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ARTICLE INFO ABSTRACT

Keywords: We investigate surface waves in a prestressed elastic half-space whose material properties are
Surface waves constant in the vertical direction but vary periodically along the direction of wave propagation.
Periodic half-space Using Floquet-Bloch theory, Fourier expansion, and the Stroh formalism, we reduce the dynamic
;\:;l;;];:;gn problem to the solution of a matrix Riccati equation for a high-dimensional (truncated) surface

impedance matrix. [llustrative results are presented for the case in which each unit cell consists
of two homogeneous materials. A two-term asymptotic expression for the wave speed is derived
for wavenumbers near the edges of the Brillouin zone and is used to validate the numerical
solutions. By increasing the prestress until the wave speed vanishes, we show that surface
wrinkling in such a periodic half-space always localizes in the material that is more susceptible
to instability and is not governed by homogenized properties. Furthermore, the critical prestress
is found to be independent of the wavenumber, as in the classical homogeneous case, although
surface waves remain dispersive before the onset of instability.

Pattern formation
Nonlinear elasticity

1. Introduction

Surface wave propagation is a fundamental problem in elastodynamics, with numerous practical applications. It also arises in a
variety of related contexts, such as wave propagation in layered composites and coated half-spaces. Early studies primarily focused
on homogeneous, unstressed elastic half-spaces. The existence and uniqueness of surface waves in a generally anisotropic elastic
half-space was first settled by Barnett and Lothe (1974) with the aid of the Stroh formalism (Stroh, 1958, 1962), and then later
formulated in terms of the surface impedance tensor by Barnett and Lothe (1985). Refinements were subsequently made by Chadwick
and Smith (1977), Ting (1996), and further properties of the surface impedance tensor were established by Biryukov (1985), Fu
and Mielke (2002) and Mielke and Fu (2004). We refer to the review article by Shuvalov (2024) for a summary of the latest
developments.

With the surge of interest in metamaterials, attention naturally turned to surface waves in half-spaces with periodic material
properties. Three types of periodic half-spaces may be distinguished: those that are periodic along the direction of wave propagation
but homogeneous in depth (i.e. laterally periodic); those that are periodic in the depth direction but homogeneous along the direction
of propagation; and those that are periodic in all directions, including half-spaces with periodic inclusions. Surface waves in half-
spaces of the first type have previously been studied by Djafari-Rouhani et al. (1984) and Tanaka and Tamura (1998, 1999) by
constructing solutions in terms of eigensolutions, by Norris et al. (2013) and Shuvalov (2024) using the Stroh formalism and matrix
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Fig. 1. Schematic of the periodic elastic half-space.

sign function method, by Hu et al. (2012) using the spectral method, by Matysiak et al. (2009) using a homogenized model with
microlocal parameters, and by Pu and Shi (2017) using an energy method. Surface waves in half-spaces of the second type have
been investigated by Shuvalov (2009) and by Darinskii and Shuvalov (2020) based on the Stroh formalism. Finally, for the case
when the half-space is periodic in all directions, there exists a large body of literature based entirely on numerical calculations;
see, e.g., Assouar and Oudich (2011), Khelif et al. (2010), Laude et al. (2005), Manzanares-Martinez and Ramos-Mendieta (2003),
Tanaka et al. (2007), Wu et al. (2005, 2004), Yan and Wang (2008).

Another major extension of surface wave study is to prestressed elastic half-spaces for which the surface wave speed is a
function of the prestress, so that a static surface wave mode becomes possible at a critical level of prestress. Surface wrinkling
of a compressed homogeneous half-space was first studied by Green and Zerna (1954), Flavin (1963) and Biot (1963), who found
that the critical stretch is approximately equal to 0.544 when the half-space is modeled as a neo-Hookean material and under
plane strain prestress. This problem is nowadays commonly referred to as the Biot problem and the critical stretch as the Biot
value. Subsequently, extensions were made to more general material models (Dowaikh & Ogden, 1990), general forms of prestress
(Destrade & Ogden, 2005), and development of the Stroh formalism (Chadwick, 1997; Fu, 2005a, 2005b). It should be noted,
however, that in reality surface wrinkling never occurs at the Biot value; in fact the problem of surface wrinkling is ill-posed in the
sense that there does not exist a distinguished wavenumber and a post-buckling solution cannot be found by the usual near-critical
post-bifurcation analysis (Ogden & Fu, 1996). Physically, it is localized creases rather than periodic surface wrinkles that have been
observed (Gent & Cho, 1999), and similarly in Finite Element simulations (Hong et al., 2009). Mathematically, one can regularize
the problem by adding a thin-layer/coating of a different material (Cai & Fu, 1999). On the other hand, surface wrinkling of a coated
half-space (also commonly referred to as a film/substrate bilayer) itself has become a very active area of research, partly spurred
on by the observation by Bowden et al. (1998) that the submicrometer patterns induced by surface wrinkling can serve a variety
of useful purposes. We refer to Genzer and Groenewold (2006), Yang et al. (2010), Li et al. (2012), and Dimmock et al. (2020) for
comprehensive reviews of the literature at various stages of the development.

Our current study is partially motivated by the observation that although recent studies have shown promise in using finite
deformation and deformation-induced buckling to modulate wave propagation, see e.g. Wang and Bertoldi (2012), Rudykh and
Boyce (2014), Li et al. (2016), and Li et al. (2018), these studies are mostly numerical and the fundamental problem of static
surface wrinkling of a compressed periodic elastic half-space does not seem to have previously been studied although it is amenable
to analysis. It is natural to approach this problem by starting from propagating surface waves in a pre-stressed periodic half-space
and this is indeed the approach adopted in this paper.

We shall focus on the buckling behavior and wave characteristics of a periodic elastic half-space under compressive loading. As
illustrated in Fig. 1, the periodic elastic half-space considered is piecewise homogeneous, but our methodology can be extended to
more general variations in the x,-direction. The orange and gray regions represent materials with different shear moduli (x4, and
Mg Tespectively) and both are assumed to have the same Poisson’s ratio. The top surface of the structure is located at x, = 0 and
is traction-free or subjected to a dead load. For fixed v and equal densities, only two dimensionless parameters are involved in our
analysis: the shear modulus ratio « = y,/u, and the width ratio § = T, /T where T = T, + T, is the cell length/period and T, the
width of the gray material.

