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ARTICLE INFO ABSTRACT
Keywords: Active systems, such as contraction of muscle fibers and action potential propagation in neural
Nonreciprocal transition waves networks, exhibit efficient directional transport of information and energy. Bringing these bio-

Mechanical metamaterials
Self-resetting active bistable lattices
Fast-slow dynamics

Singular perturbation analysis
Nonreciprocal energy transmission

logical principles into engineered systems can overcome the limitations of passive metamaterials
in tunability after fabrication, spontaneous reset, and the realization of dynamical nonreciproc-
ity. However, a unified and transparent analytical framework for reversible nonreciprocal wave
propagation governed by coupled fast-slow dynamics remains absent. We develop a mechanical
lattice composed of active bistable elements incorporating a displacement-driven slow recovery
variable to emulate biologically inspired recovery processes and capture the evolution of active
stiffness. Discrete and continuum models are derived to describe the lattice dynamics. Building on
continuum descriptions, we employ singular perturbation and matched asymptotic expansions,
complemented by machine learning, to enable analytical characterization. Then we define a met-
ric of nonreciprocal energy transport and map the key parameters to quantify how system param-
eters jointly control wave speed and propagation direction. Nonlinear results reveal that forward
and backward transition waves propagate at markedly different steady speeds, demonstrating pro-
nounced nonreciprocity. The key mechanism arises from the coupling between fast excitation and
slow recovery, which produces a refractory effect that resets the energy landscape and therefore
breaks time reversal symmetry in a geometrically symmetric structure. During the evolution of
active stiffness, an intermediate phase emerges and co-propagates with the mechanical wave and
selectively suppresses returning waves under appropriate timing conditions. Consequently, re-
versible and tunable nonreciprocal transition waves are achieved. We obtain bidirectional wave
solutions, along with analytical expressions for wave speed, width and energy flux as well as
their conditions of validity. Theoretical predictions agree closely with numerical simulations and
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\begin {equation}\label {eq:28} |\bar {c}_b|\bar {s}_b'-\zeta (\bar {B}_0-\bar {B}_1\bar {u}_b-\bar {s}_b)=0,\end {equation}


$\bar {u}_b(\mp \infty )=\pm 1$


$\bar {s}_b(-\infty )=\bar {s}_b^0$


$\bar {u}_b=\bar {u}_b^0+\zeta \,\bar {u}_b^1+\mathcal {O}(\zeta ^2)$


$\bar {s}_b=\bar {s}_b^0+\zeta \,\bar {s}_b^1+\mathcal {O}(\zeta ^2)$


$|\bar {c}_b|=|\bar {c}_b^0|+|\bar {c}_b^1|\zeta +\mathcal {O}(\zeta ^2)$


$\bar {s}_b^0=\bar {B}_0-\bar {B}_1$


$\bar {u}_b^0(z)=-\tanh (\lambda _b^0 z)$


\begin {equation}\label {eq:29} \lambda _b^0=\left (\tfrac {1}{2}(\bar {A}_0+\bar {s}_b^0)+\left (\bar {A}_1-\bar {s}_b^0\right )^2\delta ^{-2}\right )^{1/2},\end {equation}


\begin {equation}\label {eq:30} |\bar {c}_b^0|=\left (1+\tfrac {1}{2}\delta ^2(\bar {A}_0+\bar {s}_b^0)\left (\bar {A}_1-\bar {s}_b^0\right )^{-2}\right )^{-1/2}.\end {equation}


$\mathcal {O}(\zeta )$


$\bar {u}_b^0$


\begin {equation}\label {eq:31} \bar {s}_b^1(z)=(\bar {B}_1\left (|\bar {c}_b^0|\lambda _b^0\right )^{-1})(\ln (\cosh (\lambda _b^0 z))+\lambda _b^0 z+\ln 2).\end {equation}


\begin {equation}\label {eq:32} \bar {c}_b=-|\bar {c}_b^0| -\,(3\delta -10)\bar {B}_1(\lambda _b^0){}^{-2}\,\Theta _b\,\Phi _b^{-1}\,\zeta +\mathcal {O}(\zeta ^2),\end {equation}


$\Theta _b=4\lambda _b^0-4(\bar {c}_b^0){}^2\lambda _b^0-|\bar {c}_b^0|$


$\Phi _b=48\,(2\delta |\bar {c}_b^0|\lambda _b^0-\bar {A}_1+\bar {s}_b^0)$


$\bar {u}_f^{1}$


$\bar {u}_b^1$


$\bar {u}_f$


$\bar {u}_b$


$\bar {s}_f$


$\bar {s}_b$


$\bar {u}_f$


$\bar {t}=2500$


$\bar {s}_f$


$\bar {u}_b$


$\bar {t}=4800$


$\bar {s}_b$


$\delta =2$


$\delta =4$


$\delta =6$


$\zeta =0.005$


$\zeta =0.05$


$\zeta =0.1$


$\delta =2,4$


$6$


$\zeta =0.005,0.05$


$0.1$


$\bar t=2500$


$\bar {u}_f$


$\bar {s}_f$


$\bar {s}_f$


$\bar t=4800$


$\bar {u}_b$


$\bar {s}_b$


$\bar {s}_b$


$\bar {s}_f$


$\bar {s}_b$


$\bar u$


$\bar {u}_f$


$\bar {u}_b$


$z\sim \mathcal {O}( ( \lambda ^{0} ) ^{-1})$


$\lambda ^{0}$


$\lambda _{f}^{0}$


$\lambda _{b}^{0}$


$\bar s$


$\bar {s}_f$


$\bar {s}_b$


$z\sim \mathcal {O}( \zeta ^{-1} )$


$\bar {u}_f$


$\bar {s}_f$


$\bar {u}_b$


$\bar {s}_b$


$z$


$\delta =2, 4$


$6$


$\delta $


$\bar {u}_f$


$\bar {u}_b$


$\bar {u}_f$


$\bar {u}_b$


$\delta $


$\bar {s}_f$


$\bar {s}_b$


$\bar {s}_f$


$\bar {s}_b$


$\delta $


$u^M$


$\bar {u}_f$


$\bar {s}_f$


$\bar {u}_b$


$\bar {s}_b$


$\zeta =0.005$


$\bar {u}_f$


$\bar {u}_b$


$\zeta $


$\bar {s}_f$


$\bar {s}_b$


$\zeta $


$\delta $


$\zeta =0.02$


$\delta =2$


$\bar A_n=\bar B_n=1\;\left ( n=0,1 \right )$


$N_{\text {rel}}( \zeta ,\delta )$


$N_{\text {width}}( \zeta ,\delta )$


\begin {equation}\label {eq:33} N_{\text {rel}}( \zeta ,\delta ) =| | \bar {c}_f |-| \bar {c}_b | |( | \bar {c}_f |+| \bar {c}_b | ) ^{-1},\qquad N_{\text {width}}( \zeta ,\delta )=| \lambda _{f}^{-1}-\lambda _{b}^{-1} |( \lambda _{f}^{-1}+\lambda _{b}^{-1} ) ^{-1},\end {equation}


$\bar {c}_f$


$\bar {c}_b$


$\bar {\lambda }_f$


$\bar {\lambda }_b$


\begin {equation}\label {eq:34} \Delta \bar {E}=\left | |\bar {E}_f|-|\bar {E}_b| \right |.\end {equation}


$\bar {u}$


$\bar {s}$


\begin {equation}\label {eq:35} {E}_k=\tfrac 12\,{c}\, \eta ^ {-1}\Delta {\mathscr {U}}.\end {equation}


$\bar {s}_f^{0}$


$\bar {s}_b^{0}$


\begin {equation}\label {eq:36} \Delta \bar {\mathscr {U}}^{f}=-\tfrac {4}{3\delta }(\bar {s}_f^{0}-\bar {A}_1)<0, \qquad \Delta \bar {\mathscr {U}}^{b}=-\tfrac {4}{3\delta }(\bar {s}_b^{0}-\bar {A}_1)>0,\end {equation}


$\partial |\Delta \bar {\mathscr {U}}|/\partial \bar {s}<0$


$|\Delta \bar {\mathscr {U}}^{f}|$


$\Delta \bar {\mathscr {U}}^{b}$


$0<\zeta \ll 1$


$\bar {c}_f<\bar {c}_f^{0}<1$


$|\bar {c}_b|<|\bar {c}_b^{0}|<1$


\begin {equation}\label {eq:37} \Delta \bar {E}\approx \frac {1}{2}\left | \bar {c}_f|\Delta \bar {\mathscr {U}}^f|-|\bar {c}_{b}^{0}|\Delta \bar {\mathscr {U}}^b \right |,\end {equation}


$\zeta $


$\delta $


$\zeta $


$\delta $


$N_{\text {rel}}$


$N_{\text {width}}$


$( \zeta ,\delta )$


$\delta =1.5$


$\delta =1.5$


$\zeta $


$\delta $


$\delta $


$(\bar B_0+\bar B_1)/\bar A_1$


$(\bar B_0-\bar B_1)/\bar A_1$


$\bar A_0/\bar A_1$


$\bar B_0/\bar B_1$


$N_{\text {rel}}( \zeta ,\delta )$


$N_{\text {width}}( \zeta ,\delta )$


$\delta $


$\zeta $


$\bar {A}_0 / \bar {A}_1$


$\bar {B}_1/\bar {B}_{0}$


$(\bar {B}_{0}+\bar {B}_{1})/\bar {A}_{1}$


$(\bar {B}_{0}-\bar {B}_{1})/\bar {A}_{1}$


$\delta $


$\delta =1.5$


$\bar {c}_f$


$\bar {c}_b$


$\zeta $


$\bar {c}_f$


$\bar {c}_b$


$N_{\text {rel}}( \zeta ,\delta )$


$\bar {c}_f$


$\bar {c}_b$


$( \zeta ,\delta )$


$\zeta $


$\delta $


$\delta $


$\zeta $


$\bar {c}_b$


$\bar {A}_0$


$\bar {A}_1$


$\bar s_b$


$\delta $


$\zeta $


$\delta $


$( \zeta ,\delta )$


$\delta =1.5$


$\delta =1.5$


$\zeta $


$\delta $


$\delta =1.5$


$\zeta $


$N_{\text {width}}( \zeta ,\delta )$


$\zeta $


$( \zeta ,\delta )$


$\delta $


$\zeta $


$( \zeta ,\delta )$


$\bar {A}_0 / \bar {A}_1$


$\bar {B}_1/\bar {B}_{0}$


$(\bar {B}_{0}+\bar {B}_{1})/\bar {A}_{1}$


$(\bar {B}_{0}-\bar {B}_{1})/\bar {A}_{1}$


$\bar {A}_0=\bar {A}_1$


$\delta $


$\bar {A}_0 / \bar {A}_1$


$\bar {B}_1/\bar {B}_{0}$


$\bar {B}_0\ne \bar {B}_1$


$\bar {A}_0\ne \bar {A}_1$


$\delta $


$\Delta \bar {E}$


$\bar {A}_0 / \bar {A}_1$


$\bar {B}_1/\bar {B}_{0}$


$(\bar {B}_{0}+\bar {B}_{1})/\bar {A}_{1}$


$(\bar {B}_{0}-\bar {B}_{1})/\bar {A}_{1}$


$\delta $


$\bar {B}_1/\bar {B}_{0}$


$(\bar {B}_{0}+\bar {B}_{1})/\bar {A}_{1}$


$(\bar {B}_{0}-\bar {B}_{1})/\bar {A}_{1}$


$\bar {A}_0 / \bar {A}_1$


$\delta $


$\bar A_n=\bar B_n=1\;\left ( n=0,1 \right )$


\begin {equation}\label {eq:A.1} \begin {aligned} f_i\left ( u_i;s_i \right ) &= \partial _{u_i}\mathscr {U}_i\left ( u_i;s_i \right ) \\ &= \left ( u_{i}^{2}-L^2 \right ) \left ( s_i+A_0 \right ) u_i + L\delta ^{-1}\left ( u_{i}^{2}-L^2 \right ) \left ( s_i-A_1 \right ) \\ &= \left ( u_{i}^{2}-L^2 \right ) \left ( \left ( s_i+A_0 \right ) u_i + L\delta ^{-1}\left ( s_i-A_1 \right ) \right ), \end {aligned}\end {equation}


