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Abstract

Fiber-reinforced dielectric elastomers have emerged as promising materials for soft actuators due to their enhanced mechani-
cal stability and tunable electromechanical properties. This paper presents a comprehensive theoretical framework for analyz-
ing the finite electromechanical response of thick-walled cylindrical dielectric elastomer tubes with axial fiber reinforcement
subjected to combined radial voltage, internal pressure, and axial loading. Based on the nonlinear electroelastic theory for
transversely isotropic materials, we derive analytical solutions for the deformation, stress distribution, and electric field
under either axially constrained or axially free boundary condition. The formulation introduces fiber-induced anisotropic
invariants into the electroelastic energy function and accommodates arbitrary material models. We find that axial pre-stretch
significantly enhances voltage-driven actuation while reducing the risk of electrical breakdown, and fiber reinforcement sup-
presses electromechanical instabilities and stabilizes the nonmonotonic force—deformation response under combined loading.
Moreover, the material’s strain-limiting behavior plays a critical role in preventing catastrophic thinning and electrical failure.
The results provide new physical insights into the role of fiber reinforcement in regulating electromechanical coupling and
offer quantitative design guidelines for stable and efficient dielectric elastomer tubular actuators in applications such as soft
robotics, artificial muscles, and adaptive structures.
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1 Introduction

Dielectric elastomers (DEs) constitute an important class of
soft electroactive materials capable of converting electrical
stimuli into large and reversible mechanical deformations.
Their high compliance, large actuation strain exceeding
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100%, fast response, and high energy density have motivated
extensive research on dielectric elastomer actuators (DEAs)
for applications in soft robotics, artificial muscles, adaptive
structures, and bio-inspired devices [1-8]. Among various
DEA configurations, cylindrical dielectric tubes are particu-
larly attractive. With compliant electrodes on the inner and
outer surfaces, a radial electric field is naturally established,
producing Maxwell stresses across the thickness. This con-
figuration enables efficient electromechanical coupling and
allows the axial response to be tailored through prescribed
axial stretch or force. Compared with planar membranes,
dielectric tubes exhibit superior load-bearing capacity, geo-
metric robustness, and intrinsic compatibility with pressur-
ized environments, making them well suited for fluid-driven
or electro-pneumatic actuation [9-12].
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The theoretical description of deformation of DEs is
framed within nonlinear theory of electroelasticity. Dorf-
mann and Ogden [13] proposed a comprehensive frame-
work for nonlinear electroelasticity based on invariant
decompositions, which has become the standard founda-
tion for analyzing DE structures. These frameworks have
been widely applied to investigate deformation, bifurca-
tion, and failure of DE structures [14—18]. Suo and col-
leagues developed stability criteria for dielectric elasto-
mers under various electromechanical loading conditions
[19, 20].

Despite these advances, conventional dielectric elasto-
mers are nearly isotropic and mechanically soft, making DEs
prone to instability and limiting their load-carrying capa-
bility. Introducing anisotropy via fiber reinforcement pro-
vides an effective route to overcome these limitations. The
incorporation of fibers fundamentally alters the material’s
mechanical response and significantly improves dimensional
stability, load-bearing capacity, and resistance to electrome-
chanical instability [21]. Xiao et al. [22] demonstrated that
fiber reinforcement can suppress electromechanical instabil-
ity by introducing strain-stiffening effects that counteract
voltage-induced softening, thereby expanding the stable
actuation regime.