The rest of this paper is divided into five sections as follows. We start by formulating the problem and summarizing some
necessary results concerning surface wave propagation in a homogeneous prestressed half-space that will be used in later sections.
Then in Section 3, we combine the Floquet-Bloch theorem, Fourier expansion, and Stroh formulation to study surface waves in a
pre-stressed elastic half-space, showing that after truncation the surface wave speed can be determined by setting the determinant
of a surface impedance matrix to zero. Results are presented to show the dispersion relation in the first Brillouin zone and how it
evolves as the pre-stress is increased. To verify our results, we carry out an asymptotic analysis in Section 4 for wave numbers close
to either of the two end points of the Brillouin zone, following well-known methodologies given by e.g. Bensoussan et al. (1978),
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Bakhvalov and Panasenko (1989), and Craster et al. (2010). A two-term asymptotic expression for the frequency is derived for each
case and used to validate the results computed in Section 3. In Section 5, we turn our attention to static surface wrinkling and show
that as a critical pre-stretch is approached, the frequency becomes zero independently of the wavenumber. A close examination
of the bifurcation mode shows that the deformation always localize in the material that is more susceptible to surface wrinkling,
and correspondingly the critical pre-stretch is determined by the Biot value for the corresponding material. In the final section, we
summarize our results and make some additional comments.

2. Problem formulation

We first summarize the general incremental governing equations to be used in our later analysis. To this end, consider a general
hyperelastic body B composed of a non-heat-conducting elastic material which possesses an initial unstressed state B,. A purely
homogeneous static deformation takes B, to a finitely stressed equilibrium configuration denoted by B,. To study the dynamic
and static properties of this finitely deformed configuration, we superimpose a small-amplitude displacement on B,, and denote
the resulting configuration by B,. The position vectors of a representative particle are denoted by X, x and X in Bj, B, and B,
respectively, and we write

X =x(X)+ u(x,1), (2.1)

where u is the incremental displacement associated with the deformation B, — B,.
The deformation gradients arising from the deformations B, — B, and B, — B, and are denoted by F and F, respectively, and
are defined by dx = FdX and dx = FdX. Thus, we have

F =(I +gradu)F, Fip =6 +u; ))Fj4, (2.2)

where [ is the identity tensor, gradu denotes the gradient of u with respect to x, and here and henceforth a comma indicates
differentiation with respect to the implied rectangular coordinate of x. Furthermore, the convention whereby upper case indices
refer to coordinates in B, and lower case indices to coordinates in B, will be observed.

The constitutive equation is given by

S = 0W’ S, = ow ’ 2.3)

oF oF,,
where S is the nominal stress and W is the strain—energy function, assumed to be a function of F and measured per unit volume
in the reference configuration.

It is convenient to define an incremental stress tensor y through

x=J7"'&" -3HF", 2.4

where J = det F, and S and S are the nominal stresses in B, and B,, respectively. It can then be shown that y satisfies the equation
of motion

div XT = pii, Xijj = pii;, (2.5)
where p is the material density in B,. Linearizing the right hand side of (2.4), we obtain
Xij = AjitkUg,» (2.6

where A, are the first-order instantaneous elastic moduli in B, that are defined by (Chadwick & Ogden, 1971)

-1z = o*w
A =JVF  Fp ——— . 2.7
jilk JATIB aFiAaFkB FF ( )

In terms of the principal stretches, the non-zero components of A in the orthonormal basis aligned with the principal directions of

strain can be computed according to the following formulae:
J Ay = 4 AW
2

) P A, o
JA iy = m(’lim — A W) + m(ijWi = AiW;)6u6 1, i#j, (2.8)
i T A i T A

iijj

where W, = oW /oA, W;; = azW/a/l,a/lj, and the principal stretches are understood to correspond to the primary deformation

By = B,.
For our illustrative calculations, we assume that the strain energy function for both materials is given by

H Hv 2
W==(I,-3-2logJ J -1 2.
2(1 og >+1—2v( ), (2.9

where y and v are the ground-state shear modulus and Poisson’s ratio, respectively, I, is the first invariant of the right Cauchy-Green
tensor, and J is the determinant of the deformation gradient F. We assume that the two materials have the same Poisson ratio which
we take to be 0.4999 (almost incompressible) in all of our illustrative calculations unless otherwise stated. As indicated earlier, the
shear moduli are denoted by u, and u, and are generally different.
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Fig. 2. Schematic of the actual periodic elastic half-space studied.

We now specialize the above governing equations to a laterally periodic hyperelastic half-space that is subjected to a plane strain
compression in the x,-direction; see Fig. 2. Because the resulting deformation will generally be nonhomogeneous, to make analysis
possible, we assume that the softer material, signified by the orange color, is also subjected to a compression in the vertical direction
such that the resulting deformation is piecewise homogeneous in the periodic half-space. Thus, we may assume that the deformation
gradients in the orange and gray materials are given by

F°= 1%, @ E| + e, ® E,, F* =2%¢, ® E| + hye; ® Es, (2.10)

respectively, where we have made use of the fact that 4, is the same for both materials due to displacement continuity, and used
superscripts g and o to signify association with the gray and orange materials, respectively. The overall stretch 4, in the x,-direction
is then given by

A =A0(1-8) + A%5. (2.11)

Given a /1%, we solve 5‘;’2 = 0 to find 4,, then solve the traction continuity condition S’fl = S‘;’l to find 05 and finally use (2.11)

to compute the overall stretch 4,. Conversely, when 4, is specified, the stretches 4,, 4] and /1% can be determined by solving three
nonlinear algebraic equations. Once A} and 4, are known, the S’;z in the orange/soft material will in general be non-zero, which is
the surface traction required to maintain the homogeneous deformation (2.10) in the entire half-space.