$A_0>0$


$A_1>0$


$L>0$


$\delta >0$


$A_0$


$A_1$


$L$


$\delta $


\begin {equation}\label {eq:A.2} \begin {aligned} \dot {s}_i =\xi \bigl ( B_0-s_i-B_1L^{-1}u_i \bigr ) =-\xi \bigl ( s_i-B_0+B_1L^{-1}u_i \bigr ), \end {aligned}\end {equation}


$\xi $


$B_0$


$B_1$


$\xi $


$B_0$


$B_1$


\begin {equation}\label {eq:A.3} \frac {\mathrm {d}}{\mathrm {d}t} \left ( \partial _{\dot {u}_i} \mathscr {L} \right ) - \partial _{u_i} \mathscr {L} = -\partial _{\dot {u}_i} \mathscr {R},\end {equation}


\begin {equation}\label {eq:A.4} \begin {aligned} \mathscr {L}&=T-V_{\mathrm {total}} =T-V_{\mathrm {spr}}-V_{\mathrm {on}} =\sum _{i=1}^N{\frac {m}{2}\dot {u}_{i}^{2}}-\sum _{i=1}^{N-1}{\frac {k}{2}(\nabla _du)_{i}^{2}}-\sum _{i=1}^N{\mathscr {U} _i(u_i;s_i),} \end {aligned}\end {equation}


$T$


$V_{\mathrm {spr}}$


$V_{\mathrm {on}}$


$V_{\mathrm {total}}$


$(\nabla _d u)_i=u_{i+1}-u_i$


$(\Delta _d u)_i=u_{i+1}-2u_i+u_{i-1}$


\begin {equation}\label {eq:A.5} \mathscr {R} = \sum _{i=1}^{N} \frac {\eta }{2} \dot {u}_i^2, \qquad \eta > 0.\end {equation}


$\dot {u}_i$


$V_{\mathrm {spr}}$


$V_{\mathrm {on}}$


$u_i$


$V_{\mathrm {on}}$


\begin {equation}\label {eq:A.6} m \ddot {u}_i -k (\Delta _d u)_i + f_i(u_i; s_i) =-\eta \dot {u}_i , \qquad i = 1,2, \ldots , N,\end {equation}


$\partial _{u_i}(\nabla _d u)_i=-(\Delta _d u)_i$


$f_i(u_i;s_i)=\partial _{u_i}\mathscr {U} _i(u_i;s_i)$


$\partial _{\dot {u}_i} \mathscr {R}=\eta \dot {u}_i$


\begin {equation}\label {eq:A.7} m \ddot {u}_i + \eta \dot {u}_i = k (\Delta _d u)_i - f_i(u_i; s_i), \qquad i = 1,2, \ldots , N.\end {equation}


\begin {equation}\label {eq:A.8} m \ddot {u}_i + \eta \dot {u}_i +(u_{i}^{2}-L^2)(s_i+A_0)u_i+L\delta ^{-1}(u_{i}^{2}-L^2)(s_i-A_1)-k (\Delta _d u)_i= 0, \qquad i = 1,2, \ldots , N,\end {equation}


$2L$


$A_0+s_i=( k_++k_- ) /4L^2$


$k_+= ( {\partial }^2\mathscr {U}_i/{\partial }u_{i}^{2}) |_{u_i=L}=2L^2( A_0+s_i+\delta ^{-1}( s_i-A_1 ) )$


$k_-= ( {\partial }^2\mathscr {U}_i/{\partial }u_{i}^{2} ) |_{u_i=-L}=2L^2( A_0+s_i-\delta ^{-1}( s_i-A_1 ) )$


$A_0$


$k_{\pm }=( A_c/l ) E_{\pm }$


$A_c$


$l$


$E_{\pm }$


$A_1$


$A_1$


$u^M=( A_1-s_i ) ( A_0+s_i ) ^{-1}L\delta ^{-1}$


$L$


$A_0$


$A_1$


$\delta $


$u_i$


$s_i( t ) =B_0-B_1L^{-1}u_i+[ s_i( 0 ) -B_0+B_1L^{-1}u_i ] e^{-\xi t}$


$\xi $


$L$


$-L$


$B_0-B_1$


$B_0+B_1$


$B_0$


$B_1$


$B_0$


$B_1$


$90$


$1.108\%$


$N$


$( \Delta _du ) _i=u_{i+1}-2u_i+u_{i-1}$


\begin {equation}\label {eq:A.9} m\ddot {u}_i+\eta \dot {u}_i+( u_{i}^{2}-L^2 ) ( ( s_i+A_0 ) u_i+L\delta ^{-1}( s_i-A_1 )) -k( u_{i+1}-2u_i+u_{i-1} ) =0.\end {equation}


$u_{i+1}=U_DU_{i+1}$


$u_i=U_DU_i$


$u_{i-1}=U_DU_{i-1}$


$s_i=S_DS_i$


\begin {equation}\label {eq:A.10} \begin {aligned} & mU_D\ddot {U}_i+\eta U_D\dot {U}_i+(( U_DU_i) ^2-L^2 )( ( S_DS_i+A_0 ) U_DU_i+L\delta ^{-1}( S_DS_i-A_1 ) )\\ & -k( U_DU_{i+1}-2U_DU_i+U_DU_{i-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.11} \begin {aligned} S_D\dot {S}_i+\xi ( S_DS_i-B_0+B_1L^{-1}U_DU_i ) =0. \end {aligned}\end {equation}


$U_D=L$


$U_D$


\begin {equation}\label {eq:A.12} \begin {aligned} &m\ddot {U}_i+\eta \dot {U}_i+U_{D}^{2}( U_{i}^{2}-1 ) ( ( S_DS_i+A_0 ) U_i+\delta ^{-1}( S_DS_i-A_1 ))\\ & -k\left ( U_{i+1}-2U_i+U_{i-1} \right ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.13} \begin {aligned} S_D\dot {S}_i+\xi ( S_DS_i-B_0+B_1U_i) =0. \end {aligned}\end {equation}


$\hat {A}_n=A_n/S_D$


$\hat {B}_n=B_n/S_D$


$n=0,1$


\begin {equation}\label {eq:A.14} \begin {aligned} &m\ddot {U}_i+\eta \dot {U}_i+U_{D}^{2}( U_{i}^{2}-1 ) ( ( S_DS_i+S_D\hat {A}_0 ) U_i+\delta ^{-1}( S_DS_i-S_D\hat {A}_1 ) )\\ & -k( U_{i+1}-2U_i+U_{i-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.15} \begin {aligned} S_D\dot {S}_i+\xi ( S_DS_i-S_D\hat {B}_0+S_D\hat {B}_1U_i ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:A.16} \begin {aligned} &m\ddot {U}_i+\eta \dot {U}_i+U_{D}^{2}S_D( U_{i}^{2}-1) ( ( S_i+\hat {A}_0 ) U_i+\delta ^{-1}( S_i-\hat {A}_1) )\\ & -k\left ( U_{i+1}-2U_i+U_{i-1} \right ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.17} \begin {aligned} \dot {S}_i+\xi ( S_i-\hat {B}_0+\hat {B}_1U_i ) =0. \end {aligned}\end {equation}


$\hat {t}={t/\hat {T}}$


\begin {equation}\label {eq:A.18} \begin {aligned} &m\hat {T}^{-2}\ddot {U}_i+\eta \hat {T}^{-1}\dot {U}_i+U_{D}^{2}S_D( U_{i}^{2}-1 ) ( ( S_i+\hat {A}_0 ) U_i+\delta ^{-1}( S_i-\hat {A}_1 ) )\\ & -k( U_{i+1}-2U_i+U_{i-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.19} \begin {aligned} \hat {T}^{-1}\dot {S}_i+\xi ( S_i-\hat {B}_0+\hat {B}_1U_i ) =0. \end {aligned}\end {equation}


$\hat {T}=m/\eta $


$k=m/\hat {T}^2$


$S_D=\eta ^2/( U_D^{2}m )$


\begin {equation}\label {eq:A.20} \begin {aligned} \ddot {U}_i+\dot {U}_i+( U_{i}^{2}-1 ) ( ( S_i+\hat {A}_0 ) U_i+\delta ^{-1}( S_i-\hat {A}_1 ) ) -( U_{i+1}-2U_i+U_{i-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:A.21} \begin {aligned} \dot {S}_i+\hat {\xi }( S_i-\hat {B}_0+\hat {B}_1U_i) =0. \end {aligned}\end {equation}


$N\rightarrow \infty $


$a\rightarrow \text {d}x$


$u_i(t)\to u(x,t)$


$s_i(t)\to s(x,t)$


\begin {equation}\label {eq:B.1} u\big |_{x=(i\pm 1)a} =u(x=ia)\,\pm \,a\,u_x\big |_{x=ia} +\frac {a^2}{2}\,u_{xx}\big |_{x=ia} +\mathcal {O}(a^3),\end {equation}


\begin {equation}\label {eq:B.2} u_{i\pm 1}\;\rightarrow \;u(x,t)\,\pm \,a\,u_x(x,t)+\frac {a^2}{2}\,u_{xx}(x,t),\end {equation}


$u_{i\pm 1}=u(x_i\pm a,t)$


\begin {equation}\label {eq:B.3} m\ddot {u} -ka^2u_{xx} +\eta \dot {u} +(u^2-L^2)\big ((s+A_0)u+(s-A_1)L\delta ^{-1}\big )=0.\end {equation}