For fiber-reinforced dielectric elastomers, the constitu-
tive framework must account for both the material anisot-
ropy introduced by fiber alignment and the electromechani-
cal coupling. Bustamante [23] developed a comprehensive
constitutive framework for transversely isotropic nonlinear
electroactive elastomers, establishing the theoretical foun-
dation widely adapted for modeling fiber-reinforced dielec-
tric systems. His work extended nonlinear electroelasticity
theory to account for material anisotropy through additional
invariants associated with the fiber direction. In recent years,
considerable efforts have also been devoted to understanding
the electromechanical behavior of fiber-reinforced dielectric
elastomer cylindrical actuators. For example, Goulbourne
et al. [24] developed a mathematical model for cylindrical
dielectric elastomer actuators, demonstrating how cylindri-
cal geometry and constraints fundamentally alter deforma-
tion modes and force output under combined pressure and
electrical loading. He et al. [25] investigated the voltage-
induced torsional deformation of a dielectric elastomer tube
reinforced by helical fibers. They revealed that snap-through
instability causes the twist angle to jump from the unbulged
state to the bulged state. Liu and Yong [26] developed a the-
oretical model for finite-thickness fiber-reinforced dielectric
elastic tubular actuators under combined electromechanical
loadings. They characterized the dependence of critical and
Maxwell stretches on fiber parameters during bulge evolu-
tion. Their study demonstrated that helical fibers with high
angles and stiffnesses can change the instability character-
istics from limit-point instability to snap-through instability.
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Although existing studies have demonstrated the poten-
tial of reinforcement and constraints in dielectric cylindrical
actuators, critical limitations remain. Much of the literature
focuses on specific actuation modes or adopts idealized
assumptions such as membrane behavior. Investigations
of thick-walled fiber-reinforced dielectric tubes subjected
simultaneously to radial voltage, internal pressure, and axial
force have not been systematically elucidated within a uni-
fied theoretical framework. The present study aims to fill
this gap by developing a nonlinear electromechanical model
for a finite-thickness, axially fiber-reinforced dielectric tube
and by investigating its coupled deformation behavior under
multiple concurrent loadings.

The paper is structured as follows. Section 2 presents the
theoretical framework of nonlinear electroelasticity for fiber-
reinforced dielectric elastomers, including kinematics, field
measures, and the constitutive formulation with anisotropic
invariants. In Sect. 3, we formulate the boundary value prob-
lem for a thick-walled cylindrical tube with axial fiber rein-
forcement subjected to radial voltage, internal pressure, and
axial loading, and derive the governing equations for both
axially constrained and axially free conditions. Section 4
specializes the general theory to specific material models
and clarifies the loading conditions of the structure. Numeri-
cal results are presented in Sect. 5, where we systematically
investigate the effects of fiber reinforcement, pre-stretch,
voltage, and material parameters on the electromechanical
response. Finally, Sect. 6 summarizes the main findings and
discusses their implications for the design of fiber-reinforced
dielectric elastomer actuators.

2 Nonlinear Electroelasticity
for Fiber-Reinforced Dielectric Elastomers

This section presents a brief overview of the nonlinear elec-
troelasticity theory for fiber-reinforced dielectric elastomers.
For comprehensive treatments, the reader is referred to [13,
23].

2.1 Kinematics and Field Measures

Consider a deformable electrostatic body which occupies
an undeformed, stress-free reference configuration 5
with boundary 013, and outward unit normal N. A material
point is labeled by its position vector X € 13,. After a finite
motion, the body occupies the current configuration B with
boundary 03 and outward unit normal n, and the motion is
described by the mapping

x = (X, 7). (1

The deformation gradient is
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with the right and left Cauchy—Green tensors defined by

C=F'F, b=FF', (3)

respectively.
We focus on incompressible elastomers, so

J=detF = 1. @)

Let E and D denote the true (Eulerian) electric field and
electric displacement in B. Their Lagrangian counterparts are
introduced as

E,=F'E, D,=F'D. 5)

2.2 Governing Equations and Boundary Conditions

Under the quasi-electrostatic approximation and in the absence
of free volume charges and currents, the field equations in the
current configuration 5 read

curlE = 0, divD = 0. 6)

Mechanical equilibrium (no body forces) is written in terms
of the total Cauchy stress T as

divt = 0. )

Across the boundary 013, the electrostatic continuity condi-
tions are

nx[E]=0, n-[D]=0, ®)

where [[ -] denote the electric field and electric displacement
in the surrounding vacuum, respectively. These conditions
ensure continuity of the tangential electric field and normal
electric displacement. The mechanical traction condition is

m=t,+t;" ondB, )

where t, is the prescribed mechanical traction and
t)'" = t)/'n s the traction associated with the Maxwell stress
in the exterior medium. In vacuum, the Maxwell stress is
1
t __ t t t t
T;)t; — £0 [Eou ® Eou _ E(Eou . Eou )I] , (10)
where E°" denotes the electric field in the surrounding vac-
uum, €, is the vacuum permittivity, and I is the second-order

identity tensor.

2.3 Constitutive Framework for Transversely
Isotropic Dielectric Elastomers

We consider a transversely isotropic electroelastic solid
reinforced by a single family of fibers. Let M be the unit

fiber direction in the reference configuration 3. Its current
(push-forward) direction is along m = FM.

We assume the existence of an augmented free-energy
density (per unit reference volume)

Q=Q(F.E,,M), an

and, for incompressibility, the work-conjugate constitutive
relations are

T=Flt==5
oF

pFl, D, =
where p is the Lagrange multiplier enforcing J = 1, and T
is the nominal stress.