3. Propagation of surface waves

Assuming harmonic motion with angular frequency w, the governing equations and boundary conditions reduce to

Xijj = (-Ajitk(xl)uk,l),j = —?p(x)u;, (3.1)

1 = Xip = Agu(x Dy =0, X, =0, (3.2)

where A, and p are both T-periodic. The solution should also satisfy the decaying condition u; — 0 as x, — oo, but this condition
is not displayed explicitly here and hereafter.
These equations can be rewritten as

{0 uy + RGepuy } | +1, = = p(xpu, (3.3a)

t=R"(xuy +T(xDuy =0, x, =0, (3.3b)
where p(x,) = p(x)I, and the matrix functions Q(x,), R(x;), and T(x,) are defined by their components

OQu(xp) = Ay (xp), Ry Ge) = Apgy (), Ty Gep) = Ay (). 3.4

3.1. Homogeneous half-space

We first summarize some well-known results for the special case when the half-space is homogeneous so that the elastic moduli

A, and density p are all constants. In this case, if we look for a surface wave solution of the form

jil
u = z(kxy)e®™,  t = kaw(kx,)e*1, (3.5)
where k is a positive constant, then Egs. (3.3a) and (3.3b) reduce to

Tz" +i(R+R")Z - Q,z2=0, (3.6a)
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w=iRTz+TZ =0, x,=0, (3.6b)
where Q, = Q — pv’T and v = w/k. These two equations may be re-arranged into the form
2 =T 'w-iT"'R"z, (3.72)
w =(Q, - RT'R")z—iRT 'w, (3.7b)

or equivalently the Stroh/Hamiltonian form

d (z ) _ —-ir'R" T! z 3.8)
de, \ w /= \ 0,—RT'RT —iRT™! w )’ :

The problem can then be solved by introducing the surface impedance matrix M through

w(0) = -—Mz(0), (3.9
which also implies that

w(y) = -Mz(y) Vy=kx, >0 (3.10)

since the material is homogeneous in the x,-direction (depth direction) and so the relationship between w and z should be
independent of x,. The minus sign in (3.9) is due to the fact that the actual traction is minus w(0) since the outward normal
to the surface is —e,.

Substituting Eq. (3.10) into (3.8), eliminating z and noting that the resulting equation is valid for arbitrary z, we obtain the
Riccati equation (Biryukov, 1985; Fu & Mielke, 2002)

(M —-iRT' (M +iR")-Q, =0. (3.11)
The traction-free boundary condition is obviously given by M z(0) = 0. Thus, the surface wave speed v is determined by
det(M) = 0. (3.12)

It is now well-known that in the subsonic interval, M is Hermitian so that (3.12) is always a real expression, and that its real
eigenvalues are monotonic functions of v so that the unique root of (3.12) can be determined in a robust manner.
To compute z(y), we substitute the trial solution

z2(y) = e EVz(0) (3.13)
and (3.10) into (3.7a) to obtain
E=T"YM +iR"). (3.14)

It was shown in Fu and Mielke (2002) that the Riccati equation (3.11) subject to (3.12) has a unique positive definite or positive
semi-definite solution for M, and that the corresponding E computed from (3.14) has the property that all its eigenvalues have
positive real parts so that z(x,) given by (3.13) decays exponentially as x, — oo.

Setting v = 0 and viewing det(M) as a function of the pre-stretch, Eq. (3.12) then becomes a bifurcation condition that can be
solved to find the Biot value, the critical stretch for surface wrinkling.

3.2. Periodic half-space

According to the Floquet-Bloch theory, the displacement u and traction vector ¢ can each be represented as ¢**1 times a T-periodic
vector function. Since each T-periodic function can be represented by a Fourier series, we have

+oo +oo

u=e1 Nz, (e = Yz, (xy)ehn, (3.15a)
n=—o0 n=—o0
+o0 +oo

t = ek Z w,(x,)e'sn*1 = z w,,(xz)e‘k""l, (3.15b)
n=—oo0 n=—oo0

where k, = k+g, and g, = 2nz/T. We also represent the T-periodic matrix functions Q(x,), R(x;), T(x;) and p(x,) by their Fourier
series:

+oo

{00, RG). T, px)} = 3 (O™, R™, T, pl0} elsnxt (3.16)

n=—o0o

It then follows, e.g., that

+oo +o00
(OQ(xu,), = %( Z (Q(n)eig,,xl) Z (iknzn(xz)eik,,xl)>
1

n=—oo n=—oo0

+0oo +0o
== 2 Y (kky Q" ™z, (xy)) e¥ri, (3.17)

n=—00 m=—co
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Similar expressions may be written down for the other terms in (3.3a) and (3.3b). On equating the coefficients of e!*»*! in (3.3a)
and (3.3b), and truncating the infinite sums, we obtain

+N
w (xy) = Z (kyky Q"™ 2z, (xy) — @ p" ™ z,,(x,) — ik, R"™™2! (x,)), (3.18)
m=—N
+N
w,(x,) = z (i, RT=M 2 (x5) + T2 (x,)) (3.19)
m=—N
where n =0,+1,+2,... + N, and N is a suitably large positive integer.
Following Norris et al. (2013) and Shuvalov (2024), we may rewrite these equations in an augmented matrix form in terms of
the notations

w_y Z_n
wxy) =] wy |, z(xp)) =1 2o |-
Wy ZN

and
Q(n,m) — k,,ka("_"’), R(n.m) - knR("_'"), T(n,m) — (n—m), ﬁ(n,m) — p("_m),

The result is
w(xy) = iR 2(xp) + T2 (x,), (3.20a)
w(x,) = (é - wzﬁ) z(xy) — iRz (x,), (3.20b)

where the superscript H signifies Hermitian conjugation (i.e. conjugate transpose) and the 22N + 1) X 2(2N + 1) matrices O, R, T,
and p are partitioned in terms of 2 x 2 matrices, with their (n, m)-th block given by

Q(n,m)’ R(n,m)’ T(n,m)’ ’ﬁ(n.m)’

respectively, where m,n=—-N,...,0,..., N.
By defining O, = Q0 — ®’p and rearranging, Eqgs. (3.20b) and (3.20a) can be rewritten as (Norris et al., 2013)

d z —iTﬁl}N{H Trl z
— =\~ aatiom : (3.21)
dx, \ w Q0,-RT R —iRT w

Then the rest of the analysis is similar to that for a homogeneous half-space. The surface impedance matrix M is defined by

w(0) = —Mz(0), (3.22)
and satisfies the Riccati equation

M —iRT M +iR") -0, =0, (3.23)
and the dispersion relation

det(M) = 0. (3.24)

The above augmented surface impedance matrix enjoys almost all of the properties that its counterpart for a homogeneous half-
space has, although it is now dependent on the wavenumber k (Shuvalov, 2024). Better still, the symbolic manipulation package
Mathematica has a dedicated command RiccatiSolve that can be used to find the unique solution of (3.23) and (3.24) that is positive
semi-definite in the subsonic interval.

