mathematics, including geometry,
combinatorics, functional analysis, and differential equations.

The significance of linear groups was realized at the very beginning of group
theory, dating back to work by C. Jordan (1870). In the early twentieth century,
major successes in linear group theory were achieved by Burnside, Schur, Blichfeldt,
and Frobenius; their results continue to exert an influence up to the present day.

Linear groups arise in various ways in the theory of abstract groups. For instance,
they occur as groups of automorphisms of certain abelian groups, and they play
a central role in the study of solvable groups. Furthermore, linearity is a vital
property for some classes of groups: polycyclic-by-finite groups and countable free
groups are prominent examples. Linear groups are closely associated to Lie groups,
algebraic groups, and representation theory. For extra background we refer to
[16, 48, 49, 50].

Advances in computational algebra have motivated a new phase in linear group
theory. Matrix representations of groups have the advantage that a large (even
infinite) group can be defined by input of small size. An illustration of this is the
explicit realization of some large sporadic simple groups, in particular the Monster
([18, Section 5] and [23, p. 4]).

Currently, a very active area in the algorithmic theory of matrix groups is the so-
called ‘Matrix group recognition project’. This considers groups over finite fields,
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with a principal aim of determining a composition or chief series ([28, 36]).

Separate difficulties may arise when computing with matrix groups over infinite
domains. For example, some basic algorithmic problems are undecidable for such
groups. Complexity issues, such as the uncontrollable growth of matrix entries,
also cause complications.

We now state some of the problems for matrix groups over infinite fields that we
believe are particularly important. Throughout, let F be an infinite (commutative)
field and let G < GL(n,F) be given by a finite set S of generators.

Finiteness-type problems

e Is G finite? If so, determine the order of G.
o Is G finitely presentable? If so, determine a finite presentation for G.
Deciding finiteness is one of the first problems encountered when dealing with a

potentially infinite group. Knowing a finite presentation may be helpful for further
computation with the group.

Membership and conjugacy problems

e Given g € GL(n,F), is g contained in G? If so, express g as a word in S.

e Given g,h € G, does there exist x € G such that g* = h?

Many computations with groups are based on positive solutions of these two

problems. Hence one seeks practical algorithms to solve these problems for linear
groups, wherever possible.

Structural problems

e Is G solvable or solvable-by-finite?
e Is G polycyclic or polycyclic-by-finite?
e Is G nilpotent or nilpotent-by-finite?

The first problem is closely connected to the ‘Tits alternative’ (see Theorem 2.3
below). The interest in the second and third problems stems from the fact that
the groups in question allow effective computations via special techniques, some of
which rely on certain finite presentations.

Action problems

o Is F™ irreducible as a G-module?
o Given x,y € F", does there exist g € G with xg = y?

Reduction to the case of irreducible groups is an old and common technique in
linear group theory. Likewise, computational problems for matrix groups can be
handled efficiently via irreducibility testing and construction of irreducible modules.
Algorithms for the orbit problem are recognized as useful tools for the structural
investigation of groups.

Our objective in this paper is to discuss some of these problems at greater length,
and give an insight into practical algorithms for their solution.
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2 Theoretical preliminaries

In this section we outline fundamental properties of finitely generated linear groups
that foreshadow techniques used for computing with these groups.

2.1 Finite approximation

Let R denote the subring of F generated by the entries of the matrices in S U S~!
(here S~1 denotes the set of inverses of the elements of S). Thus G < GL(n, R).
Without loss of generality we may assume that F is the field of fractions of R. If
p is an ideal of R then it induces a congruence homomorphism ¢, : GL(n, R) —
GL(n, R/p), which replaces every entry in an element of S or S~! by its image in
R/p. The corresponding kernel G, is called a congruence subgroup of G.

Each quotient ring R/p for a maximal ideal p is a finite field, and the intersection
of all maximal ideals of R is zero. So in some sense R can be ‘approximated’ by
finite fields. As a consequence, the following holds.

Theorem 2.1 (Mal’cev, 1940) The group G is residually finite. Moreover, G is
approximated by finite groups, each of which has a faithful representation of degree
n over some finite field.

Theorem 2.1 is background for the method of finite approximation in linear group
theory. The theorem implies that a finitely generated simple linear group is finite
([49, Chapter 4]). The next result pushes the finite approximation further.