By material objectivity, Q depends on F through C, and
a convenient invariant set is

IL=tC, L=uC', I,=E,-E,, I=E,-C'E;, I,=E;-C’E,

L=M-CM, I=M-CM, I,=M-E;, I,;,=M-CE,

13)
where I, and I, are the standard isotropic strain invariants,
1,-I; capture electromechanical coupling, and /;-1,, account
for the fiber-induced anisotropy.

For incompressible materials, the total Cauchy stress t
and the true electric displacement D can be written explic-
itly in terms of b, E, and the current fiber vector m, by
combining Eqgs. (12) and (13) as

©=2Q,b+29,(Ib—b*) - pI -2, EQE-2Q,(b'EQE+EQ®b'E)

+2Q;m @ m + 2Qs(m ® bm + bm ® m) + Q,,(m ® bE + bE ® m),
(14)

D = —2(Q,bE + Q;E + Qb7 'E) - Qom — Q,;bm, (15)

where Q; = 0Q/0I, for i = 1,2, ...,10. These constitutive
equations generalize the isotropic electroelastic relations to
account for fiber-induced anisotropy, with the terms involv-
ing €4-Q,, representing the additional contributions from
fiber deformation and fiber-field coupling.

3 Finite Inflation of Fiber-Reinforced
Dielectric Tubes

3.1 Geometry, Deformation Kinematics, and Field
Distributions

Consider a cylindrical tube made of fiber-reinforced dielectric
elastomer, with fibers aligned along the axial direction char-
acterized by M = ( 001 )T in the reference configuration, as
shown in Fig. 1. The tube has inner radius R, and outer radius
R,, with the thickness ratio defined as t = R;/R, € (0, 1).

Compliant electrodes are bonded to the inner and outer
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cylindrical surfaces to apply a radial voltage V, while an inter-
nal pressure P acts on the inner surface.

The undeformed configuration 53, is described in cylindrical
coordinates (R, ®, Z) as

R <R<R,, 0<0<2r, 0<Z<L, (16)

where L denotes the initial tube length. Under the combined
electromechanical loading, the tube undergoes radially
inhomogeneous inflation accompanied by axial stretch. The
deformation is described by

R-R=10"-r), 6=0, z=217Z (17)
where (7, 8, z) denote the current cylindrical coordinates, 4,
is the uniform axial stretch, and r; and r, are the deformed
inner and outer radii, respectively. From Eq. (2), the defor-

mation gradient tensor takes the diagonal form

F= diag<ﬁ, A xz>, (18)

z

where the circumferential principal stretch is
A== (19)

At the inner and outer surfaces, we denote 4; = r;/R;
and A, = r,/R,, respectively.

Fig.1 Schematic illustration of the deformation of a fiber-reinforced
dielectric cylindrical tube: a Three-dimensional view of the tube in
the undeformed configuration, in which reinforcing fibers are aligned
along the axial (lengthwise) direction of the tube; b Cross-sectional
view of the tube in the undeformed configuration, characterized by
the inner radius R; and outer radius R; ¢ Cross-sectional view of the
tube in the deformed configuration, subjected to an internal pressure
P and a radial electric field generated by compliant electrodes applied
on the inner and outer surfaces, leading to the deformed inner and
outer radii r; and r,, respectively

@ Springer

From Eqgs. (17) and (19), the radial coordinate r can be
expressed as

(20)

and the outer circumferential stretch A is related to 4; and 4,
through the incompressibility constraint:

A= 21
o % (2D
A crucial differential relation, obtained by differentiat-
ing Eq. (20), is

dr r

i~ A0 =1y 22)
which will be instrumental in transforming spatial integrals
into stretch-domain integrals.

In the Lagrangian description, the nominal and true

electric fields are purely radial: E, = (E;; 00 )T and

E = (Er 0 O)T, with E, = AAE;,. For our problem,
Eq. (6), is automatically satisfied. The radial electric field
is established by applying voltage across compliant elec-
trodes bonded to the inner and outer cylindrical surfaces,
which eliminates the electric field in the surrounding
medium [27].