$\rho =m/a$


$k'=ka$


$\eta '=\eta /a$


$\mathcal {O}(1)$


$a$


\begin {equation}\label {eq:B.4} ma^{-1}\ddot {u} -kau_{xx} +\eta a^{-1}\dot {u} +a^{-1}(u^2-L^2)\big ((s+A_0)u+(s-A_1)L\delta ^{-1}\big )=0.\end {equation}


\begin {equation}\label {eq:B.5} \rho \,\ddot {u} -k'\,u_{xx} +\eta '\,\dot {u} +a^{-1}(u^2-L^2)\big ((s+A_0)u+(s-A_1)L\delta ^{-1}\big )=0,\end {equation}


\begin {equation}\label {eq:B.6} \dot {s}+\xi \,(s-B_0+B_1L^{-1}u)=0.\end {equation}


$\bar {x}=x/X$


$\bar {t}=t/T$


$\bar {u}=u/U$


$\bar {s}=s/S$


$\bar {A}_n=A_n/S$


$\bar {B}_n=B_n/S$


$n=0,1$


\begin {equation}\label {eq:B.7} \rho \,UT^{-2} \ddot {\bar {u}} -k'\,UX^{-2}\bar {u}_{xx} +\eta '\,UT^{-1}\dot {\bar {u}} +a^{-1}(U^2\bar {u}^2-L^2)\big ((S\bar {s}+S\bar {A}_0)U\bar {u}+(S\bar {s}-S\bar {A}_1)L\delta ^{-1}\big )=0,\end {equation}


\begin {equation}\label {eq:B.8} ST^{-1}\dot {\bar {s}}+\xi \,(S\bar {s}-S\bar {B}_0+S\bar {B}_1L^{-1}U\bar {u})=0.\end {equation}


$U=L$


\begin {equation}\label {eq:B.9} \rho \,T^{-2} \ddot {\bar {u}} -k'\,X^{-2}\bar {u}_{xx} +\eta '\,T^{-1}\dot {\bar {u}} +a^{-1}U^2S(\bar {u}^2-1)\big ((\bar {s}+\bar {A}_0)\bar {u}+(\bar {s}-\bar {A}_1)\delta ^{-1}\big )=0,\end {equation}


\begin {equation}\label {eq:B.10} \dot {\bar {s}}+\xi \,T(\bar {s}-\bar {B}_0+\bar {B}_1\bar {u})=0,\end {equation}


$X^2=k'T^2/\rho $


$T=\rho /\eta '$


$S=a\eta '^2/(\rho U^2)$


$\zeta =\xi T$


\begin {equation}\label {eq:B.11} \ddot {\bar {u}} -\bar {u}_{\bar {x}\bar {x}} +\dot {\bar {u}} +(\bar {u}^2-1)\big ((\bar {s}+\bar {A}_0)\bar {u} +(\bar {s}-\bar {A}_1)\delta ^{-1}\big )=0,\end {equation}


\begin {equation}\label {eq:B.12} \dot {\bar {s}} +\zeta \,(\bar {s}-\bar {B}_0+\bar {B}_1\bar {u})=0.\end {equation}


\begin {equation}\label {eq:C.1} \begin {aligned} z &= \left \{ \begin {array}{@{}l} z=\bar {x}-\bar {c}_f\bar {t},\quad \;\:\bar {x}\in \mathbb {R}^+\;\text {and\;}\bar {c}_f>0,\\ z=\left | \bar {c}_b \right |\bar {t}-\bar {x},\quad \bar {x}\in \mathbb {R}^-\;\text {and\;}\bar {c}_b<0,\\ \end {array} \right .\\ &= H(\bar {x})\big (\bar {x}-\bar {c}_f \bar {t}\big ) + \big (1-H(\bar {x})\big )\big (|\bar {c}_b|\bar {t}-\bar {x}\big ). \end {aligned}\end {equation}


$H(\cdot )$


$H(x)=1$


$x>0$


$H(x)=0$


$x<0$


\begin {equation}\label {eq:C.2} \begin {aligned} &\bar {u}_{\bar {t}\bar {t}}-\bar {u}_{\bar {x}\bar {x}}+\bar {u}_{\bar {t}}+( \bar {u}^2-1 ) ( ( \bar {s}+\bar {A}_0 ) \bar {u}+( \bar {s}-\bar {A}_1 ) \delta ^{-1} ) =0\\ \Leftrightarrow &( \bar {c}_f ) ^2\bar {u}_f''-\bar {u}_f''-\bar {c}_f\bar {u}_f'+( \bar {u}_{f}^{2}-1 ) ( ( \bar {s}_f+\bar {A}_0 ) \bar {u}_f+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) =0\\ \Leftrightarrow &( ( \bar {c}_f ) ^2-1 ) \bar {u}_f''-\bar {c}_f\bar {u}_f'+( \bar {u}_{f}^{2}-1 ) ( ( \bar {s}_f+\bar {A}_0 ) \bar {u}_f+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:C.3} \begin {aligned} &\bar {s}_{\bar {t}}+\zeta ( \bar {s}-\bar {B}_0+\bar {B}_1\bar {u} ) =0,\\ \Leftrightarrow &-\bar {c}_f\bar {s}_f'+\zeta ( \bar {s}_f-\bar {B}_0+\bar {B}_1\bar {u}_f ) =0,\\ \Leftrightarrow &\bar {c}_f\bar {s}_f'+\zeta ( \bar {B}_0-\bar {B}_1\bar {u}_f-\bar {s}_f ) =0. \end {aligned}\end {equation}


$0<\bar {c}_f<1$


\begin {equation}\label {eq:C.4} \begin {aligned} \bar {u}_f''-\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}\,\bar {u}_f'+( \bar {c}_{f}^{2}-1 ) ^{-1}( \bar {u}_{f}^{2}-1 )( ( \bar {s}_f+\bar {A}_0 ) \,\bar {u}_f+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:C.5} \bar {s}_f'+\zeta \bar {c}_{f}^{-1}( \bar {B}_0-\bar {B}_1\bar {u}_f-\bar {s}_f ) =0,\end {equation}


$\bar {u}_f(z)=\bar {u}(\bar {x},\bar {t})$


$\bar {s}_f(z)=\bar {s}(\bar {x},\bar {t})$


\begin {equation}\label {eq:C.6} \bar {u}_f=\bar {u}_f^{0}+\zeta \,\bar {u}_f^{1}+\mathcal {O}(\zeta ^2),\quad \bar {s}_f=\bar {s}_f^{0}+\zeta \,\bar {s}_f^{1}+\mathcal {O}(\zeta ^2),\quad \bar {c}_f=\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2),\end {equation}


$\zeta =0$


\begin {equation}\label {eq:C.7} \begin {aligned} (\bar {u}_{f}^{0})''-\bar {c}_{f}^{0}( ( \bar {c}_{f}^{0} ) ^2-1 ) ^{-1}\,(\bar {u}_{f}^{0})'+( ( \bar {c}_{f}^{0} ) ^2-1 ) ^{-1}( ( \bar {u}_{f}^{0} ) ^2-1 ) ( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \,\bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} ) =0 \end {aligned}\end {equation}


\begin {equation}\label {eq:C.8} (\bar {s}_f^0)' =0.\end {equation}


\begin {equation}\label {eq:C.9} \bar {u}_f^{0}(z)=-\tanh (\lambda _f^{0} z), \qquad \lambda _f^{0} =\Big (\tfrac {1}{2}(\bar {A}_0+\bar {s}_f^{0}) +(\bar {s}_f^{0}-\bar {A}_1){}^2\,\delta ^{-2}\Big ){}^{1/2}, \qquad \bar {c}_f^{0} =\Big (1+\tfrac {1}{2}\delta ^{2}(\bar {A}_0+\bar {s}_f^{0})(\bar {s}_f^{0}-\bar {A}_1){}^{-2}\Big ){}^{-1/2},\end {equation}


$\bar {s}_f^{0}=\bar {B}_0+\bar {B}_1$


\begin {equation}\label {eq:C.10} \begin {aligned} & (\bar {s}_{f}^{0})' + \zeta (\bar {s}_{f}^{1})' + \zeta ( \bar {B}_0 - \bar {B}_1 \bar {u}_{f}^{0} - \bar {B}_1 \bar {u}_{f}^{1} \zeta - \bar {s}_{f}^{0} - \bar {s}_{f}^{1} \zeta ) ( \left (\bar {c}_{f}^{0}\right )^{-1} - {\bar {c}_{f}^{1}}{\left ( \bar {c}_{f}^{0} \right )^{-2}} \zeta ) + \mathcal {O}\!( \zeta ^2 )= 0,\\ \Leftrightarrow &(\bar {s}_{f}^{0})' + \zeta (\bar {s}_{f}^{1})' + \zeta \left (\bar {c}_{f}^{0}\right )^{-1} ( \bar {B}_0 - \bar {B}_1 \bar {u}_{f}^{0} - \bar {s}_{f}^{0} ) + \mathcal {O}\!( \zeta ^2 )= 0,\\ \Leftrightarrow &(\bar {s}_{f}^{0})' + \zeta ( (\bar {s}_{f}^{1})' + \left (\bar {c}_{f}^{0}\right )^{-1} ( \bar {B}_0 - \bar {B}_1 \bar {u}_{f}^{0} - \bar {s}_{f}^{0} ) ) + \mathcal {O}\!( \zeta ^2 ) = 0. \end {aligned}\end {equation}


$\mathcal {O}\left ( \zeta \right )$


\begin {equation}\label {eq:C.11} (\bar {s}_{f}^{1})' + \left (\bar {c}_{f}^{0}\right )^{-1} ( \bar {B}_0 - \bar {B}_1 \bar {u}_{f}^{0} - \bar {s}_{f}^{0} ) =0,\end {equation}


\begin {equation}\label {eq:C.12} \bar {s}_f^{1}(z) =-\bar {B}_1(\bar {c}_f^{0}\lambda _f^{0}){}^{-1} \big (\ln (\cosh (\lambda _f^{0}z))-\lambda _f^{0}z+\alpha _1),\end {equation}