Theorem 2.2 (Selberg, 1960; Wehrfritz, 1970) The group G contains a nor-
mal subgroup N of finite index such that all torsion elements of N are unipotent.
In particular, if charF = 0 then N is torsion-free.

For more details about the method of finite approximation we refer to [49, Chap-
ters 4, 10] and [16, Chapter 10].

In practice, a congruence subgroup G, can take the place of N in Theorem 2.2.
A key issue then is to select p so that the corresponding congruence subgroup G,
satisfies the conditions of Theorem 2.2 (see Section 4 below).

2.2 The Tits alternative

We conclude this section by recalling the celebrated Tits alternative.

Theorem 2.3 (Tits, 1972) A finitely generated linear group is either solvable-
by-finite, or it has a non-abelian free subgroup.

So finitely generated linear groups divide into two very different classes: in the
class of solvable-by-finite groups many problems are decidable and computations
are often feasible; while the class of groups with non-abelian free subgroups is much
wilder and less well investigated.



DETINKO ET AL.: COMPUTING WITH MATRIX GROUPS OVER INFINITE FIELDS 4

3 Decidability

Before attempting to design an algorithm to solve a problem for any class of groups,
one should ask whether such an algorithm even exists. In other words: is the
problem decidable?

Results of Michailova (1958) imply that the membership problem is undecidable
in general for subgroups of GL(4,7Z). The same situation occurs for the conjugacy
problem and the orbit problem, or, more generally, the orbit-stabilizer problem
([32, p. 42], [17, p. 239]). Furthermore, it is known that finitely generated linear
groups may not be finitely presentable (see [49, p. 66]).

On the positive side, each finitely generated linear group has solvable word prob-
lem (Rabin; [49, p. 71]). There are also many positive results for special classes
of linear groups. Kopytov [27] proved that the following problems for a finitely
generated group over an algebraic number field are decidable: solvability testing,
finiteness testing, and the membership problem for solvable groups. This implies
decidability of the orbit problem for finitely generated completely reducible solvable
groups over number fields ([17]).

Most computational problems are known to be decidable for polycyclic matrix
groups over number fields. These groups are finitely presentable, and an algorith-
mically useful finite presentation can be computed for them [2, 37]. The word
and membership problems can be solved [2], and using the finite presentation,
many further structural problems have a practical solution [23, Chapter 8]. Also,
the orbit-stabilizer problem is decidable in the class of polycyclic subgroups of
GL(n,Z) ([17, 20]). Many of these results for polycyclic groups extend in principle
to polycyclic-by-finite groups. However, practical algorithms are often available
only for polycyclic groups.

4 The congruence homomorphism

In this section we discuss how to apply congruence homomorphism techniques in
practice. The basic idea is to select an ideal p of R so that the torsion elements
of G, are unipotent (cf. Theorem 2.2). The essence of this method dates back to
Minkowski.

As before, let R denote the subring of F generated by the entries of the matrices in
SU S~ and assume that R has field of fractions F. Then F is a finitely generated
extension of its prime subfield E. So for some m > 0 there exist algebraically
independent indeterminates z1,...,x,, over [E such that F is a finite extension of
E(x1,...,2m). Replacing the elements of F with matrices over E(x1,...,x,,), we
obtain an isomorphism of G onto a subgroup of GL(ne,E(z1,...,zy)), where e is
the degree of F over E(z1,..., ). Thus, without loss of generality, we can now
assume that F = P(z1,...,2,,), where P is either a number field or a finite field. If
F is a number field then R is a Dedekind domain; otherwise, R is a UFD (unique
factorization domain). Consequently the following lemma indicates how to select
a suitable ideal p in all necessary cases (see [48, Chapter 3, Section 12| and [13,
Section 3]).
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Lemma 4.1

(i) Let R be a UFD, q € R be irreducible, and p = qR. If charR =0, ¢ t 2, and
¢ 1 p for any prime p € Z, then G, is torsion-free. If char R > 0 then each
torsion element of G, is unipotent.

(ii) Let R be a Dedekind domain with prime ideal p. If charR = 0, 2 ¢ p and
p & p? for all primes p € Z, then G, is torsion-free. If char R > 0 then each
torsion element of G, is unipotent.