Using the deformation gradient (18), the nonzero invar-
iants defined in Eq. (13) are evaluated as

1 1 1

_ 2 2 _ L+ 1 2,2 _ 2

h=A s+ i b=+ B0 L =Ep,
Zz Z

— 22192172 — 249412 12 _ 4

Is= 2REY, I,=AAE, L=2 I=i

(23)

Substituting these invariants into the general stress rela-

tion (14), the nonzero Cauchy stress components in cylin-

drical coordinates are
2

— 2 2 49212
= ﬁ[gl + (P + Q- A LES,
Z

Rl

Qs — 2A°2°E; Q4] — p.

Tpp = 2A°Q, + 2<% + ,12,1§>Q2 -p

z

. =200, + (% F2R22) 0y + 2020, + 40104 — p,
_ERQy
Trz = T

(24)

It is noteworthy that a nonzero shear stress component 7,
emerges due to the coupling between the fiber orientation,
mechanical deformation, and the radial electric field through
the invariant /;, = M - CE;.

From Eq. (15), the electric displacement components are
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D, =— m (Q + A2 22Qs + A 22Q),
Z

D, =0, (25)

DZ = _)’199 - ﬂ?glo.

We can see that although the applied electric field is
purely radial, a nontrivial axial electric displacement compo-
nent D, emerges as a consequence of the electromechanical
coupling between the axial fiber stretch and the radial elec-
tric field. This coupling effect stems from the material ani-
sotropy introduced by the fiber reinforcement, which breaks
the axial symmetry of the purely radial field configuration
and induces polarization along the fiber direction.

For the axisymmetric deformation and purely radial elec-
tric field considered here, the energy function reduces to
Q= Q(4 A, Erg), (26)
which depends only on the circumferential stretch A, axial
stretch A_, and the Lagrangian radial electric field Ej.
From Egs. (23-26), three fundamental differential relations
emerge:

0Q 0Q 0Q

LR = CO0E, Foo ™ E = Aa’ N Za_iz.
27

These relations are central to the subsequent equilibrium
analysis and will be used extensively in deriving the govern-
ing equations.

3.2 Equilibrium Equations and Governing Integral
Equation

For the axisymmetric deformation under consideration, the
equilibrium Eq. (7) reduces to

dTrr
dr

+ %(T,, — Tpp) = 0. (28)
Utilizing the differential relation (27), and the transfor-

mation (22), Eq. (28) can be rewritten as

dz,, 1 9Q
dA 1= A42 04"

(29)

Integrating from A; to an arbitrary A and applying the
inner boundary condition 7,,(r;) = —P, we obtain

A
Tr,(/l)=/ L 99y,
s 1= 2,42 02

Applying the traction-free boundary condition at the outer
surface, 7,,(r,) = 0, to Eq. (30) yields the fundamental gov-
erning equation:

P. (30)

A
© 1 o0
1 9% _p
A EPWery D

The circumferential and axial stresses follow directly
from Eq. (27):

_ /159 _ A aQ
Top = Tpp T ﬁ’ Ty =Tt za_/lz' (32)

For tubes with closed ends, the resultant axial force
applied at the tube ends is

F= 27r/ T rdr — 7rri2P. (33)

Using integration by parts with the equilibrium Eq. (28)
and the boundary conditions, this simplifies to [28, 29]

o oQ oQ
F= 2422 22 )
”/ < <o, az)r :
IR 11— (34
:ﬁR?/ ,1(2,11@_,1@>—led,1’
A 04, dA (1 _ /11/12)

where the relationship (22) has been used.

3.3 Electric Field Distribution and Voltage
Constraint

From the Maxwell Eq. (6),, divD = 0 reduces to

1d(rD,)
- =0,
r dr

(33)

from which we obtain D, = K /r, where K is a constant to be
determined. From the constitutive relation (25),, the radial
component of the true electric field is

A2A2D

r

E =-

r

242 4.4 -1
(94 + A /IZQS + A /IZQG)
— /IZA?K o) 2 29 4 49 -1 (36)
=-— (Q + A22Qs + AT 22Qq) .

The constant K can be determined from the applied voltage:

V:/“ E.dr. (37)

This integral equation, together with the geometric relation
(21) and Eq. (31), constitutes a complete system for determin-
ing the deformation state characterized by the variables 4,
A» P, V, and A,. For given structural geometry and material
constants, this system can be solved to obtain the nonlinear
electromechanical response of the tube under prescribed load-
ing conditions.
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3.4 Thin-Wall Approximation

For thin-walled tubes where t — 1, defining

1— A2

oQ ag>
(38)

D=2, — - A— | ———
FA ( ‘04, 04 (1 _ﬂzﬂz)z
and using Taylor expansion with A= (4 + 4,)/2 and
AA = A, — 4;, the governing Eq. (34) simplifies to

—_ 3 —_
F= eriz{A/lf(/l) + %f”(/l) + O[AAP } 39)

We note that the thin-wall expansion procedure adopted
here is analogous to that developed by Fu et al. [30] in the
purely mechanical context; it provides a computationally effi-
cient semi-analytical solution for membrane-like structures,
which is particularly valuable for energy functions with com-
plex forms, where the integral in Eq. (31) cannot be evaluated
analytically.