$\alpha _1$


$\mathcal {O}\left ( \zeta \right )$


$\bar {u}_f$


$\bar {s}_f$


$\bar {u}_b$


$\bar {s}_b$


$\bar A_n=\bar B_n=1\;\left ( n=0,1 \right )$


$\delta =2$


$\zeta =0.01$


$z\sim \mathcal {O}\left ( \zeta ^{-1} \right )$


$z\sim \mathcal {O}( ( \lambda _{f}^{0} ) ^{-1})$


$Z=\zeta z,\;z\sim \mathcal {O}\left ( \zeta ^{-1} \right )$


\begin {equation}\label {eq:C.13} \begin {aligned} \zeta ^2\ \bar {U}_f ''-\zeta \bar {c}_f( ( \bar {c}_f ) ^2-1 ) ^{-1}\ \bar {U}_f '+( ( \bar {c}_f ) ^2-1 ) ^{-1}( ( \bar {U}_f ) ^2-1 ) ( ( \bar {S}_f+\bar {A}_0 ) \bar {U}_f+( \bar {S}_f-\bar {A}_1 ) \delta ^{-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:C.14} \begin {aligned} &\zeta \bar {S}_f'+\zeta \bar {c}_f^{-1}( \bar {B}_0-\bar {B}_1\bar {U}_f-\bar {S}_f ) =0,\\ \Leftrightarrow &\bar {S}_f'+\bar {c}_f^{-1}( \bar {B}_0-\bar {B}_1\bar {U}_f-\bar {S}_f ) =0, \end {aligned}\end {equation}


$\bar {U}_f\left ( Z \right )$


$\bar {S}_f\left ( Z \right )$


$Z\sim \mathcal {O}\left ( 1 \right )$


$\bar {U}_f\left ( Z \right )$


\begin {equation}\label {eq:C.15} \begin {aligned} \bar {U}_f\left ( Z \right ) =\bar {u}_{f}^{0}\left ( z \right ) =-\tanh ( \lambda _{f}^{0}z ) =-\tanh ( \lambda _{f}^{0}\zeta ^{-1}Z ) \approx -\text {sign}( Z ) =\left \{ \begin {array}{@{}l} \bar {U}_{f,L}( Z ) =1,\quad \;\:\,\!\:\!\:\!\:Z<0,\\ \bar {U}_{f,R}( Z ) =-1,\quad Z>0,\\ \end {array} \right . \end {aligned}\end {equation}


$L$


$R$


$\bar {S}_{f,L}\left ( Z \right )$


\begin {equation}\label {eq:C.16} \begin {aligned} \bar {S}_{f,L}\left ( Z \right ) =\bar {S}_{f,L}^{0}+\bar {S}_{f,L}^{1}\zeta +\mathcal {O}( \zeta ^2 ), \end {aligned}\end {equation}


$\bar {S}_{f,R}\left ( Z \right ) =\bar {B}_0+\bar {B}_1,Z>0,$


\begin {equation}\label {eq:C.17} \begin {aligned} &( \bar {S}_{f,L}^{0} ) '+\zeta ( \bar {S}_{f,L}^{1} ) '\\ &+( ( \bar {c}_{f}^{0} ) ^{-1}-\zeta \bar {c}_{f}^{1}( \bar {c}_{f}^{0} ) ^{-2}+\mathcal {O}\!( \zeta ^2 ) ) ( \bar {B}_0-\bar {B}_1-\bar {S}_{f,L}^{0}-\bar {S}_{f,L}^{1}\zeta +\mathcal {O}( \zeta ^2 ) ) =0,\\ \Leftrightarrow & ( \bar {S}_{f,L}^{0} ) '+( \bar {c}_{f}^{0} ) ^{-1}( \bar {B}_0-\bar {B}_1-\bar {S}_{f,L}^{0} ) \\ &+\zeta ( ( \bar {S}_{f,L}^{1} ) '-( \bar {c}_{f}^{0} ) ^{-1}\bar {S}_{f,L}^{1}-\bar {c}_{f}^{1}( \bar {c}_{f}^{0} ) ^{-2}( \bar {B}_0-\bar {B}_1-\bar {S}_{f,L}^{0} ) ) +\mathcal {O}( \zeta ^2 ) =0. \end {aligned}\end {equation}


$\mathcal {O}\left ( 1 \right )$


\begin {equation}\label {eq:C.18} \begin {aligned} ( \bar {S}_{f,L}^{0} ) '+( \bar {c}_{f}^{0} ) ^{-1}( \bar {B}_0-\bar {B}_1-\bar {S}_{f,L}^{0} ) =0,\quad \bar {S}_{f,L}^{0}( -\infty ) =\bar {B}_0-\bar {B}_1, \end {aligned}\end {equation}


\begin {equation}\label {eq:C.19} \begin {aligned} \bar {S}_{f,L}^{0}( Z ) =\bar {B}_0-\bar {B}_1+\alpha _2\exp ( ( \bar {c}_{f}^{0} ) ^{-1}Z ), \end {aligned}\end {equation}


$\alpha _2$


$\mathcal {O}\left ( \zeta \right )$


\begin {equation}\label {eq:C.20} \begin {aligned} ( \bar {S}_{f,L}^{1} ) '-( \bar {c}_{f}^{0} ) ^{-1}\bar {S}_{f,L}^{1}-\bar {c}_{f}^{1}( \bar {c}_{f}^{0} ) ^{-2}( \bar {B}_0-\bar {B}_1-\bar {S}_{f,L}^{0} ) =0,\quad \bar {S}_{f,L}^{1}( -\infty ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:C.21} \begin {aligned} \bar {S}_{f,L}^{1}( Z ) =-\bar {c}_{f}^{1}( \bar {c}_{f}^{0} ) ^{-2}\alpha _2Z\exp ( ( \bar {c}_{f}^{0} ) ^{-1}Z ) +\alpha _3\exp ( ( \bar {c}_{f}^{0} ) ^{-1}Z ), \end {aligned}\end {equation}


$\alpha _3$


\begin {equation}\label {eq:C.22} \begin {aligned} &\underset {\zeta \rightarrow 0}{\lim }\bar {S}_{f,R} =\underset {\zeta \rightarrow \infty }{\lim }( \bar {s}_{f}^{0}\left ( \zeta ^{-1}Z \right ) +\bar {s}_{f}^{1}\left ( \zeta ^{-1}Z \right ) \zeta ) , \; \underset {\zeta \rightarrow 0}{\lim }\bar {S}_{f,L}^{0} =\underset {\zeta \rightarrow \infty }{\lim }\bar {s}_{f}^{0}\left ( \zeta ^{-1}Z \right ) , \; \underset {\zeta \rightarrow 0}{\lim }\bar {S}_{f,L}^{1} \zeta =\underset {\zeta \rightarrow \infty }{\lim }\bar {s}_{f}^{1}\left ( \zeta ^{-1}Z \right ) \zeta ,\\ \Rightarrow &\alpha _1=\ln \text {2,\;}\alpha _2=2\bar {B}_1,\;\alpha _3=0,\\ \Rightarrow &\bar {S}_{f,L}( Z ) =\bar {B}_0-\bar {B}_1+2\bar {B}_1\exp ( (\bar {c}_{f}^{0}) ^{-1}Z )+(-\bar {c}_{f}^{1}( \bar {c}_{f}^{0} ) ^{-2}2\bar {B}_1 Z\exp ( ( \bar {c}_{f}^{0} ) ^{-1}Z ))\zeta +\mathcal {O}( \zeta ^2 ), \end {aligned}\end {equation}


$\alpha _1=\ln \text {2}$


\begin {equation}\label {eq:C.23} \begin {aligned} \bar {s}_f=\bar {B}_0+\bar {B}_1 -\zeta \bar {B}_1(\bar {c}_f^{0}\lambda _f^{0}){}^{-1} \big (\ln (\cosh (\lambda _f^{0}z))-\lambda _f^{0}z+\ln \text {2})+\mathcal {O}(\zeta ^2). \end {aligned}\end {equation}


$\bar {u}_f(z)$


$\bar {s}_f(z)$


$\lambda _f$


\begin {equation}\label {eq:D.1} \begin {aligned} \lambda _f=\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 ) , \end {aligned}\end {equation}


$\bar {u}_f'$


\begin {equation}\label {eq:D.2} \begin {aligned} &\int _{-\infty }^{\infty }{(\bar {u}_f''-\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}\bar {u}_f'+( \bar {c}_{f}^{2}-1 ) ^{-1}( \bar {u}_{f}^{2}-1 )( ( \bar {s}_f+\bar {A}_0 ) \,\bar {u}_f+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) )\bar {u}_f'\text {d}z}=0,\\ \Leftrightarrow &\int _{-\infty }^{\infty }{\bar {u}_f''\bar {u}_f'\text {d}z}-\int _{-\infty }^{\infty }{\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}\,\left (\bar {u}_f'\right )^2\text {d}z}\\ &+\left ( \bar {c}_{f}^{2}-1 \right )^{-1}\int _{-\infty }^{\infty }{ ( \bar {u}_{f}^{2}-1 )( ( \bar {s}_f+\bar {A}_0 ) \,\bar {u}_f+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} )\bar {u}_f'\text {d}z}=0, \end {aligned}\end {equation}


\begin {equation}\label {eq:D.3} \begin {aligned} \int _{-\infty }^{\infty }{\bar {u}_f''\bar {u}_f'\text {d}z}=\frac {1}{2}( \bar {u}_f' ) ^2\mid _{-\infty }^{\infty }=0, \end {aligned}\end {equation}


\begin {equation}\label {eq:D.4} \begin {aligned} \int _{-\infty }^{\infty }{( ( \bar {u}_f ) ^2-1 ) ( \bar {A}_0\bar {u}_f-\bar {A}_1\delta ^{-1} )}\bar {u}_f'\text {d}z=-\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( ( \bar {u}_f ) ^2-1 )}\bar {u}_f'\text {d}z, \end {aligned}\end {equation}


\begin {equation}\label {eq:D.5} \begin {aligned} &\int _{-\infty }^{\infty }{\bar {u}_f''\bar {u}_f'\text {d}z}-\int _{-\infty }^{\infty }{\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}\,\left (\bar {u}_f'\right )^2\text {d}z}\\ &+\left ( \bar {c}_{f}^{2}-1 \right )^{-1}(\int _{-\infty }^{\infty }{( \bar {u}_f ^2-1 ) \bar {s}_f( \bar {u}_f+\delta ^{-1} )}\bar {u}_f'\text {d}z+\int _{-\infty }^{\infty }{( \bar {u}_f ^2-1 ) ( \bar {A}_0\bar {u}_f-\bar {A}_1\delta ^{-1} )}\bar {u}_f'\text {d}z)=0,\\ \Leftrightarrow &\frac {1}{2}( \bar {u}_f' ) ^2\mid _{-\infty }^{\infty }-\int _{-\infty }^{\infty }{\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}\,\left (\bar {u}_f'\right )^2\text {d}z}\\ &+\left ( \bar {c}_{f}^{2}-1 \right )^{-1}(\int _{-\infty }^{\infty }{( \bar {u}_f ^2-1 ) \bar {s}_f( \bar {u}_f+\delta ^{-1} )}\bar {u}_f'\text {d}z-\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( ( \bar {u}_f ) ^2-1 )}\bar {u}_f'\text {d}z=0,\\ \Leftrightarrow &\bar {c}_f\int _{-\infty }^{\infty }{\left (\bar {u}_f'\right )^2}\text {d}z+\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( ( \bar {u}_f ) ^2-1 )}\bar {u}_f'\text {d}z=\int _{-\infty }^{\infty }{\bar {s}_f( ( \bar {u}_f ) ^2-1 ) ( \bar {u}_f+\delta ^{-1} )}\bar {u}_f'\text {d}z. \end {aligned}\end {equation}