Let m > 1. With a slight abuse of notation we take R = i]P’[arl, ov vy T, where
= p(r1,...,Ty,) is a common multiple of the denominators of the entries of the
matrices in S U S~!. Define p to be the ideal {(z; — a1), ..., (Zm — am)), where

plaq, ..., o) # 0. Then p satisfies the conditions of Lemma 4.1. If F = P is a
number field, then see [13, Section 3] for construction of p as in Lemma 4.1. In
particular, if R C Q and p = ¢qR, ¢ > 2 a prime in Z, then G, is torsion-free.

5 Deciding finiteness

Deciding finiteness is a fundamental problem in any class of potentially infinite
groups. Recent progress [14, 15] proves that finiteness is decidable for linear groups
over fields; moreover, the corresponding algorithms are practical. We summarize
the methods here, and also discuss some other algorithms.

5.1 Finiteness testing over number fields

First, we note that a finite subgroup G of GL(n,Q) is conjugate to a subgroup of
GL(n,Z). Section 3 of [7] gives a polynomial-time algorithm for testing whether
G is conjugate to a group of integral matrices. If so, the algorithm constructs
an appropriate conjugating matrix. The algorithm is based on manipulation with
lattices, and estimates, in terms of input matrices, of the common denominator
D € Z such that DG C GL(n,Z). See [3, Section 5] and [38] for related results.

The papers [5, 7] contain several algorithms for deciding infiniteness of matrix
groups over Q. The most efficient algorithms feature random walk techniques ([4],
[7, Section 4]). A key idea is that if G is infinite, then by a theorem of Schur, G
contains an element of infinite order ([48, Chapter VI, Section 23]). The random
walk method is used to search for an element of infinite order in G.

A subgroup G of GL(n,Z) is finite if and only if there exists a positive definite
symmetric matrix B such that gBg” = B for all g € G ([34, p. 178]). The Monte-
Carlo algorithm in [7, Section 6] for verifying finiteness first takes a special set of
generators of G constructed by the random walk method, and then attempts to
calculate B by an ‘averaging trick’ due to Babai and Friedl; see [7, Section 8.3]
for various modifications. In practice, to get a definite answer to the question of
whether G is finite, both of the above randomized algorithms run in parallel.

Two deterministic polynomial-time algorithms are proposed in [7]; they rely on
testing whether GG preserves a positive definite quadratic form. One algorithm is
based on the observation that the set of all G-invariant quadratic forms is a vector
space U, while a positive definite quadratic form f preserved by G is contained
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in a compact convex subset of U. A search for f can be performed using the
ellipsoid method described by Grétschel, Lovasz, and Schrijver ([7, Section 7.1]).
The other algorithm uses some facts from representation theory of finite groups to
compute the quadratic form TCl:| > e gg’ (assuming G is finite), and then checks
positive definiteness to verify the finiteness assumption ([7, Section 7.2]). Although
both algorithms are polynomial-time, the above algorithms based on random walk
techniques have proved to be more efficient.

So far the standard method for deciding finiteness of groups over an arbitrary
number field begins by ‘blowing up’ the dimension of generating matrices to obtain
a group over Q (cf. the discussion before Lemma 4.1).

5.2 Finiteness testing over function fields

The main idea here is to use the methods of Section 4 for F = P(x1,...,x,), m > 1.
We first determine an ideal p of R as in Section 4, and test finiteness of ¢,(G). The
group ¢,(G) is a subgroup of GL(n,P). If P is finite, then obviously this subgroup
is finite. If P is a number field, then the methods of Section 5.1 can be used to
decide finiteness of ¢, (G).

Further, G is finite only if G, is trivial (charF = 0), or unipotent (charF > 0).
To check these properties, the finiteness testing algorithms of [14, 15] proceed
by comparing the dimensions of the enveloping algebras (G)p and (¢,(G))p. The
special method for this purpose does not require computing a basis of (G)p. Indeed,
almost all the computation is carried out with matrices over the coefficient field P
rather than the ground field F.

There are other approaches to the finiteness problem over function fields, as in
[42, Section 2] and [10, 25]. However, these approaches involve extensive computing
over the ground field. Thus, in practice, they may work only for input of reasonably
small size (including small degrees).