4 Constitutive Models and Loading Methods
4.1 Ideal Dielectric Elastomer

For an ideal dielectric material, the energy function adopts the
simple additive form [31]

e € e €1252p2
Q=W(I,5,,1;.I5) — s =W (A, 4,) — SAAE R (40)
where W€ denotes the purely mechanical strain energy and
the term —315 = —SA*22E], represents the electrostatic
energy, with € being the permittivity.

For this model, combining Egs. (36) and (37), the electric
field distribution is found to be

V1 Vv 1
E =—=>, E,p= — -,
" nr, R A InT, D
where 7, = r, /r; is the deformed radius ratio.
Introducing dimensionless variables

j— T;: —_ (5
V= 14 £, ?ij=l7 W8=E,

Ry =R\ u H H 42)
PP o T

H 7(R2 - Riz),u

where p is the initial shear modulus, the voltage-stretch rela-
tion becomes

Substituting Eq. (40) into (30), the radial stress is
obtained as

2
e V 1 1
= D+ = — ——=]-P,
7, = Hg(4) 2<1n70> <r2 rf) (44)

where the first term represents the mechanical contribution
and the second term arises from the Maxwell stress.

4.2 Ideal Gent Dielectric Model

For materials exhibiting a strain-stiffening effect, the Gent-
type energy is employed:

We=—-"T1In
J

m

J PH+A222+22-3
. <1 - =) Rz -y,
2 4

(45)
where J,, characterizes the limiting chain extensibility and
& is the fiber reinforcement parameter [32]. Notably, when
A is prescribed, & does not enter the governing Eq. (31)—it
only affects the axial force through Eq. (34). In the limit
as J,, = oo, the Gent model reduces to the so-called neo-
Hookean model [31].

Substituting Eq. (45) into the definition (43) and integrat-
ing yields

_4+ 2
[—4ln%+<l+ v ")m

247
+<1_
(46)

where n = A_(A2 - J,, —3). This provides an analytical
framework for capturing the nonlinear stiffening behavior
characteristic of elastomeric materials at large strains.

220, 40— -4+
2220, 41— \—4+12
2220, 4 n+\—-4+n?
2/13,11+n+\/—4—+;12]’

-l>|§k‘

g =

1

_4+n2)ln

247

4.3 Loading Protocols

In this study, as shown in Fig. 2, we consider two distinct
loading protocols for the dielectric elastomer tube subjected
to radial voltage V and internal pressure P, each representing
different practical constraints and engineering applications:

¢ Protocol I: Fixed Ends (Axially Constrained). The top
and bottom ends of the tube are rigidly fixed, prevent-
ing any axial deformation. Under the combined action

W g2, (43)

v ﬁiln;(’\/ 2 s +P], with g / A da
= . 1 = —_—
- V1—g 8 w8 w 1= A2 a2
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Fig.2 Schematic diagrams of two loading protocols for dielectric
elastomer tubes: a Protocol I with fixed ends (axially constrained),
where both ends are rigidly clamped; b Protocol II with free ends
(axially unconstrained), where the ends are free to move in the axial

of voltage V and internal pressure P, only the circumfer-
ential strain A changes while the axial stretch 4, remains
constant. This constraint is particularly relevant for appli-
cations where the tube is clamped or bonded at both ends.

e Protocol II: Free Ends (Axially Unconstrained). The
top and bottom ends of the tube are free to move. Under
the application of voltage V and internal pressure P, both
the circumferential strain A and the axial strain A, change
simultaneously. This configuration allows the tube to
expand or contract freely in both radial and axial direc-
tions. Here, “axially unconstrained” means force-free
axial deformation rather than arbitrary rigid-body trans-
lation. The latter is excluded by the kinematic assumption
z2=AZ.

These two loading protocols lead to fundamentally differ-
ent deformation responses and stability characteristics. The
comparison between these two protocols provides valuable
insights for the design and optimization of dielectric elasto-
mer tube-based devices across diverse engineering domains.