The dispersion relation (3.24) defines the angular frequency w as an implicit function of the wavenumber k. We first consider
prestresses such that the surface impedance matrix M is positive definite when @ = 0. For each fixed k, we find the associated w by
increasing w from zero until (3.24) is satisfied. Instead of computing det(M), which may become extremely large, we replace (3.24)
by the condition that the smallest eigenvalue of M vanishes.

Results are displayed in terms of the non-dimensional frequency «, and wave speed v, defined by

w; = oT /v, v, =0/v,, where v, = \/y/po- (3.25)

A convergence test was first conducted for the case when there is no prestress (4, = 1). Fig. 3(a) displays the analytical results with
truncation numbers N = 3,10, 15 against the corresponding numerical results obtained using the Finite Element software Abaqus
(Aberg & Gudmundson, 1997). It is seen that even for N as small as 3, the results are graphically indistinguishable from the Abaqus
simulation results. Nonetheless, as Fig. 3(b) shows, when zoomed in, some minor differences can still be detected. For instance, at
kT = r, the frequencies corresponding to N = 3 and 15 are 3.25397 and 3.23964, respectively, which approximate the Abaqus result
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Fig. 3. Comparison between analytical results with different truncation numbers and the Abaqus simulation results with a =2, § = 0.5, p, = p, = 1.
The right figure is a zoomed-in version of left figure, showing the minor differences between the four sets of results.
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' A1=0.9 1,=0.8 — 1,=0.75
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o5k A1 decreasing Ay decreasing

0i5 1jo 1:5 2i0 2:5 > kT 015 1:0 115 210 2:5 > kT

@ (b)

Fig. 4. Dispersion relations for the nondimensional (a) frequency and (b) wave speed under increasing compressive strains (as indicated by the
arrows) when « =2 and 6 = 0.5.

of 3.23584 with a relative error less than 0.6% and 0.2%, respectively. Based on this observation and the fact that each calculation
takes only a few seconds on a typical desktop, we conservatively take N = 15 in all of our subsequent calculations.

For a typical parameter set with a = 2 (stiffness ratio), § = 0.5 (length ratio), and p, = p, = 1, the dependence of w; and v,
on kT is presented in Fig. 4 for different stretch ratios. Profiles of w, and v, are symmetric about kT = z over the Brillouin zone
[0,27], so they are only shown for the reduced Brillouin zone kT € [0, z]. It can be observed that as the wavenumber k increases, the
frequency varies almost linearly with respect to k and hence the wave speed is almost constant over most of the interval; it is only
towards the right boundary k7" = z that noticeable departure from these behaviors is observed. These behaviors have previously
been noted by Norris et al. (2013) without prestress and their results have been used to validate our code. This flat behavior in v,
is explained by our asymptotic analysis in the next section.

As expected, the wave speed decreases monotonically as the stretch 4, is decreased and the trend shown by Fig. 4(b) seems to
indicate the speed will first vanish at kT = = when 4, is sufficiently small, but this turns out not to be the case. In Fig. 5 we display
the variation of ¢, the smallest eigenvalue of M, with respect to w, as 4, is decreased while kT is fixed at x. Since ¢, vanishing
is equivalent to det M = 0 as far as the current computation of w, is concerned, the four plots in this figure show how the w, at
kT = r decreases to zero as 4, approaches a critical value approximately equal to 0.740. Similar plots are made for other values of
kT and it is found that this critical value of 4, is actually independent of kT. This phenomenon is explained further in Section 5 by
solving det M = 0 with o, = 0 directly.

4. Asymptotic analysis

The formulation in the previous section breaks down when the wavenumber k is zero. This arises from the mathematical structure
of the elastic matrices Q and R, which contain terms of the form k,, = k+g, (where g, = 2zn/T). When k = 0, the terms corresponding
to n = 0 result in entire rows or columns of elements becoming zero, making direct solution impossible. To circumvent this difficulty,
practical computations typically use the results for small values of k to extrapolate the result for k = 0. In this section, we derive
an asymptotic expression for the frequency valid in the limit £k — 0. This analysis serves three purposes: yielding the homogenized
properties of the periodic half-space, providing the frequency at k = 0 directly, and explaining the flat behavior in Fig. 4(b).
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Fig. 5. Dependence of ¢; on w, as A, is decreased. The intersection of each curve with the horizontal axis marks the frequency. These plots
display the manner by which the frequency approaches zero. (a) 4, = 0.741; (b) 4, = 0.7404; (c) 4, = 0.74037; (d) 4, = 0.7403.

To ease interpretation, we replace A jitk(x1) and p(x,) in the previous section by A itk (1 /T) and p(x,/T), respectively, so that
Aji(-) and p(-) are now 1-periodic functions of their argument. The incremental equation of motion then takes the form

(Ajilk (% ) uk,l)y/_ =-0’p <% ) u;. 4.1

On making the substitutions

Ho 1
xp = Lxj, up = Luy, Ajie = PoAjits P = Pops @ = 4 p—ozw’ (4.2)
o
where L is a typical lengthscale of the same order as 1/k, Eq. (4.1) takes the non-dimensionalized form
0 ouy, 5
— (A — ) == . 4.3
ox, < jitk () 6x,> @ p (&) u; (4.3

or equivalently,

% {0©u; + R@uy} + RTOu gy + T@uy = —’pEu, (4.9
where

E=x/¢, e=T/L<1.
According to the Floquet-Bloch theory, the displacement field admits a solution of the form

u(xy.xy) = €*10(E, xy), (4.5)

where the vector field v(¢, x,) is 1-periodic in terms of the first variable &.
4.1. The case of k = O(1)