$\bar {u}_f( z ) \approx -\tanh ( \lambda _fz)$


\begin {equation}\label {eq:D.6} \begin {aligned} &\bar {c}_f\int _{-\infty }^{\infty }\left (-\tanh '( \lambda _fz)\right )^2\text {d}z+\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( ( -\tanh ( \lambda _fz) ) ^2-1 )}(-\tanh '( \lambda _fz))\text {d}z\\ &=\int _{-\infty }^{\infty }{\bar {s}_f( (-\tanh ( \lambda _fz)) ^2-1 ) ( -\tanh ( \lambda _fz)+\delta ^{-1} )}(-\tanh '( \lambda _fz))\text {d}z, \end {aligned}\end {equation}


$\bar {s}_f$


$-\tanh ( \lambda _fz ) =-\lambda _f\text {sech}^2( \lambda _fz )$


$( -\tanh ( \lambda _fz ) ) ^2=\lambda _{f}^{2}\text {sech}^4( \lambda _fz )$


$1- \tanh ^2( \lambda _fz )=\text {sech}^2 ( \lambda _fz )$


\begin {equation}\label {eq:D.7} 12\delta \left (\bar {c}_f\lambda _f\right )^2 -12(\bar {s}_f^{0}-\bar {A}_1)\bar {c}_f\lambda _f +(3\delta +10)\bar {B}_1\zeta =0.\end {equation}


\begin {equation}\label {eq:D.8} \begin {aligned} \bar {u}_f( z ) &=-1+2\exp ( -2\lambda _fz )+\mathcal {O}( \exp ( -4\lambda _fz ) )\\ &\approx -1+2\exp ( -2\lambda _fz ),\quad \left | z \right |^{-1}\ll 1, \end {aligned}\end {equation}


$\bar {u}_f( z ) = -\tanh ( \lambda _fz)=(\exp ( -2\lambda _fz )-1)/(\exp ( -2\lambda _fz )+1)$


\begin {equation}\label {eq:D.9} \begin {aligned} &\bar {s}_f'+\zeta \bar {c}_{f}^{-1}( \bar {B}_0-\bar {B}_1(-1+2\exp ( -2\lambda _fz ))-\bar {s}_f ) =0,\\ \Leftrightarrow &\bar {s}_f'-\zeta \bar {c}_{f}^{-1}\bar {s}_f =-\zeta \bar {c}_{f}^{-1}( \bar {B}_0+\bar {B}_1-2\bar {B}_1\exp ( -2\lambda _fz ) ),\\ \end {aligned}\end {equation}


$\bar {s}_{f}( +\infty ) =\bar {B}_0+\bar {B}_1$


\begin {equation}\label {eq:D.10} \begin {aligned} \bar {s}_f( z ) =\bar {B}_0+\bar {B}_1-( 2\bar {B}_1\zeta ( 2\bar {c}_f\lambda +\zeta ) ^{-1} ) \exp ( -2\lambda _fz ). \end {aligned}\end {equation}


\begin {equation}\label {eq:D.11} \begin {aligned} &(-1+2\exp ( -2\lambda _fz))''-\bar {c}_f( \bar {c}_{f}^{2}-1 ) ^{-1}(-1+2\exp ( -2\lambda _fz))'\\ &+( \bar {c}_{f}^{2}-1 ) ^{-1}( \left (-1+2\exp ( -2\lambda _fz)\right )^{2}-1 )( ( \bar {s}_f+\bar {A}_0 ) (-1+2\exp ( -2\lambda _fz))+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) =0,\\ \Leftrightarrow &8\lambda _f^2\exp ( -2\lambda _fz)+4\bar {c}_f\lambda _f( \bar {c}_{f}^{2}-1 ) ^{-1}\exp ( -2\lambda _fz)\\ &+4( \bar {c}_{f}^{2}-1 ) ^{-1}(\exp ( -4\lambda _fz)-\exp ( -2\lambda _fz))( ( \bar {s}_f+\bar {A}_0 ) (-1+2\exp ( -2\lambda _fz))+( \bar {s}_f-\bar {A}_1 ) \delta ^{-1} ) =0. \end {aligned}\end {equation}


$\mathcal {O}( \exp ( -4\lambda _fz ) )$


\begin {equation}\label {eq:D.12} \begin {aligned} &4( 2\lambda _{f}^{2}( ( \bar {c}_f ) ^2-1 ) +\bar {c}_f\lambda _f-( -( \bar {B}_0+\bar {B}_1+\bar {A}_0 ) +\delta ^{-1}( \bar {B}_0+\bar {B}_1-\bar {A}_1 ) ) ) \exp ( -2\lambda _fz ) =0,\\ \Leftrightarrow &2\lambda _{f}^{2}( ( \bar {c}_f ) ^2-1 ) +\bar {c}_f\lambda _f+\left [ ( \bar {B}_0+\bar {B}_1+\bar {A}_0 ) -\delta ^{-1}( \bar {B}_0+\bar {B}_1-\bar {A}_1 ) \right ] =0,\\ \Leftrightarrow &2\delta \lambda _{f}^{2}-2\delta \lambda _{f}^{2}\bar {c}_{f}^{2}-\delta \bar {c}_f\lambda _f-(\delta -1)\bar {s}_f^{0}-\delta \bar {A}_0-\bar {A}_1=0. \end {aligned}\end {equation}


$\bar {c}_f$


$\lambda _f$


\begin {equation}\label {eq:D.13} \begin {aligned} &12\delta \left (\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2)\right )^2\left (\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 )\right )^2 -12(\bar {s}_f^{0}-\bar {A}_1)(\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2))(\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 ))\\ &+(3\delta +10)\bar {B}_1\zeta =0,\\ \Leftrightarrow &( 12\delta ( \bar {c}_{f}^{0}\lambda _{f}^{0} ) ^2-12( \bar {B}_0+\bar {B}_1-\bar {A}_1 ) \bar {c}_{f}^{0}\lambda _{f}^{0} ) \\ &+\zeta ( 24\delta ( \bar {c}_{f}^{0} ) ^2\lambda _{f}^{0}\lambda _{f}^{1}+24\delta \bar {c}_{f}^{0}\bar {c}_{f}^{1}( \lambda _{f}^{0} ) ^2-12( \bar {B}_0+\bar {B}_1-\bar {A}_1 ) ( \bar {c}_{f}^{0}\lambda _{f}^{1}+\bar {c}_{f}^{1}\lambda _{f}^{0} ) +( 3\delta +10 ) \bar {B}_1 ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:D.14} \begin {aligned} &2\delta \left (\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 )\right )^{2}-2\delta \left (\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2)\right )^2 \left (\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 )\right )^{2}\\ &-\delta (\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2)) (\lambda _{f}^{0}+\lambda _{f}^{1}\zeta +\mathcal {O}( \zeta ^2 ))-(\delta -1)\bar {s}_f^{0}-\delta \bar {A}_0-\bar {A}_1=0,\\ \Leftrightarrow &( 2\delta ( \lambda _{f}^{0} ) ^2-2\delta ( \bar {c}_{f}^{0}\lambda _{f}^{0} ) ^2-\delta \bar {c}_{f}^{0}\lambda _{f}^{0}-( \delta -1 ) \bar {s}_{f}^{0}-\delta \bar {A}_0-\bar {A}_1 )\\ &+\zeta \delta ( -4\bar {c}_{f}^{0}\bar {c}_{f}^{1}( \lambda _{f}^{0} ) ^2+4\lambda _{f}^{0}\lambda _{f}^{1}-4\lambda _{f}^{0}\lambda _{f}^{1}( \bar {c}_{f}^{0} ) ^2-\bar {c}_{f}^{0}\lambda _{f}^{1}-\bar {c}_{f}^{1}\lambda _{f}^{0} ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:D.15} \bar {c}_f =\bar {c}_f^{0} +(3\delta +10)\,\bar {B}_1\,\left (\lambda _f^{0}\right )^{-2} \,\Theta _f\,\Phi _f^{-1}\,\zeta +\mathcal {O}(\zeta ^{2}).\end {equation}


$\Theta _f=4\left (\bar {c}_f^{0}\right )^{2}\lambda _f^{0}+\bar {c}_f^{0}-4\lambda _f^{0}$


$\Phi _f=48(\delta \,\bar {c}_f^{0}\lambda _f^{0}-\bar {s}_f^{0}+\bar {A}_1)$


$\bar {c}_b$


$\bar {u}_b(z)=\bar {u}(\bar {x},\bar {t})$


$\bar {s}_b(z)=\bar {s}(\bar {x},\bar {t})$


$\zeta $


\begin {equation}\label {eq:E.1} \begin {aligned} \left \{ \begin {array}{@{}l} \bar {u}_b( z ) =\bar {u}_{b}^{0}( z ) +\bar {u}_{b}^{1}( z ) \zeta +\mathcal {O}( \zeta ^2 ) ,\quad z\sim \mathcal {O}( ( \lambda _{b}^{0}) ^{-1} ) ,\\ \bar {s}_b( z ) =\bar {s}_{b}^{0}( z ) +\bar {s}_{b}^{1}( z ) \zeta +\mathcal {O}( \zeta ^2 ) ,\;\quad z\sim \mathcal {O}(( \lambda _{b}^{0}) ^{-1} ) ,\\ | \bar {c}_b |=| \bar {c}_{b}^{0} |+| \bar {c}_{b}^{1} |\zeta +\mathcal {O}( \zeta ^2 ) ,\\ \end {array} \right . \end {aligned}\end {equation}


$z=-\bar {x}+|\bar {c}_b|\bar {t}$


$\bar {c}_b<0$


\begin {equation}\label {eq:E.2} \begin {aligned} \bar {u}_b(\mp \infty )=\pm 1, \qquad \bar {s}_b(-\infty )=\bar {s}_b^0=\bar {B}_0-\bar {B}_1. \end {aligned}\end {equation}


\begin {equation}\label {eq:E.3} \begin {aligned} \left \{ \begin {array}{@{}l} (\bar {c}_b^2-1)\bar {u}_b''+|\bar {c}_b|\bar {u}_b' +(\bar {u}_b^2-1)((\bar {s}_b+\bar {A}_0)\bar {u}_b+(\bar {s}_b-\bar {A}_1)\delta ^{-1})=0,\\ |\bar {c}_b|\bar {s}_b'-\zeta (\bar {B}_0-\bar {B}_1\bar {u}_b-\bar {s}_b)=0, \end {array} \right . \end {aligned}\end {equation}