5 Numerical Results and Discussion

In this section, we present numerical calculations to illus-
trate the nonlinear electromechanical response of fiber-
reinforced dielectric elastomer tubes under combined radial
voltage, internal pressure, and axial loading. All physical
quantities are presented in dimensionless form as defined
in the previous section. We consider two distinct loading
scenarios: axially constrained tubes with prescribed end dis-
placement, and axially free tubes subjected to applied axial
force. Unless otherwise stated, calculations are performed
with geometric parameter ¢ = 0.8, zero internal pressure
P= 0, and Gent parameter J,, = 97.2 [33].

5.1 Response of Axially Constrained Tubes

Figure 3 shows the evolution of the inner circumferential
stretch 4; as a function of the applied voltage V for axially

(b)

direction. Gray layers represent the dielectric elastomer, and a radial
voltage V' is applied between the inner and outer electrodes, generat-
ing a radially directed electric field through the thickness of the die-
lectric elastomer

constrained tubes with different levels of axial pre-stretch
A, = 1.0, 1.3, 1.8. For the material model (45), when the axial
stretch is held constant, the fiber stiffness parameter & does
not influence the 4; — v relationship, as can be seen from
the governing Eq. (31). The results reveal that 4; increases
monotonically with increasing voltage, independent of the
magnitude of 4. Initially, the response is nearly flat, indi-
cating that small voltages produce minimal circumferential
expansion. However, once V exceeds a certain threshold,
the curves exhibit a sharp upward trend, signifying that the
circumferential stretch becomes highly sensitive to voltage
variations. At this stage, even a slight increase in voltage can
induce substantial radial expansion. Axial stretching causes
the tube to contract circumferentially due to incompressibil-
ity, resulting in 4; < 1for A, > 1 in the absence of voltage.
However, the application of a radial electric field generates
Maxwell stresses that drive radial expansion, leading to
A; > 1. As observed in Fig. 3, the application of the axial
pre-stretch enhances the electromechanical coupling: for a

0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
Vv

Fig. 3 Inner circumferential stretch A; versus applied voltage V for
axially constrained fiber-reinforced DE tubes with different axial pre-
stretches. Parameters: t = 0.8,P =0,J,, =97.2,£ =0
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given circumferential deformation, a tube subjected to larger
A, requires a lower driving voltage, thereby reducing the
risk of electrical breakdown. This finding suggests a practi-
cal design strategy whereby controlled axial pre-stretch can
enhance the actuation strain while maintaining safe operat-
ing voltages below the dielectric strength of the material.

The fiber stiffness parameter £, while not affecting the
A= v relationship under fixed axial stretch, significantly
influences the magnitude of the axial force required to
maintain a given deformation state. This is evident from
the force equilibrium Eq. (34), where fibers contribute an
additional stress component proportional to their stiffness.
Figure 4 illustrates the relationship between the axial force
F and the inner circumferential stretch A; for different fiber
stiffness parameters £ = 0,0.1,0.2 and applied voltages
V= 0,0.2,0.3,0.5. When no voltage is applied, the F - A
curves are monotonic: under axial tension the tube con-
tracts circumferentially, whereas under axial compression it
expands circumferentially. In this purely mechanical regime,
the fiber stiffness parameter has negligible influence on the
response.

However, when both axial force and electric field are
applied simultaneously, electromechanical coupling intro-
duces complex nonmonotonic behavior in the F - A; rela-
tionship. When the axial force is small, mechanical load-
ing dominates the response and increasing force causes the
tube to thin down, leading to circumferential contraction.
As the thickness decreases, the true electric field in the
material increases since the voltage is held constant while
the thickness diminishes. At a critical point, the electro-
static Maxwell stress overtakes the mechanical stress as
the dominant driving mechanism. Consequently, further
increase in axial force counterintuitively causes circumfer-
ential expansion due to enhanced voltage-induced defor-
mation. For sufficiently large axial force, strain-stiffening
effects in the material prevent further thickness reduction,