5.3 Computing the order

After we have recognized that a group is finite, the next problem is to find its
order. The methods of Section 4 furnish a way to compute the order of a finite
matrix group G over an infinite field, by constructing an isomorphic copy of G in
some GL(n,q) and then computing the order of that image group. Algorithms to
construct an isomorphic copy for groups over number fields or function fields (of
zero and positive characteristic) are given in [13, Section 3], [14, Section 3.2.1], and
[15, Section 3].

Notice that although algorithms for computing the order of a matrix group over a
finite field are available, the problem of improving the efficiency of those algorithms
is still open ([36], [44, Section 3]). Special methods for computing orders of elements
of GL(n, q) were obtained by Celler and Leedham-Green ([36, Section 2]).
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6 Computing with nilpotent matrix groups

This section focuses on algorithms for computing with nilpotent matrix groups over
infinite fields.

Let g = gsgy be the Jordan decomposition of g € GL(n,F). That is, gs, g, are
the unique matrices in GL(n, F) such that g is diagonalizable, g, is unipotent, and
g = gsgu = gugs- If F is perfect then g, g, € GL(n,F).

Define G5 = (gs | g € S) and G, = (g, | g € S). These groups are straight-
forward to compute (see e.g. [6, Appendix A]). Moreover, as the following lemma
shows, they determine nilpotency of G.

Lemma 6.1 The group G is nilpotent if and only if Gs and G, are nilpotent and
[Gs, Gu] = (1)

This lemma is the basis of an effective nilpotency test. It also enables a reduction
of several computational problems to the case of completely reducible groups.

Lemma 6.2 Suppose that G is nilpotent.

(i) Let IF be perfect. Then G is completely reducible if and only if G = Gj.
(ii) If G is completely reducible, then G is central-by-finite, and every normal
torsion-free subgroup of G is central.

Lemma 6.2 (ii) implies that completely reducible nilpotent linear groups are
reasonably ‘close’ to finite matrix groups. Consequently, the methods of Section 4
are efficient for computing with nilpotent matrix groups.

For groups over finite fields, the paper [12] develops algorithms for nilpotency
testing, as well as constructing presentations, computing Sylow subgroups, and
calculating orders of nilpotent groups. Those algorithms form a background for
computing with nilpotent groups over infinite fields via the methods of Section 4.

In the remainder of this section, p C R is an ideal such that the torsion elements
of G, are unipotent.

6.1 Nilpotency testing

A nilpotency testing algorithm for groups defined over an infinite field is given in
[13, Section 4.6]. The main steps are as follows.

(a) Construct G4 and G,,. Test whether G, is nilpotent (that is, unipotent), and
whether [Gs, Gy] = (1p).

(b) Construct ¢,(Gs) < GL(n,q) and test nilpotency of ¢,(Gs).

(c) Test whether the congruence subgroup (Gs), of G is central.

Step (a) is performed by testing whether G, is conjugate to a subgroup of
UT(n,F) (see [13, Section 4.1]). Step (b) is based on nilpotency testing as in
[12]. For step (c) we take a presentation of ¢,(Gs) and apply the ‘normal subgroup
generators’ method (see [13, Section 4.2]).
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6.2 Deciding finiteness and computing orders

In Section 5 we described algorithms for deciding finiteness and computing the
order of a matrix group over an infinite field. In the special case of nilpotent groups,
simpler and more efficient algorithms for these tasks are given in [13, Section 4.3]
and [15, Section 4].

Suppose that charF = 0. If G, is non-trivial then G is infinite. If G = G4 then
to decide finiteness of G it suffices to test whether the congruence subgroup G,
is trivial. This can be done readily using a presentation of ¢,(G), since ¢,(G) <
GL(n, q) is nilpotent.

Let charF = p, F = Fy(z1,...,2m), and set v = [log,n]. The group G is finite
if and only if the completely reducible group H = <gfw, ceey gf,z ) is finite. Finiteness
of H can be decided by a special version of the general algorithm in Section 5.2 for
completely reducible groups (15, Section 3]).

Computing |G| can be done as in Section 5.3, but at the final stage we compute
|0,(G)| using the algorithms from [11, 12].