$\zeta = 0$


$\bar {u}_b^0(z)=-\tanh (\lambda _b^0 z), \lambda _b^0=\left (\tfrac {1}{2}(\bar {A}_0+\bar {s}_b^0)+\left (\bar {A}_1-\bar {s}_b^0\right )^2\delta ^{-2}\right )^{1/2}$


\begin {equation}\label {eq:E.4} \begin {aligned} &\left \{ \begin {array}{@{}l} ( ( \bar {c}_{b}^{0} ) ^2-1 ) ( \bar {u}_{b}^{0} ) ''+| \bar {c}_{b}^{0} |( \bar {u}_{b}^{0} ) '+( ( \bar {u}_{b}^{0} ) ^2-1 ) ( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} ) =0,\\ \bar {s}_{b}^{0}=\bar {s}_b(-\infty )=\bar {B}_0-\bar {B}_1,\\ \end {array} \right .\\ \Leftrightarrow &( ( \bar {c}_{b}^{0} ) ^2-1 ) ( \bar {u}_{b}^{0} ) ''+| \bar {c}_{b}^{0} |( \bar {u}_{b}^{0} ) '+( ( \bar {u}_{b}^{0} ) ^2-1 ) ( ( \bar {B}_0-\bar {B}_1+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {B}_0-\bar {B}_1-\bar {A}_1 ) \delta ^{-1} ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:E.5} \begin {aligned} |\bar {c}_b^0|=\left (1+\tfrac {1}{2}\delta ^2(\bar {A}_0+\bar {s}_b^0)\left (\bar {A}_1-\bar {s}_b^0\right )^{-2}\right )^{-1/2}. \end {aligned}\end {equation}


\begin {equation}\label {eq:E.6} \begin {aligned} &\left \{ \begin {array}{@{}l} \bar {s}_b'-\zeta |\bar {c}_b|^{-1}( \bar {B}_0-\bar {B}_1\bar {u}_b-\bar {s}_b ) =0,\\ | \bar {c}_b |^{-1}=| \bar {c}_{b}^{0} |^{-1}-| \bar {c}_{b}^{1} |( \bar {c}_{b}^{0} ) ^{-2}\zeta +\mathcal {O}\!( \zeta ^2 ) ,\\ \end {array} \right .\\ \Rightarrow &\bar {s}_b'-\zeta ( | \bar {c}_{b}^{0} |^{-1}-| \bar {c}_{b}^{1} |( \bar {c}_{b}^{0} ) ^{-2}\zeta +\mathcal {O}\!( \zeta ^2 ) ) ( \bar {B}_0-\bar {B}_1\bar {u}_b-\bar {s}_b ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:E.7} \begin {aligned} &\left \{ \begin {array}{@{}l} \bar {u}_b( z ) =\bar {u}_{b}^{0}( z ) +\bar {u}_{b}^{1}( z ) \zeta +\mathcal {O}( \zeta ^2 ) ,\\ \bar {s}_b( z ) =\bar {s}_{b}^{0}( z ) +\bar {s}_{b}^{1}( z ) \zeta +\mathcal {O}( \zeta ^2 ) ,\\ \bar {s}_b'-\zeta ( | \bar {c}_{b}^{0} |^{-1}-| \bar {c}_{b}^{1} |( \bar {c}_{b}^{0} ) ^{-2}\zeta +\mathcal {O}\!( \zeta ^2 ) ) ( \bar {B}_0-\bar {B}_1\bar {u}_b-\bar {s}_b ) =0 \end {array} \right .\\ \Rightarrow & ( \bar {s}_{b}^{0} ) '+\zeta ( ( \bar {s}_{b}^{1} ) '-| \bar {c}_{b}^{0} |^{-1}( \bar {B}_0-\bar {B}_1\bar {u}_{b}^{0}-\bar {s}_{b}^{0} ) ) +\mathcal {O}( \zeta ^2 ) =0, \end {aligned}\end {equation}


\begin {equation}\label {eq:E.8} \begin {aligned} &( \bar {s}_{b}^{0} ) '=0,\qquad ( \bar {s}_{b}^{1} ) '-| \bar {c}_{b}^{0} |^{-1}( \bar {B}_0-\bar {B}_1\bar {u}_{b}^{0}-\bar {s}_{b}^{0} ) =0,\\ \Rightarrow &\bar {s}_{b}^{0}=\bar {s}_b( -\infty ) =\bar {B}_0-\bar {B}_1,\qquad \bar {s}_{b}^{1}( z ) =\bar {B}_1( | \bar {c}_{b}^{0} |\lambda _{b}^{0} ) ^{-1}( \ln ( \cos \text {h}( \lambda _{b}^{0}z ) ) +\lambda _{b}^{0}z+\ln \text {2} ). \end {aligned}\end {equation}


$0<\zeta \ll 1$


\begin {equation}\label {eq:F.1} \begin {aligned} \lambda _b=\lambda _{b}^{0}+\lambda _{b}^{1}\zeta +\mathcal {O}( \zeta ^2 ) ,\qquad | \bar {c}_b |=| \bar {c}_{b}^{0} |+| \bar {c}_{b}^{1} |\zeta +\mathcal {O}( \zeta ^2 ). \end {aligned}\end {equation}


\begin {equation}\label {eq:F.2} \begin {aligned} \bar {u}_b( z ) &= -\tanh ( \lambda _bz)=(1-\exp ( 2\lambda _bz ))/(1+\exp ( 2\lambda _bz ))\\ &=1-2\exp ( 2\lambda _bz )+\mathcal {O}( \exp ( 4\lambda _bz ) )\approx 1-2\exp ( 2\lambda _bz ),\quad | z |^{-1}\ll 1,\\ \end {aligned}\end {equation}


\begin {equation}\label {eq:F.3} \begin {aligned} &\left \{ \begin {array}{@{}l} |\bar {c}_b|\bar {s}_b'-\zeta (\bar {B}_0-\bar {B}_11-2\exp ( 2\lambda _bz )-\bar {s}_b)=0,\; \Rightarrow \bar {s}_b=\bar {s}_{b}^{0}+2\bar {B}_1\zeta ( 2\bar {c}_b\lambda +\zeta ) ^{-1}\exp ( 2\lambda _bz ) , \\ (\bar {c}_b^2-1)\bar {u}_b''+|\bar {c}_b|\bar {u}_b' +(\bar {u}_b^2-1)((\bar {s}_b+\bar {A}_0)\bar {u}_b+(\bar {s}_b-\bar {A}_1)\delta ^{-1})=0, \end {array} \right .\\ &\Rightarrow 2\delta \lambda _{b}^{2}( 1-( \bar {c}_b ) ^2 ) -\delta | \bar {c}_b |\lambda _b-( \delta +1 ) \bar {s}_{b}^{0}-( \delta \bar {A}_0-\bar {A}_1 ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:F.4} \begin {aligned} &( 2\delta ( \lambda _{b}^{0} ) ^2-2\delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-\delta |\bar {c}_{b}^{0}|\lambda _{b}^{0}-( \delta +1 ) \bar {s}_{b}^{0}-\delta \bar {A}_0+\bar {A}_1 )\\ &+\zeta \delta ( -4|\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2+4\lambda _{b}^{0}\lambda _{b}^{1}-4( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}-|\bar {c}_{b}^{0}\lambda _{b}^{1}|-|\bar {c}_{b}^{1}|\lambda _{b}^{0} ) =0.\\ \Leftrightarrow &\left \{ \begin {array}{@{}l} 2\delta ( \lambda _{b}^{0} ) ^2-2\delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-\delta |\bar {c}_{b}^{0}|\lambda _{b}^{0}-( \delta +1 ) \bar {s}_{b}^{0}-\delta \bar {A}_0+\bar {A}_1=0,\\ -4|\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2+4\lambda _{b}^{0}\lambda _{b}^{1}-4( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}-|\bar {c}_{b}^{0}\lambda _{b}^{1}|-|\bar {c}_{b}^{1}|\lambda _{b}^{0}=0. \end {array} \right . \end {aligned}\end {equation}


\begin {equation}\label {eq:F.5} \begin {aligned} \left \{ \begin {array}{@{}l}( \bar {c}_{b}^{2}-1 )\int _{-\infty }^{\infty }{\bar {u}_b''\bar {u}_b'\text {d}z}-\int _{-\infty }^{\infty }{|\bar {c}_b|\,\left (\bar {u}_b'\right )^2\text {d}z}+\int _{-\infty }^{\infty }{ ( \bar {u}_{b}^{2}-1 )( ( \bar {s}_b+\bar {A}_0 ) \,\bar {u}_b+( \bar {s}_b-\bar {A}_1 ) \delta ^{-1} )\bar {u}_b'\text {d}z}=0,\\ \int _{-\infty }^{\infty }{\bar {u}_b''\bar {u}_b'\text {d}z}=\frac {1}{2}( \bar {u}_b' ) ^2\mid _{-\infty }^{\infty }=0,\\ \int _{-\infty }^{\infty }{( ( \bar {u}_b ) ^2-1 ) ( \bar {A}_0\bar {u}_b-\bar {A}_1\delta ^{-1} )}\bar {u}_b'\text {d}z=-\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( ( \bar {u}_b ) ^2-1 )}\bar {u}_b'\text {d}z. \end {array} \right . \end {aligned}\end {equation}


\begin {equation}\label {eq:F.6} \begin {aligned} &\left \{ \begin {array}{@{}l} \int _{-\infty }^{\infty }{\bar {s}_b( ( \bar {u}_b ) ^2-1 ) ( \bar {u}_b+\delta ^{-1} )}\bar {u}_b'\text {d}z=\bar {A}_1\delta ^{-1}\int _{-\infty }^{\infty }{( \left ( \bar {u}_b \right ) ^2-1 )}\bar {u}_b'\text {d}z-\bar {c}_b\int _{-\infty }^{\infty }{\left ( \bar {u}_b' \right ) ^2}\text {d}z,\\ \bar {u}_b( z ) \approx -\tanh ( \lambda _bz ), \end {array} \right .\\ &\Rightarrow 12\delta \left ( | \bar {c}_b |\lambda _b \right ) ^2=12( \bar {A}_1-\bar {s}_{b}^{0} ) | \bar {c}_b |\lambda _b+( 3\delta -10 ) \bar {B}_1\zeta , \end {aligned}\end {equation}


\begin {equation}\label {eq:F.7} \begin {aligned} &( 12\delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-12( \bar {A}_1 +\bar {B}_1-\bar {B}_0) |\bar {c}_{b}^{0}|\lambda _{b}^{0} ) \\ &+\zeta ( 24\delta ( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}+24\delta |\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2-12( \bar {A}_1 +\bar {B}_1-\bar {B}_0) ( |\bar {c}_{b}^{0}|\lambda _{b}^{1}+|\bar {c}_{b}^{1}|\lambda _{b}^{0} ) -( 3\delta -10 ) \bar {B}_1 ) =0,\\ \Leftrightarrow &\left \{ \begin {array}{@{}l} \delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-( \bar {A}_1 +\bar {B}_1-\bar {B}_0) |\bar {c}_{b}^{0}|\lambda _{b}^{0} =0,\\ 24\delta ( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}+24\delta |\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2-12( \bar {A}_1 +\bar {B}_1-\bar {B}_0) ( |\bar {c}_{b}^{0}|\lambda _{b}^{1}+|\bar {c}_{b}^{1}|\lambda _{b}^{0} ) -( 3\delta -10 ) \bar {B}_1=0. \end {array} \right . \end {aligned}\end {equation}