Note that corresponding to the substitutions (4.2), the wavenumber k is subjected to the substitution k — k/L so that the kT in
the previous section becomes ke. Thus, under the assumptions k = O(1) and ¢ < 1, we have kT < 1.
Since u depends on x, through both ¢**1 and ¢, we have

u, = {ikv+ lvg} ek U, =v,e*, (4.6)
8 P s ;
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and other higher order derivatives of u can be similarly obtained. On substituting these expressions into (4.4), we obtain

1 1 . r )

Qs+ {(Rv,) ;s +ik(Qv); + RTv gy +ikQu .}

+Tv 4, +ik(R + R, — (K*Q — o’ p)v = 0. “.7)
The corresponding boundary conditions become

lRva +ikRTv+Tv, =0, x,=0. (4.8)

e S ;

An asymptotic solution may then be sought in the form
v =vO(xy) + vV (€, xy) + 20D (&, x) + EVI(E xp) + oD (&, %) + -, (4.92)
= wy+ €2w1 + 64602 + e, (4.9b)

where we have anticipated that the leading order term v(”’(x,) should be independent of the fast variable &. Inherited from v, all
the other functions in (4.9a) and their derivatives are 1-periodic in &.
On substituting (4.9a) and (4.9b) into Eq. (4.7), and equating the coefficients of ¢!, ¢, ¢, and €2, we obtain

(QV’(;) + vag) +ikQU(O)),§ =0, (4.10a)
Qv + Rv) +ikQu") s + TP+ L1 = 0, (4.10b)
Qv + RV +ikQu?) . + T+ L] = 0, (4.100)
v+ RoG +ikQu) ; + T w1+ L10] + 2, pr'¥ =0, (4.10d)

whereas substitution of (4.9a) into the boundary conditions (4.8) yields

RTU(;) + B[U(O)J =0, X, = 0, (4.11a)
RTU(? + BV =0, x, =0, (4.11b)
RTU(? + B[U(z)] =0, x, =0. (4.11¢)

In the above expressions, the differential operators £, J, and B are defined by

L] =Tvy, +ik(R + RTv, — (K*Q - o} p)v, (4.12a)
Jlvl= R"v, +ikQu, (4.12b)
Blv] = ikRTv + Tv,. (4.120)

Egs. (4.10a) — (4.10c) can each be integrated once to give

0V + RV +ikQu® = c(xy). (4.132)
0 (2) (CON (1) ¢ (1) (0) — b
v,i + Rl)’2 +ikQuv' + A (J[U"g 1+ L7 ]dE = e(x,), (4.13b)
4
QV(? +RU(§> +ika(2) +/ (J[v(?] +£[v(])])d5 — g(Xz), (4.130)
£ s 0 ,

where the functions c(x,), e(x,), g(x,) arising from integration can be determined by multiplying each of the above equations by Q™!
and then averaging over a unit cell:

e(xp) = MYV, (4.14a)
¢
e(xy) = MM+ 0(Q™! / T+ L Dde), (4.14b)
0 s
¢
g0 = M1 4007 [T+ L1 hac) (4.140)
0 s
where each pair of angle brackets signifies the above-mentioned averaging and the operator M and matrix Q are defined by
-1
1
Mvl=0(Q7'Rv,) +ikQ(v), O=(Q)y'= </ Q‘1d§> . (4.15)
0
On the other hand, on multiplying each of the three Egs. (4.13a), (4.13b), and (4.13c) by 0! and then integrating, we obtain
VD& xy) = 00 xp) + 00 (xy), (4.16)
V(& xp) = 0P (&,xp) + 1P (xy), (4.16b)
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V(& xp) = 07 xp) + 0P (xy), (4.160)

where v (x,), v (x,), v®(x,) are arbitrary functions and

¢ 4
oD, xp) = ( / Q‘1d§>6(xz) - / 07" Rv)dg - ke, (4.172)
0 0 ’
¢ ¢ £
9O xy) = < / Q‘1d§> e(xy) — / 0™ Rvjde — ik / vVdg
0 0 ’ 0
¢ £
- / {Q’l / T+ z:[v“’ﬂ)d&} dg, (4.17b)
0 0 ’
¢ ¢ ¢
096 xy) = ( / Q"d§> 8x) = / 07" RV de — ik / vPde
0 0 ’ 0
¢ 1 ¢ (2) 1
—/ {Q‘ / T+ L >])d§} dé. (4.17¢)
0 0
Integrating Egs. (4.10b)—(4.10d) over a period in ¢ and making use of the expressions (4.16a)—(4.16c), we obtain
(T + w1 =0, (4.182)
(T + o014+ L) = 0, (4.18b)
(T0D1+ LIED] + L)) + 2000, (o) = 0. (4.18¢)

These three equations are to be solved subject to three boundary conditions that are the averages of (4.11a), (4.11b), and (4.11c):

(RT6D) + (Bl =0, x,=0, (4.19a)
(RT&3 + Bo1) + (B =0, x, =0, (4.19b)
(RT&D + Blo®1) + (Bw®@) =0, x,=0. (4.19¢)

It will now be shown that (i) Eq. (4.18a) subject to the boundary condition (4.19a) can be converted into a surface wave problem
for a homogenized half-space that determines o, (ii) Eq. (4.18b) subject to (4.19b) may be solved to find v®, and (iii) Eq. (4.18¢)
subject to (4.19c) can be solved only if a solvability condition is imposed and this solvability condition provides a linear equation
for finding the leading-order correction w,.

First, substituting the expression for #!) from Eq. (4.17a) into the first-order equation (4.18a) yields

(RT{0™' M1~ 07" RoD), — ikv'Q) +ikQ(0~ M1 ] - 07" RV — ik })

HT)O) +ik(R + RT3 — (k*(Q) - of(p)r® = 0. (4.20)

(
22
Further simplification leads to

L1 = To')) + kR + RN — (k20 - 02 (p)v® = 0, (4.21)
where the first equation defines the homogenized operator £ and

0=0, T=T)-(RTO'R)+(RTQ"HO(0"'R), R =0(Q7'R). (4.22)

The associated homogenized boundary condition can be obtained by substituting the expression (4.17a) into (4.19a), which gives,
after simplification,

Blv® = ikR v +Tv) =0, x, =0, (4.23)

where the first equation defines the homogenized operator B.