as captured by the Gent model’s limiting stretch. At this
stage, the mechanical force regains dominance and circum-
ferential stretch decreases again with increasing force. It is
also noteworthy that the influence of the applied voltage
is significantly weaker in the compressive regime (F<0)
than in the tensile regime. This asymmetry can be under-
stood from the incompressibility constraint: under axial
compression, the tube wall thickens, so the true electric
field E,  1/r is distributed over a larger radial extent and
its magnitude at any given radial position is reduced. Con-
sequently, the Maxwell stress contribution, which scales
as Ef, becomes relatively small compared with the rapidly
growing mechanical restoring stress associated with cir-
cumferential expansion. In contrast, under axial tension the
wall thins considerably, concentrating the electric field and
thereby amplifying the electromechanical coupling. This
thickness-mediated mechanism explains why the F - A
curves in Fig. 4 are nearly insensitive to voltage variations
in the compressive branch while exhibiting pronounced
voltage dependence in the tensile branch. Comparison of
panels (a)—(c) in Fig. 4 reveals an important stabilizing
effect of fiber reinforcement: introducing axial fibers sup-
presses the nonmonotonic snap-through behavior observed
in the F — A; curves. As the fiber stiffness increases, the
region of instability becomes less pronounced and the
response becomes more stable. This finding suggests that
fiber reinforcement can be strategically employed to design
DE tubular actuators with stable and predictable actuation
characteristics [21, 22].

The role of material constitutive behavior in determin-
ing the electromechanical response is further illustrated in
Fig. 5, which compares the F— A; curves obtained using
the Gent model (solid lines) and the neo-Hookean model
(dashed lines) for different applied voltages. The key
distinction between these two models lies in their strain-
limiting characteristics. The Gent model incorporates a
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Fig.4 Axial force F versus inner circumferential stretch 4; for fiber-reinforced DE tubes with different fiber stiffness parameters: a £ =0; b

E=0.1; ¢ & =0.2. Parameters: t = O.S,F =0,J, =972
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strain-stiffening effect through the parameter J,,, which
enforces a finite extensibility limit, whereas the neo-
Hookean model permits unbounded deformation. This dif-
ference has a profound effect on the tube’s response under
combined electromechanical loading. For the neo-Hookean
material, the thickness continues to decrease indefinitely
during the electrically dominated stage, and consequently
the mechanical force never regains dominance at large defor-
mations. This renders the neo-Hookean tube susceptible
to catastrophic thinning and electrical breakdown at high
voltages [34]. In contrast, for the Gent material, the strain-
limiting parameter prevents unbounded thickness reduction.
Once the deformation approaches the limiting value, the
material exhibits dramatic strain-stiffening, which stabilizes
the thickness and allows the axial force to reassert mechani-
cal control. This comparison underscores the importance of
selecting constitutive models with realistic strain-limiting

behavior when predicting the electromechanical response
of DE structures [35].

5.2 Response of Axially Free Tubes

We now turn to the case of axially free tubes, where the
axial stretch A, is not prescribed but instead determined by
the force-free condition F = 0. This configuration is repre-
sentative of DE tubes used as soft actuators where the ends
are unconstrained. Figure 6 presents the voltage-deformation
response for axially free fiber-reinforced DE tubes with dif-
ferent fiber stiffness parameters & = 0, 0.5, 1.0. Both the cir-
cumferential stretch A; and the axial stretch 4, are plotted
as functions of the applied voltage V. Under the action of
radial voltage, the axially free tube expands both circum-
ferentially and axially, as evidenced by 4; > land 4, > 1. A
striking feature of the response curves is their characteristic
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Fig.5 Comparison of axial force F versus inner circumferen-
tial stretch 4; for Gent model (solid lines) and neo-Hookean
model (dashed lines) with different applied voltages: a V =0.2;
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N-shaped nonmonotonic behavior, which is fundamentally
different from the monotonic response observed in axially
constrained tubes (Fig. 3). This nonmonotonicity indicates
the presence of a snap-through instability [20].

Initially, when the voltage is small, the tube deforms
gradually and the response is stable. However, as the volt-
age reaches a critical threshold, the electrostatic attraction
between the electrodes overcomes the elastic restoring
force, triggering a sudden jump in deformation. During
this instability, the tube undergoes rapid radial expan-
sion accompanied by dramatic thickness reduction, which
significantly increases the risk of electrical breakdown.
For the Gent material, the strain-limiting effect arrests
the runaway deformation when the stretch approaches
its maximum allowable value. As the voltage continues
to increase beyond the snap-through point, the deforma-
tion growth rate slows down due to strain-stiffening. An
important observation from Fig. 6 is that increasing the
fiber stiffness raises the critical voltage threshold for
snap-through instability. This stabilizing effect arises
because stiffer axial fibers resist the voltage-induced
elongation, thereby delaying the onset of instability.
Consequently, fiber reinforcement provides an effective
strategy to enhance the electromechanical stability of DE
tubular actuators and expand their safe operating voltage
range.