\begin {equation}\label {eq:F.8} \begin {aligned} \left \{ \begin {array}{@{}l} 2\delta ( \lambda _{b}^{0} ) ^2-2\delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-\delta |\bar {c}_{b}^{0}|\lambda _{b}^{0}-( \delta +1 ) \bar {s}_{b}^{0}-\delta \bar {A}_0+\bar {A}_1=0,\; \delta ( \bar {c}_{b}^{0}\lambda _{b}^{0} ) ^2-( \bar {A}_1 +\bar {B}_1-\bar {B}_0) |\bar {c}_{b}^{0}|\lambda _{b}^{0} =0,\\ -4|\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2+4\lambda _{b}^{0}\lambda _{b}^{1}-4( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}-|\bar {c}_{b}^{0}\lambda _{b}^{1}|-|\bar {c}_{b}^{1}|\lambda _{b}^{0}=0,\\ 24\delta ( \bar {c}_{b}^{0} ) ^2\lambda _{b}^{0}\lambda _{b}^{1}+24\delta |\bar {c}_{b}^{0}\bar {c}_{b}^{1}|( \lambda _{b}^{0} ) ^2-12( \bar {A}_1 +\bar {B}_1-\bar {B}_0) ( |\bar {c}_{b}^{0}|\lambda _{b}^{1}+|\bar {c}_{b}^{1}|\lambda _{b}^{0} ) -( 3\delta -10 ) \bar {B}_1=0, \end {array} \right . \end {aligned}\end {equation}


\begin {equation}\label {eq:F.9} \bar {c}_b=-|\bar {c}_b^0| -\,(3\delta -10)\bar {B}_1\left (\lambda _b^0\right )^{-2}\,\Theta _b\,\Phi _b^{-1}\,\zeta +\mathcal {O}(\zeta ^2),\end {equation}


$\Theta _b=4\lambda _b^0-4\left (\bar {c}_b^0\right )^2\lambda _b^0-|\bar {c}_b^0|$


$\Phi _b=48\,(2\delta |\bar {c}_b^0|\lambda _b^0-\bar {A}_1+\bar {s}_b^0)$


\begin {equation}\label {eq:G.1} \begin {aligned} \left \{ \begin {array}{@{}l} \bar {u}_f'' -\bar {c}_f\left (\bar {c}_f^2-1\right )^{-1}\bar {u}_f' +(\bar {c}_f^2-1){}^{-1}(\bar {u}_f^2-1)\big ((\bar {s}_f+\bar {A}_0)\bar {u}_f+(\bar {s}_f-\bar {A}_1)\delta ^{-1}\big )=0,\\ \bar {u}_f=\bar {u}_f^{0}+\zeta \,\bar {u}_f^{1}+\mathcal {O}(\zeta ^2),\quad \bar {s}_f=\bar {s}_f^{0}+\zeta \,\bar {s}_f^{1}+\mathcal {O}(\zeta ^2),\quad \bar {c}_f=\bar {c}_f^{0}+\zeta \,\bar {c}_f^{1}+\mathcal {O}(\zeta ^2), \end {array} \right . \end {aligned}\end {equation}


$\bar {u}_f^{1}$


$\bar {s}_f^{1}$


\begin {equation}\label {eq:G.2} \begin {aligned} &( \bar {u}_{f}^{0} ) ''+\bar {c}_{f}^{0}( 1-( \bar {c}_{f}^{0}t) ^2 ) ^{-1}( \bar {u}_{f}^{0} ) '-( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}( ( \bar {u}_{f}^{0} ) ^2-1 ) ( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} )\\ -&\zeta ( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}( ( \bar {u}_{f}^{0} ) ^2-1 ) ( \bar {u}_{f}^{0}+\delta ^{-1} ) \bar {s}_{f}^{1}+\zeta ( ( \bar {u}_{f}^{1} ) ''+\bar {c}_{f}^{0}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}( \bar {u}_{f}^{1} ) ' )\\ -&( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}\zeta ( 2\bar {u}_{f}^{0}( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} ) \bar {u}_{f}^{1}+( ( \bar {u}_{f}^{0} ) ^2-1 ) ( \bar {s}_{f}^{0}+\bar {A}_0 ) ) \\ +&\zeta ( \bar {u}_{f}^{0} ) '( \bar {c}_{f}^{1}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}+2( \bar {c}_{f}^{0} ) ^2\bar {c}_{f}^{1}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-2} ) \\ -&2\zeta \bar {c}_{f}^{0}\bar {c}_{f}^{1}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-2}( ( \bar {u}_{f}^{0} ) ^2-1 ) ( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} ) +\mathcal {O}( \zeta ^2 ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:G.3} \begin {aligned} &\left \{ \begin {array}{@{}l} (\bar {c}_b^2-1)\bar {u}_b''+|\bar {c}_b|\bar {u}_b' +(\bar {u}_b^2-1)((\bar {s}_b+\bar {A}_0)\bar {u}_b+(\bar {s}_b-\bar {A}_1)\delta ^{-1})=0,\\ \bar {u}_b =\bar {u}_{b}^{0} +\bar {u}_{b}^{1} \zeta +\mathcal {O}( \zeta ^2 ) , \quad \bar {s}_b =\bar {s}_{b}^{0} +\bar {s}_{b}^{1} \zeta +\mathcal {O}( \zeta ^2 ) , \quad | \bar {c}_b |=| \bar {c}_{b}^{0} |+| \bar {c}_{b}^{1} |\zeta +\mathcal {O}( \zeta ^2 ) , \end {array} \right .\\ \Rightarrow & ( 1-( \bar {c}_{b}^{0} ) ^2 ) ( \bar {u}_{b}^{0} ) ''-| \bar {c}_{b}^{0} |( \bar {u}_{b}^{0} ) '-( ( \bar {u}_{b}^{0} ) ^2-1 ) ( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} )\\ -&( ( \bar {u}_{b}^{0} ) ^2-1 ) ( \bar {u}_{b}^{0}+\delta ^{-1} ) \zeta \bar {s}_{b}^{1}+\zeta ( 1-( \bar {c}_{b}^{0} ) ^2 ) ( \bar {u}_{b}^{1} ) ''-\zeta | \bar {c}_{b}^{0} |( \bar {u}_{b}^{1} ) ' \\ -&\zeta \bar {u}_{b}^{1}( 2\bar {u}_{b}^{0}( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} ) +( ( \bar {u}_{b}^{0} ) ^2-1 ) ( \bar {s}_{b}^{0}+\bar {A}_0 ) ) \\ -&( | \bar {c}_{b}^{1} |+2( \bar {c}_{b}^{0} ) ^2| \bar {c}_{b}^{1} |( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1} ) \zeta ( \bar {u}_{b}^{0} ) ' \\ -&2\zeta | \bar {c}_{b}^{0}\bar {c}_{b}^{1} |( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1}( ( \bar {u}_{b}^{0} ) ^2-1 ) ( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} ) +\mathcal {O}( \zeta ^2 ) =0. \end {aligned}\end {equation}


\begin {equation}\label {eq:G.4} \begin {aligned} ( \bar {u}_{f}^{1} ) ''+h_f( z ) ( \bar {u}_{f}^{1} ) '+l_f( z ) \bar {u}_{f}^{1}+p_f( z ) \bar {c}_{f}^{1}+q_f( z ) =0,\quad \underset {z\rightarrow \pm \infty }{\lim }\bar {u}_{f}^{1}=0, \end {aligned}\end {equation}


\begin {equation}\label {eq:G.5} \begin {aligned} ( \bar {u}_{b}^{1} ) ''+h_b( z ) ( \bar {u}_{b}^{1} ) '+l_b( z ) \bar {u}_{b}^{1}+p_b( z ) | \bar {c}_{b}^{1} |+q_b( z ) =0,\quad \underset {z\rightarrow \mp \infty }{\lim }\bar {u}_{b}^{1}=0. \end {aligned}\end {equation}


\begin {equation}\label {eq:G.6} \begin {aligned} h_f=&\bar {c}_{f}^{0}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1},\;q_f=-( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}( ( \bar {u}_{f}^{0} ) ^2-1 ) ( \bar {u}_{f}^{0}+\delta ^{-1} ) \bar {s}_{f}^{1}, \\ l_f=&-( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}( 2\bar {u}_{f}^{0}( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} ) +( ( \bar {u}_{f}^{0} ) ^2-1 ) ( \bar {s}_{f}^{0}+\bar {A}_0 ) ),\\ p_f=&( \bar {u}_{f}^{0} ) '( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-1}\\ &+2\bar {c}_{f}^{0}( 1-( \bar {c}_{f}^{0} ) ^2 ) ^{-2}( ( \bar {u}_{f}^{0} ) '\bar {c}_{f}^{0}-( ( \bar {u}_{f}^{0} ) ^2-1 ) ( ( \bar {s}_{f}^{0}+\bar {A}_0 ) \bar {u}_{f}^{0}+( \bar {s}_{f}^{0}-\bar {A}_1 ) \delta ^{-1} ) ). \end {aligned}\end {equation}


\begin {equation}\label {eq:G.7} \begin {aligned} h_b=&-| \bar {c}_{b}^{0} |( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1},\; q_b=-( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1}( ( \bar {u}_{b}^{0} ) ^2-1 ) ( \bar {u}_{b}^{0}+\delta ^{-1} ) \bar {s}_{b}^{1}, \\ l_b=&-( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1}( 2\bar {u}_{b}^{0}( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} ) +( ( \bar {u}_{b}^{0} ) ^2-1 ) ( \bar {s}_{b}^{0}+\bar {A}_0 ) ) ,\\ p_b=&-( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-1}( \bar {u}_{b}^{0} ) '\\ &-2| \bar {c}_{b}^{0} |( 1-( \bar {c}_{b}^{0} ) ^2 ) ^{-2}( ( \bar {u}_{b}^{0} ) '| \bar {c}_{b}^{0} |+( ( \bar {u}_{b}^{0} ) ^2-1 ) ( ( \bar {s}_{b}^{0}+\bar {A}_0 ) \bar {u}_{b}^{0}+( \bar {s}_{b}^{0}-\bar {A}_1 ) \delta ^{-1} ) ) . \end {aligned}\end {equation}