The homogenized surface wave problem of (4.21) subject to the boundary condition (4.23) take the same form as the surface
wave problem (3.6a) and (3.6b) for a homogeneous half-space. Thus, its solution, in particular the surface wave speed, can be
determined using the method outlined there.

We next solve the second order problem of (4.18b) subject to (4.19b) and the third order problem of (4.18c) subject to (4.19¢c).
To manipulate these equations into a more transparent form, we first rewriting Egs. (4.14a)—(4.14c) as

c(x) =ML e(xy) = MOV T+e(xy),  glxy) = MV T+ E(xy), (4.24)

where

4
&(xy) = M[#V]+ 0(Q™! / JP1+ L ®Dde),
U

¢
&(x) = M[PP] + 0(Q™" / JWP1+ L1+ L ODag). (4.25)
U,

10
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The three derivatives i/(é) , i)(? and DS) in the equations to be solved can be obtained from (4.17a)—(4.17c) as follows:

) = 07 M1 - 07 RYY — ik ©, (4.26a)
17(? =0 "M - 07 R — ikt ) + 57, (4.26b)
7Y = 07 M- 07 RoY? — ke + 5, (4.26¢)
where
z(2) —15 -1 ¢ ~(1) (0) —1 D (D
v, =0 ex)-Q / (JW 1+ L7DdE - Q™ Ry —ikD, (4.27a)
: A . :
¢
7Y = 07'g(xp - Q' / JBP1+ L Ndé - 07 R — ikp®. (4.27D)
2 ) . :

With the use of these expressions, we find that v©) appears in (4.18b) and v(*® appears in (4.18c) in the same form as v®) appears
in (4.20), thus obtaining

L£[vO] = —<RT7;<§; + iin;f? + [y, (4.282)

L[] = (R}, +ik0DY + L[8P]) - 2050, (p)p©. (4.28b)
Similar simplifications can be made to reduce the two boundary conditions (4.19b) and (4.19c¢) to

Bl = —(R"5D) - (BB"),  x, =0, (4.292)

B ™1 =~(R"5Y) - (B5®)),  x,=0. (4.29b)

Because it is known from earlier discussion that the differential equation £[v] = 0, subjected to the boundary condition B[v] = 0 on
x, = 0 and the decaying condition v — 0 as x, — oo, has a non-trivial solution, v = v® say, the right hand sides of (4.28a)—(4.29b)
must satisfy two solvability conditions. The solvability conditions are obtained by noting that the operators £ and B enjoy the
property
/ @ . Llvldx, = @ - B)[P, Vo, (4.30)
0
where 7 denotes the complex conjugate of v?). This identity can be verified by integration by parts repeatedly, followed by the
use of the fact that v@ is the above-mentioned non-trivial solution; see Fu and Mielke (2002).

Replacing v by v©D in (4.30) and substituting in (4.28a) and (4.29a), we verify numerically that the solvability condition is
satisfied automatically. This is anticipated since there is no disposable parameter in this equation. However, on replacing v by v
in (4.30) and substituting in (4.28b) and (4.29b), we find @, = c,k>, where ¢, is a constant whose expression is not written out
here for brevity but is evaluated with the aid of the symbolic manipulation package Mathematica. Substituting this back into the
expansion (4.9b) yields

= wy+ ezclk3 + -
Making substitutions reversing those in (4.2) together with k — kL, we obtain

@ = kD + /1y /g c1 K(KT)? + -+, (4.31)

where, for instance, w is the actual (i.e. dimensional) angular frequency and & is the actual surface wave speed associated with the
homogenized half-space. The actual wave speed is then given by v = w/k.
Eq. (4.31) will be used in its non-dimensional form given by

w; = oT [v, = kT5/v, + ¢;(kT)> + -, (4.32)

together with v, = w,/(kT) for the non-dimensional wave speed. The above expansion procedure can be carried out to higher orders.
The next correction term would be of order (kT)°, but we do not present the details for the sake of brevity.
As an illustration, for 4; =1 and 4, = 0.8 our asymptotic analysis yields, respectively,

vyl4,21 = 1114+ 0.001683 (KT)* + 0.001564 (KT)* + -,
vyl; 20 = 0.7561 +0.004011 (KT)* — 0.003932 (KT)* + --- . (4.33)

It is seen that the coefficients of the two correction terms are quite small, which explains the flat behavior of v, over most of the
Brillouin zone. These asymptotic solutions are compared with the theoretical solutions of Section 3 in Fig. 6, where the solid lines
represent the theoretical solutions and the red dashed lines denote the asymptotic solutions. It can be observed that the asymptotic
solutions agree well with the theoretical solutions when kT < 1 and the two solutions begin to diverge from each other only when
kT has become as large as 2.

11
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Fig. 6. Comparison between asymptotic and exact results for two representative values of pre-stretch when « =2 and 6 = 0.5.

4.2. The case of k = O(1/e)

For completeness, we now also consider k in a small neighborhood of the right end k = z /¢ of the Brillouin zone and write
k=§+kl = ko + ky,

where k, = x/e and k; is an O(1) constant representing the deviation of k from k. The Floquet-Bloch solution (4.5) can then be
rewritten in the form

u(x).x,) = e¥1%1 (e ) = M p(E ), =2, (4.34)
£

where D(&,7) = e v(&, ). Note that the dependence on x, is now through the new scaled variable # since we expect that dependence
of our solution on the two spatial variables should be on the same lengthscale. Note also that (&, ) is not 1-periodic in &; instead,
it has the property

D(E+ 1,n) = 7™ v + 1,17) = —D(E, 1). (4.35)

For easy reference, we shall refer to any function satisfying the above property as being anti-periodic. The methodology employed
in this subsection has previously been used by Craster et al. (2010) and Craster et al. (2012) under the name of high-frequency
homogenization, but its origin can be traced at least back to Newell (1974) where the introduction of an extra stretched variable
was used in a multiple-scale analysis to study the modulation of nonlinear waves.