5.3 Response of Thin-Walled Tubes

For thin-walled tubes with ¢t — 1, the through-thickness
variation of stress and electric field becomes negligible,
and simplified analytical expressions can be derived
based on membrane theory (39). Figure 7 validates the
accuracy of the thin-wall approximations by compar-
ing them with the exact analytical solution. The results
demonstrate that for tubes with r = 0.9, the first-order
approximation yields a maximum error of approximately
5.7%, while the second-order approximation reduces the
error to less than 0.6%. This excellent agreement validates
the membrane approximation and confirms its utility for
rapid parametric studies involving thin-walled fiber-rein-
forced DE tubes. It is worth noting that the approximation
becomes increasingly accurate as t — 1. For thicker tubes
with t < 0.8, the through-thickness variation of fields
becomes significant, and the full analytical solution or
numerical integration is required for accurate predictions.
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6 Conclusions

This paper has developed a theoretical framework for ana-
lyzing the finite electromechanical deformation of axially
fiber-reinforced dielectric elastomer tubes subject to com-
bined radial electric field, internal pressure, and axial load-
ing. Based on the nonlinear theory of electroelasticity for
transversely isotropic materials, we have derived analytical
solutions for the deformation, stress distribution, and electric
field in thick-walled cylindrical tubes with fibers aligned
along the axial direction.

The formulation introduces additional invariants associ-
ated with the fiber direction into the electroelastic energy
function, accommodating arbitrary forms of anisotropic
strain-energy functions while accounting for full electrome-
chanical coupling. Analytical solutions have been obtained
for thick-walled tubes under radial voltage, internal pres-
sure, and prescribed axial stretch or axial force. Closed-
form expressions for the stress components and electric
field distribution have been derived for a specific class of
ideal fiber-reinforced dielectric materials. For thin-walled
tubes, first-order and second-order membrane approxima-
tions provide highly accurate predictions with minimal
computational cost, validated against exact solutions with
sub-percent errors for slender geometries.

The interplay between voltage-induced radial expan-
sion and mechanically driven axial deformation gives rise
to complex nonlinear and nonmonotonic response charac-
teristics. In axially constrained tubes, electromechanical
coupling leads to multistage competitive behavior between
mechanical and electrical effects, resulting in N-shaped
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force—deformation curves under combined tension and
voltage. Axial fiber reinforcement fundamentally alters
the electromechanical stability of DE tubes by resisting
voltage-induced elongation and suppressing snap-through
instabilities, thereby expanding the safe operating voltage
range. Axial pre-stretch serves as an effective mechanism to
enhance actuation performance, as imposing a prescribed
axial elongation significantly reduces the voltage required
for a given circumferential expansion, lowering the risk of
electrical breakdown. Material strain-limiting characteristics
play a critical role in determining post-instability behavior,
with constitutive models incorporating finite extensibility
preventing catastrophic thinning, whereas models without
limiting stretch predict unbounded instability-driven expan-
sion leading to electrical failure.

From a design perspective, the results suggest that by
selecting the fiber stiffness parameter appropriately, design-
ers can tune the balance between axial stiffness and radial
compliance, enabling directional actuation tailored to
specific application requirements. From a practical stand-
point, the present results offer several quantitative design
guidelines for fiber-reinforced dielectric elastomer tubular
actuators.

First, for applications requiring large radial actuation
stroke, such as peristaltic pumps or soft grippers, impos-
ing a moderate axial pre-stretch can substantially reduce the
driving voltage needed to achieve a target circumferential
expansion, thereby lowering the risk of electrical breakdown
and extending device lifetime.

Second, for actuators operating under combined pressure
and voltage, the fiber stiffness parameter & can be tuned to
suppress snap-through instabilities: our results indicate that
even modest fiber reinforcement markedly stabilizes the
force—deformation response, making the actuation charac-
teristic more predictable and controllable.

Third, the choice of constitutive model, in particular the
strain-limiting parameter J,,, has direct implications for the
safe operating envelope: materials with finite extensibility
provide an intrinsic safeguard against catastrophic thinning
and electrical failure, suggesting that elastomers with pro-
nounced strain-stiffening behavior are preferable for high-
voltage applications.

These guidelines are expected to be useful for the design
of next-generation soft robotic actuators, artificial muscles,
and adaptive structures based on fiber-reinforced dielectric
elastomer tubes.
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