6.3 Other algorithms: constructing presentations and Sylow subgroups

Since finitely generated nilpotent groups are polycyclic, finding presentations of
nilpotent linear groups is an important problem. The following approach to this
problem was proposed in [13, Section 4.4].

(a) Construct a presentation of G, < UT(n,F).
(b) Construct a presentation of ¢,(G) < GL(n, gq).
(c) Construct a presentation of the completely reducible abelian group (G),.

A solution of problem (b) was obtained in [11, 12]. The methods of [2] allow one
to solve (a) and (c) over number fields. Note that this approach is simpler than
the more general method for polycyclic groups (cf. Section 8.2).

Algorithms from [12, 13] provide structural information about a nilpotent group
G. If G is finite then [12] gives an algorithm that constructs a series of G with
small abelian factors. That algorithm is used further to find the Sylow system of
G (see [11]). If G is infinite, then by computing a certain adjoint representation of
G we can find the p-primary subgroups of G (see [13, Section 4.5]). Also, if I is
perfect, then one can decide whether G is completely reducible (Lemma 6.2 (i)).

7 Solvable groups

The first algorithms for computing with finite solvable matrix groups were designed
by E. Luks [31]. Drawing on those results, Beals [8] gave a Monte-Carlo algorithm
for solvability testing of (infinite) matrix groups over number fields. This uses a
reduction to finite fields via a congruence homomorphism, and relies on the fact
that the derived length of a solvable linear group is bounded by a function of n
([48, Chapter V, Section 19]).

A practical deterministic algorithm for solvability testing of linear groups over
number fields was obtained in [2], and implemented in [1]. In contrast to [8], the
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algorithm of [2] investigates not only a congruence image of the group, but also
the congruence subgroup. So it produces a definite answer. The analysis of the
congruence subgroup is based on the following result of J. Dixon (see [17, Section
6] for a proof).

Theorem 7.1 (Dixon, 1985) Let G < GL(n,R) < GL(n,Q), andp=pR,p€ Z
a prime greater than 2. Then G, is connected in the Zariski topology. Therefore,
if G is solvable then G, is unipotent-by-abelian.

7.1 Solvability testing of matrix groups

Algorithms testing solvability over Q, and related procedures, were obtained in [2].
Solvability testing proceeds as follows.

(a) Compute p = (p) € R, p > 2, and construct ¢,(G) < GL(n,p).
(b) Test solvability of ,(G).

(c) Construct generators for the congruence subgroup G,,.

(d) Test whether G, is unipotent-by-abelian.

Step (b)—testing solvability of a matrix group over a finite field—is performed
in [2] by means of a procedure that draws on [45]. The implementation [1] provides
the first practical solution of the solvability testing problem over finite fields. It
additionally returns a (polycyclic) presentation of ¢,(G) if this group is found to
be solvable.

Step (c) uses the normal subgroup generators method, and the presentation
found in step (b).

The key step of the algorithm is step (d). We outline the method used in [2]
for testing whether G, is unipotent-by-abelian. Let V =Q", and V =V} > --- >
Vie > Viy1 = {0} be a semisimple series of V' as a G,-module. Clearly, G, is
unipotent-by-abelian if and only if G, acts as an abelian group on every factor
Vi/Viz1. If G, is non-abelian then u = gh — hg # 0 for some g,h € G,, and u
defines a non-trivial G,-module W < V' which yields a reduction of the problem
to groups of smaller degrees; that is, G,|W and the restriction to V/W of the
stabilizer Stabg,(V/W). In finitely many steps the procedure recognizes whether
G is unipotent-by-abelian. For details see [1, 2].

7.2 Other algorithms

Similarly to Section 6.2, results from [2] imply an algorithm for deciding finiteness
of solvable subgroups of GL(n,Q) via testing whether G, is non-trivial. Also,
construction of an isomorphic congruence image of G in GL(n,p), together with
methods for computing orders of finite polycyclic groups ([45]), provide an efficient
way to compute the order of a finite solvable subgroup of GL(n, Q).