On substituting (4.34) into (4.4), noting, for instance,

uy = {iko+ 1195}8"1*1, uy = Lo, ohn, (4.36)
: Pt 2= 2l
we obtain

1 o ~ T, N

= {2+ R+ R D +Th,, }

2 (iK1 (Q0) ¢ +ik, Q0 +iky (R + RN} = (30 - pa D)o = 0. (4.37)
The corresponding boundary conditions become

L(RTo.+To, ) +ik, RTo=0, n=0. (4.38)

P S )
An asymptotic solution can then be sought in the form

o =00 +edVEm + & + 0V En + 0V En + o (4.392)

o= 1 {wo + 62w1 + e4a)2 + } s (4.39b)

€

where it is noted that the leading order term 29, ) is no longer independent of the fast variable £. Inherited from #, all the
functions on the right hand side of (4.39a) and their derivatives are anti-periodic in terms of &.
On substituting (4.39a) and (4.39b) into Eq. (4.37), and equating the coefficients of €72, ¢~!, €, we obtain

L1o©@1 =0, (4.40a)

L9V + ik (@) ; + ik, Qﬁ(g) +ik; (R + RMHpO =0, (4.40b)

12
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LI9DT + ik, QM) ¢ +ik; 08 +ik; (R + RN + 2pgo I - k@) = 0, (4.40¢)
where the new operator £ is defined by
LID)=(Q0 )z +(RD,) s+ R D4+ TD,, + payd. (4.41)

The boundary conditions (4.38) yield

Bliv®”1=0, x,=0, (4.42a)
BloW]+ik, RT6® =0,  x,=0, (4.42b)
BloP1+ik, RToV =0,  x,=0, (4.420)

where the new operator 5 is defined by
Blol=R"p,+To,,. (4.43)

It is seen that the operators £ and B reduce to £ and B for a homogeneous half-space.

Eq. (4.40a) subjected to the boundary condition (4.42a) and the decaying condition #® — 0 as x, — oo is a boundary value
problem defined on a unit cell that can only be solved numerically to find w, and #* up to an arbitrary constant. The next-order
boundary value problem for #" is inhomogeneous, and has a particular solution given by " = —ik,£#?). Thus, the general solution
is given by

o0 =ik, {200 -}, (4.44)
where 99 is a forced solution of (4.40a) and (4.42a) such that the " given by (4.44) is anti-periodic in &, or equivalently,
o101, = =010, ) + 2V (1,n). (4.45)

Finally, the inhomogeneous boundary value problem for #® can only be solved if a solvability condition, similar to (4.30), is
satisfied, and this condition would yield an expression for w;:

o) = k2, (4.46)
where ¢ is a constant. Once this is determined, (4.39b) may be replaced by

® = é {w0+€2§(k— %)24_ } (4.47)
Making substitutions reversing those in (4.2) together with k - kL, we obtain

0= % {coo +€2§(g - %)2 + }
that is,

, = wy + KT = 7)2 + - (4.48)

This expression shows that the variation of w,; around kT = r has a quadratic behavior.

Our Abaqus simulations presented in the previous section have already computed w, for a discrete set of kT values in the reduced
Brillouin zone, including when kT = #. Thus, w, is already available. Although we could find ¢ by implementing the above procedure
on Abaqus, we decided to simply use the data set from the previous section, interpolate on Mathematica to obtain w (kT), and
finally obtain ¢ using the formula ¢ = w!'()/2. For the cases A; = 1,0.8, this procedure yields { = —2.624, —1.538, respectively. The
corresponding two-term asymptotic result (4.48) is displayed in Fig. 6 in black dashed lines near kT = z, and agrees well with the
numerical results, as expected.

5. Surface wrinkling

Surface wrinkling can be studied by setting w, = 0 in which case Eq. (3.24), namely det(M) = 0, becomes the bifurcation
condition. It is found that for each set of material and geometrical parameters, the solution of this equation for A, is independent
of kT, similar to the case of a homogeneous half-space (the classical Biot problem) although kT does appear in the equation. For
the typical case of « =2 and § = 0.5, solving this equation yields 4, ~ 0.74037, which has already been reported in Section 3. Fig.
7 displays the results for a selection of other values of a with 6 fixed at 0.5, and confirms the fact that 4, is independent of kT for
each a.

To further understand the meaning of A, computed above, we first observe that for the periodic structure under consideration,
there are three critical values of A, (the Biot values): those associated with the orange material (denoted by /1‘1’”), the gray material
(denoted by Air), and the homogenized material (denoted by /1‘1‘"), respectively. The dependence of these three critical stretches
on « is displayed in Fig. 8. Note that whereas A° . is a constant, 47 is dependent on . This is because the orange material is in a

le
state of biaxial compression, which changes as « is varied.

13
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Fig. 7. Critical value of 4, of a periodic elastic half-space for four typical values of « when 6 is fixed at 0.5.

A

0.8

0.6}
0.4f .7

e -=--- A", .+ (homogenized)
0.2 3 A% ¢ (orange material)

— A8 . (gray material)

L 1 L 1 1 1 1 1 1 1 1 1 1 1 1 > a
Fig. 8. Dependence on the modulus ratio a of the critical stretches associated with the homogenized (red dashed line), orange (orange line)

and gray (black line) materials, respectively when 6 = 0.5. The critical stretch for the periodic half-space is always the maximum of these three
critical stretches for each value of a.