As a by-product of the main algorithms in [2], we gain a simple test of whether
a solvable group G is completely reducible: it is enough to decide whether G, is a
completely reducible abelian group. In turn, this can by done by testing whether
the unipotent parts of the generators of G, are trivial (cf. Lemma 6.2 (ii)).
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Note that while membership testing for solvable matrix groups over number
fields is decidable ([27]), no practical algorithms for this problem are known.

8 Polycyclic matrix groups

In this section we consider algorithms for computing with polycyclic matrix groups
over Q.

Although polycyclic groups are a partial case of solvable groups, they possess
significant computational advantages. For instance, a polycyclic group has a finite
presentation of a very useful form; namely, a polycyclic presentation. A broad
variety of algorithms based on polycyclic presentations can be applied to computing
with polycyclic groups (see [23, 46]). So the determination of such a presentation
is of high interest. The following is a variation of Theorem 7.1.

Theorem 8.1 Let G < GL(n,R) < GL(n,Q), and p = pR, p € Z a prime greater
than 2. Then G is polycyclic if and only if G, is (finitely-generated unipotent)-by-
abelian.

Using the solvability testing method of Section 7.1, we obtain a homomorphism
A: G, — Gy x---xGy, where Gj is induced by action of G, on the quotient V;/V; 1
of a semisimple series. The group G is solvable if p,(G) < GL(n,F)) is solvable, A
has abelian image, and ker A is finitely generated. Confirming the third condition
is the most difficult step. In the next subsection we summarize the method of [3]
for this problem.

8.1 Mal’cev correspondence

Let U denote the kernel of A. As the image of A can be explicitly computed, we
can find a polycyclic presentation on generators gi, ..., gm, say, for the image. We
use this to obtain normal subgroup generators for U. Note that, by construction,
U is a subgroup of the group Tr;(n,Q) of upper unitriangular matrices.

Next, we define L(U) = Qlog(U) where log : Tri(n,Q) — Tro(n,Q) is the
logarithm of unitriangular matrix groups. This has the structure of a Lie algebra
over Q. Using the normal subgroup generators of U we can determine a basis B of
L£(U).

The group G acts on L(U) via the conjugation action of G on its normal sub-
group U. Let gy, ...,g,, denote the action with respect to B of the images of the
generators gi,...,gm for G/U on L(U). Let x; denote the minimal polynomial of
g;. The following is proved in [3].

Lemma 8.2 U is finitely generated if and only if x; € Z[x] and x; has constant
term +1 for 1 <i <m.

This lemma allows one to readily check whether U is finitely generated, and

hence facilitates an effective test for polycyclicity of matrix groups over number
fields.
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8.2 Construction of polycyclic presentations

Once G is found to be a polycyclic group, it is straightforward to compute a
polycyclic presentation for G following the setup of the previous section. It only
remains to determine a polycyclic presentation for the finitely generated unipotent
group U, and then combine it with the already determined polycyclic presentation
of G/U.

8.3 The orbit-stabilizer problem

For linear groups over QQ, the orbit-stabilizer problem is restricted naturally to
polycyclic-by-finite groups (see [17]).

A first method to compute orbits and stabilizers for the action of a nilpotent-by-
finite subgroup G of GL(n,Q) on Q™ was presented in [17]. This method applies a
congruence homomorphism to G and uses the property of the congruence subgroup
noted in Theorem 7.1.

The more recent, practical approach in [20] also employs congruence homomor-
phisms. That paper relies on the same construction as the one used to compute a
polycyclic presentation, and methods of algebraic number theory.

8.4 Membership testing

A polynomial-time algorithm to test membership in abelian subgroups of GL(n, F),
where I is a number field, was developed in [6] (for another algorithm dealing with
this problem see [37]). The results of [6] depend heavily on the special algorithm
for the case n = 1 in [21]. Membership testing for abelian-by-finite subgroups of
GL(n,F) is considered in [8]. For polycyclic subgroups of GL(n,Q), the problem
can be solved using membership testing algorithms for polycyclic groups ([19]), and
the algorithms in [1, 3] for constructing polycyclic presentations (see Section 8.2).

9 Testing virtual properties; a computational analogue of the Tits
alternative

Once we have algorithms that handle nilpotent, polycyclic, and solvable linear
groups, the next step is to devise algorithms for virtually nilpotent, virtually
polycyclic, and virtually solvable linear groups. Algorithms testing whether G <
GL(n,TF) is solvable-by-finite would give us a computational analogue of the Tits
alternative: a verification of whether GG contains a non-abelian free subgroup.