It can be seen that /l‘l‘cr always lies between 47 and lir except at @ = u,/u, = 1 where the three values coincide. After we have
computed 4,., and the associated /1’15 and A7 for each q, it is found that we always have 4,., = /1‘(1; = 47 up to two decimal places.
This is not surprising since we have taken Poisson’s ratio to be 0.4999 so that both materials can be viewed as incompressible, in
which case continuity of A, implies continuity of 4, across the interface. Furthermore, it is found that 4, = A‘%U for « < 1 (gray
material softer) and A, = A‘fcr for @ > 1 (orange material softer). In other words,

Mo =max {1 A5 1. O0<a<oo, (5.1)

ler” “ler
and surface wrinkling is dictated by the softer of the two materials, or equivalently by the material more susceptible to surface
wrinkling.
To verify whether the above conclusion is also applicable to compressible materials and other values of 6, we consider a typical
case with v=1/4, 6 = 1/3. When a = 0.5, we find that

— g _ &8 _ — —
A =0.6511,  A%=25 =05266, A0 =07134, 29, = 05306, (5.2)

14
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Fig. 9. The buckling modes of the periodic elastic half-space with kT = 1. (a) a = 0.5 for which the gray material is more susceptible to surface
wrinkling; (b) « =2 for which the orange material is more susceptible to surface wrinkling.

whereas when « = 2, we obtain

Mo = 0.6074, A =0.7308, 2, = 0.5266, A =14 =05457. (5.3)

le ler

These two sets of results can be interpreted as follows. When a = 0.5 (gray material is softer), the A’f associated with the global Biot
value 4, is equal to the Biot value /1‘?” for the gray material and surface wrinkling is dictated by the gray material which is the
material more susceptible to surface wrinkling. This is confirmed by the fact that when /1% reaches /1%”, 4 (= 0.7134) has not yet
reached 17, (= 0.5306). In contrast, when a = 2 (orange material is softer), the roles of the gray and orange materials are exchanged.
In both cases, surface wrinkling is dictated by the material more susceptible to surface wrinkling as in the incompressible case. The
only difference is that here 4,., is no longer equal to /1’15 or 4] because of compressibility and so the simple condition (5.1) no longer
holds.

Having established (5.1) for incompressible materials, it is then of interest to investigate the profile of the displacement field and
to check whether surface elevation would indeed be localized in the material more susceptible to surface wrinkling. The displacement
field at the surface is computed with the aid of the truncated form of (3.15a), namely

N
u(x;,0)= Y 2,00t = (FN1 Loy, . 01 Ly, RN, ) 2(0), (5.4)
n=—N

where z(0) is the non-trivial solution of Mz(0) = 0. Both the real and imaginary parts of the right hand side are eigensolutions.

Fig. 9 shows the real part of u,(x;,0) (vertical surface displacement) of the bifurcation mode for two representative cases: a = 0.5
and « = 2. When a = 0.5, the gray material is softer, and the displacement is primarily concentrated in the gray material region,
while the surface displacement of the orange material is negligible. Conversely, when « = 2, the orange material is softer, and the
displacement is predominantly localized in the orange material region, with the surface displacement of the gray material being
nearly zero. Thus, these additional results serve to confirm the earlier claim that surface wrinkling is dictated by the softer material
and also the fact that Biot instability exhibits no preferred wavelength and so it can be accommodated over any finite segment.

This complete localization - the fact that the stronger material shows essentially no deformation at all rather than merely
less deformation — can be understood from the structure of the bifurcation condition (5.1) itself. The composite structure reaches
criticality precisely when the local stretch state of the weaker material coincides with the Biot point of that same material considered
in isolation; at this same value of 4,, the stronger material’s own surface impedance matrix remains strictly positive definite. The
weaker material’s marginal condition is therefore entirely self-sufficient: it does not require any cooperative deformation of its
neighbor to become satisfied. Moreover, since this local bifurcation condition is independent of wavenumber, it inherits the same
ill-posedness with respect to spatial pattern selection that underlies localized creasing in the classical (homogeneous) Biot problem
(Gent & Cho, 1999; Hong et al., 2009; Ogden & Fu, 1996): there is no distinguished lengthscale, and the bifurcation mode is free
to organize itself, through superposition of the Fourier harmonics in (3.15a), into a profile that has already effectively decayed to
zero by the time it reaches the material interfaces. Complete localization in the weaker material is not simply a consequence of
one material being “softer” than the other in some relative sense; it reflects the fact that, at the critical stretch, only the weaker
material’s local elasticity supports a genuinely marginal (zero-cost) deformation mode, while the stronger material remains incapable
of sustaining one.
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6. Summary

In this paper, we have analytically examined the effect of prestress on the propagation of surface waves in a periodic hyperelastic
half-space. Our approach combines Floquet-Bloch theory, Fourier series expansion, and the Stroh formalism. In contrast to the
eigensolution-based methods used in most previous studies, this framework avoids expressing the solution as a linear combination
of eigenmodes associated with the governing equations. The eigensolutions approach typically produces spurious modes that must
be identified and eliminated through careful tracking of all the eigenvalues, a task that becomes increasingly burdensome as the
truncation number grows and the dimensionality of the problem escalates. By contrast, the surface impedance method based on
the Stroh formalism offers a more robust and efficient alternative, as it circumvents the direct computation of eigenvalues and
eigenvectors of high-dimensional matrices. Moreover, within the subsonic regime, the surface impedance matrix is Hermitian,
ensuring that all its eigenvalues are real. As a result, the condition for the existence of surface waves, namely the vanishing of the
determinant of the impedance matrix, can be equivalently expressed as the requirement that its minimum eigenvalue approaches
zero. This reformulation avoids the numerical instability associated with determinant evaluation for large matrices and significantly
enhances computational efficiency.

We found that as the pre-stretch is decreased, the surface wave speed decreases but remains a function of the wavenumber.
However, as the pre-stretch reaches a critical value, the wave speed becomes zero for all wavenumbers and surface wrinkling is
localized in the material that is more susceptible to surface wrinkling. This may not be so surprising in view of the fact that the
Biot instability is known to be independent of wavenumbers and it can adjust its wavelength to fit any finite domain. What is
perhaps surprising is the fact that our truncation scheme is capable of predicting this phenomenon. Although homogenized material
properties were also derived, our analysis demonstrates that surface wrinkling is not governed by these effective properties. In
this respect, our findings echo the distinction between microscopic and macroscopic instabilities identified by Triantafyllidis and
Maker (1985) in two-phase composites. While homogenization provides a convenient theoretical framework, over-reliance on it may
obscure the onset of localized (microscopic) instabilities that precede global (macroscopic) failure, potentially leading to inaccurate
predictions of structural stability.

For analytical tractability, we have assumed a piecewise uniform prestress distribution, which is generally compatible only
with piecewise homogeneous materials. In more general periodic media, prestress is expected to vary spatially, and the analysis
of wave propagation and surface instability would necessarily rely on fully numerical approaches. It is anticipated that the present
semi-analytical results will serve as useful benchmark solutions for such future investigations.
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