Let F be a number field. The first algorithms for testing virtual solvability
over F appeared in [8], and were subsequently improved in [9]. The algorithms
of [8] use computing with matrix algebras [43] and adjoint representations. This
latter feature leads to extensive computation with subgroups of GL(m,F), m < n?,
rendering the algorithms impractical.

A different approach to the problem, based on methods from [17], was proposed
in [37]. To test whether G is solvable-by-finite, by Theorem 7.1 it is enough to test
whether a congruence subgroup G/, is unipotent-by-abelian. Although that problem
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was solved in [1, 2] (see Section 7.1), construction of the congruence subgroup G,
is a computational challenge. As a result, the problem of testing virtual solvability
so far remains open. The same is true for testing virtual nilpotency and virtual
polycyclicity.

One advantage of testing virtual properties via congruence homomorphisms is
that having G, which is a unipotent-by-abelian subgroup of finite index, we can
tackle other computational problems: for example, orbit-stabilizer and membership
problems (cf. [17]).

The next two related open problems are as follows: (i) given that G is not
solvable-by-finite, construct a free non-abelian subgroup of G; and (ii) given G =
(g9,h) < GL(n,F), test whether G is a free group.

Testing virtual solvability over fields other than number fields has not been
considered at all.

10 Irreducibility testing and related problems

We now discuss irreducibility testing and construction of irreducible modules. Over
finite fields, a solution of these problems based on the Meataxe procedure is a vital
part of computing with subgroups of GL(n, ¢) ([28, 36]). One might seek a Meataxe
for (at least finite) matrix groups over infinite fields. Research in that direction is
reported in [22, 24, 38].

Notice that in contrast to groups over finite fields, structural analysis of finite
groups over infinite fields can be done without computing irreducible modules, but
rather via direct construction of an isomorphic copy in GL(n,q)—see Section 4.
Further, each infinite finitely generated linear group is non-simple and, moreover,
has normal subgroups of finite index. Thus, for infinite groups (especially solvable-
by-finite groups), it is natural to test complete reducibility (and more) by use of
congruence homomorphisms; cf. Section 7.2.

One more approach to irreducibility testing and construction of modules is by
applying algorithms for matrix algebras. Here the central problems are computing
the radical of the enveloping algebra, finding the Wedderburn decomposition of a
semisimple algebra, and expressing a simple algebra as a direct sum of minimal
left ideals (see [43, Section 6] for details). The latter problem is equivalent to
computing irreducible components of the group. This implies that, over a number
field, finding irreducible components is at least as difficult as factorizing square-free
integers ([43, Section 6]). On the other hand, for abelian groups over number fields,
one can test irreducibility and construct irreducible modules (]2, Section 5.2]).

A number of algorithms for the above problems (particularly computing the
radical, and Wedderburn decomposition) over various fields are now available; see
[26, 43]. For recent advances dealing with groups over Q, see e.g. [33, 47].

Along with irreducibility testing, one would like to be able to test primitivity
and construct systems of imprimitivity; over infinite fields so far those problems
have not been explored.
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11 Linearity of groups and representation theory

An area closely related to computing with linear groups is construction of faith-
ful representations of (abstract) groups. That work really lies in the province of
computational representation theory (see e.g. [39] and [41]), which is beyond the
scope of this survey. Nevertheless, this final section gives a brief account of results
for groups which have linearity as a crucial property (see [49, Chapter 2| for a
treatment of such groups).

The paper [35] contains an efficient algorithm for constructing a representation
of a finitely generated torsion-free nilpotent group in GL(n,Z). Algorithms for
constructing representations of polycyclic groups in GL(n,Z) are proposed in [30].
However, no practical algorithms for polycyclic or polycyclic-by-finite groups are
currently available.

The wider problem of constructing representations of finitely presented groups is
discussed in [40]. Special attention is paid in [40] to the impact of that problem on
deciding finiteness of finitely presented groups. One example of relevant existing
algorithms is the procedure, analogous to Todd-Coxeter coset enumeration, given
in [29].
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