\begin {equation}\label {eq:G.8} \begin {aligned} ( \bar {u}^{1} ) ''+h ( \bar {u}^{1} ) '+l \bar {u}^{1}+p \bar {c}^{1}+q =0, \qquad \bar {u}^1( z=\pm 10 ) =0 \end {aligned}\end {equation}


$\bar {u}^{1}$


$\bar {u}_f^{1}$


$\bar {u}_b^{1}$


$d$


$n=0,1,2,\ldots ,N'$


\begin {equation}\label {eq:G.9} \begin {aligned} ( \bar {u}^1 ) ''\approx ( \bar {u}_{n-1}^{1}-2\bar {u}_{n}^{1}+\bar {u}_{n+1}^{1} ) /d^2,\qquad ( \bar {u}^1 ) '=( \bar {u}_{n+1}^{1}-\bar {u}_{n-1}^{1} ) /2d. \end {aligned}\end {equation}


\begin {equation}\label {eq:G.10} \begin {aligned} &( \bar {u}_{n-1}^{1}-2\bar {u}_{n}^{1}+\bar {u}_{n+1}^{1} ) d^{-2}+\frac {h}{2}( \bar {u}_{n+1}^{1}-\bar {u}_{n-1}^{1} ) d^{-1}+l\bar {u}^1+p\bar {c}^1+q=0, \\ \Leftrightarrow &( d^{-2}+\frac {1}{2}hd^{-1} ) \bar {u}_{n+1}^{1}+( -2d^{-2}+l ) \bar {u}_{n}^{1}+( d^{-2}-\frac {1}{2}hd^{-1} ) \bar {u}_{n-1}^{1}+p\bar {c}^1+q=0, \\ \Leftrightarrow & ( d^{-2}+\frac {1}{2}hd^{-1} ) \bar {u}_{n+1}^{1}+( -2d^{-2}+l ) \bar {u}_{n}^{1}+( d^{-2}-\frac {1}{2}hd^{-1} ) \bar {u}_{n-1}^{1}+p\bar {c}^1=-q, \end {aligned}\end {equation}


$\bar {u}_n^1=\bar {u}^1(nd),\;1\le n\le N'-1$


\begin {equation}\label {eq:G.11} \begin {aligned} AU=B,\quad U=\left [ \bar {u}_{1}^{1},\ldots ,\bar {u}_{N'-1}^{1},\bar {c}^1 \right ] ^T,\;A\in \mathbb {R}^{( N'-1 ) \times N'},\;B=\left [ -\bar {q}_1,-\bar {q}_2\ldots ,-\bar {q}_{N'-1} \right ] ^T \end {aligned}\end {equation}


$\bar c^1$


$\mathcal {O}( 10 ^{-5} )$
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demonstrate that the nonreciprocity depends on the recovery rate in a nonlinear manner. This
study provides a general theoretical framework and practical design guidelines for bioinspired
intelligent metamaterials that enable reversible directional energy routing, signal isolation, and
mechanical logic, and it also informs the design of field controlled phase change materials and
multiphysics devices.

1. Introduction

Understanding how ordered structures and spatiotemporal patterns emerge in complex systems remains a central scientific chal-
lenge (Greilich et al., 2025; Tian and Gong, 2025; Zhou and Wang, 2024; Zhang et al., 2024). In contrast to linear media that obey
the principle of superposition, many systems can host energy in highly localized, particle like packets that propagate without change
of shape. These self-sustained wave packets are termed solitary waves, and those with elastic scattering are classified as solitons
(Zhang and Rudykh, 2024; Ziv and Shmuel, 2020; Silling, 2016; Yasuda et al., 2019; Gao et al., 2024). Among the many families of
solitons, transition waves, i.e., elastic topological solitons, represent a canonical class distinguished by their role as smooth transition
structures between two spatial regions associated with inequivalent degenerate ground states. Since their discovery, solitons have
attracted sustained attention across physics, mathematics, and mechanics. From the KdV equation describing shallow water waves
to constitutive models for biological tissues, soliton theory offers a unified mathematical framework spanning scales from molecular
motion to macroscopic biomechanics (Zhou and Wang, 2023; Tang et al., 2024; Zhang et al., 2023). The hallmarks of solitons are
their resilience to dispersion during propagation and their persistence of shape after collisions. Transition waves (elastic topological
solitons) interpolate continuously between different states, creating a robust interface whose existence and stability stem from the
topology of the underlying potential landscape. This inherent topological protection makes them promising carriers of information
and energy in mechanical settings (Zhang et al., 2019; Zhou and Wang, 2023).

Bistability, characterized by two stable equilibria separated by an energy barrier, provides a broad physical and mechanical basis
for the emergence of transition waves. Transition waves in bistable media therefore propagate as traveling elastic topological solitons
with distinctive dynamics. These concepts have been applied to model and interpret a range of biophysical processes (see Fig. 1(a)-(c)),
including muscle fiber contraction (Caruel et al., 2015; Caruel and Truskinovsky, 2017; Givli and Bhattacharya, 2009), cytoskeletal
remodeling (Bernitt et al., 2017; Pierre, 2020), and nerve impulse propagation. Rapid advances in mechanical metamaterials have
created new opportunities for studying transition waves through architected control of macroscopic response. Guided by geometric
nonlinearity, researchers have realized bistable building blocks based on buckled beams, shear units, and origami inspired modules.
When arranged into one-, two- or three-dimensional lattices, these assemblies display strong nonlinear behavior and can store and
release substantial elastic energy (Choi et al., 2025; Zhang et al., 2025; Li et al., 2025a; Liu et al., 2019, 2023; Roller et al., 2024;
Tang et al., 2025; Wang et al., 2024a; Xiu et al., 2025; Zhou et al., 2022).

In passive bistable media, the propagation of transition waves has been investigated in depth. A canonical model treats the
architecture as rigid masses coupled by nonlinear springs whose force-displacement relation is nonmonotonic. When the system
resides in a high energy metastable configuration, a local disturbance can trigger the first unit to switch to the low energy state. The
released potential energy is transmitted to neighboring units through coupling, initiating a self-sustained front. This front propagates
at an approximately constant speed and progressively converts the structure to the low energy configuration (Deng et al., 2020, 2025;
Jin et al., 2020; Nadkarni et al., 2016a; Pal and Sitti, 2023; Raney et al., 2016; Zareei et al., 2020). Theoretical descriptions introduce
a traveling wave ansatz that reduces governing partial differential or discrete difference equations to ordinary differential equations.
This reduction enables analytical or semi-analytical expressions for the wave speed and profile. (Comte et al., 1999; Deng et al.,
2020; Nadkarni et al., 2014; Remoissenet and Peyrard, 1984; Slepyan et al., 2005; Vasios et al., 2021). Experiments with carefully
designed specimens have provided strong validation of these predictions. Such studies deepen the understanding of nonlinear lattice
dynamics and inform the development of functional materials and devices, including high efficiency impact energy absorbers, passive
mechanical logic elements, and acoustic diodes. Despite substantial progress, passive bistable media exhibit intrinsic limitations. The
chief constraint is the unidirectional irreversibility and narrow functionality of wave propagation. Because energy release follows
the second law of thermodynamics, once a wave has traversed the structure, the system relaxes to a low energy ground state and
loses functional activity. Restoring functionality typically requires external mechanical resetting of the entire structure or selected
regions. This requirement is impractical for applications that demand rapid and repeated responses (Nadkarni et al., 2014). A further
limitation is that key response characteristics, such as wave speed and energy dissipation rate, are fixed by material and geometric
parameters after fabrication. These properties cannot be adjusted during operation (Raney et al., 2016). These limitations motivate
the exploration of approaches that introduce active control, so that the energy can be injected in a programmable and timely manner,
thereby endowing the system with dynamically reconfigurable behavior.

Active matter consists of dynamic assemblies of units that continuously consume energy and sustain nonequilibrium states, often
converting environmental energy into mechanical motion or other forms of ordered behavior (Binysh et al., 2022; Da Rocha et al.,
2022; Kulkarni, 2023; Wang et al., 2024c). In the field of bio-inspired engineering, researchers have introduced active mechanisms
into bistable metamaterials, establishing the field of active bistable systems (Wu et al., 2024; Zhang and Rudykh, 2024; Zhou et al.,
2022). A defining feature is the ability to modulate the energy wells through external stimuli. Examples include molecular motors
powered by ATP hydrolysis, light-induced protein conformational changes, or chemical energy driving shape memory materials.
Real time tunability overcomes the constraints of passive platforms and enables reversible propagation of phase transition waves.
By regulating energy input with precision, the structure can switch between two stable states in a controlled manner, imparting

2
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Nomenclature

i=1,...,N Mass index in the discrete lattice.

N Number of masses (sites) in the lattice.

X; Reference position of site i in the lattice.

a Lattice spacing (distance between adjacent sites).

Ly, Total lattice length.

t Time variable.

z Traveling-wave coordinate.

H(-) Heaviside step function.

) First partial derivative with respect to time ¢ (overdot notation).
) Derivative with respect to the traveling coordinate z.

o) Landau order notation in asymptotics.

u; (1) Displacement of site i.

s5;(t) Active stiffness (slow recovery variable) at site i.

Vi) Discrete forward difference operator.

Ay Discrete Laplacian (second difference).

ul,uM uR  Left/right stable states and the unstable saddle of the on-site potential.
m Mass of each site.

k Nearest-neighbor spring stiffness.

n Linear viscous damping coefficient.

A, Ay Passive stiffness parameters of the on-site element.

By, B; Target values controlling the active stiffness level.

L Half distance between the two stable displacements (2L total span).
) Potential-shape parameter governing well asymmetry/curvature.
14 Recovery rate of the active stiffness.

€ Small parameter marking fast-slow time-scale separation.

Ui (uyss;) On-site potential energy at site i.

Sfilugssy) On-site restoring force (derivative of the on-site potential).

< Lagrangian of the discrete lattice.

T Kinetic energy.

Vepr Nearest-neighbor spring interaction energy.

Von On-site bistable potential energy.

R Rayleigh dissipation functional.

A% Energy gap between right and left minima at a site.

E, Kinetic energy density transported at the wave front.

x Spatial coordinate in the continuum model.

u(x,t) Continuum displacement field.

s(x, 1) Continuum active-stiffness field (slow recovery variable).

ON First partial derivative with respect to x.

p=m/a Linear mass density.

k' =ka Continuum spring modulus.

n' =n/a Continuum viscous coefficient.

X,T,U,S Characteristic length, time, displacement, and stiffness scales.
X, 10,5 Nondimensional coordinate, time, displacement, and active stiffness.
Ay, A, Nondimensional passive stiffness parameters.

By, B, Nondimensional active-stiffness targets.

(=TE¢& Dimensionless recovery rate of the active stiffness.

Ly, Nondimensional domain length.

Crs 8 Nondimensional forward and backward wave speeds.

c'?, |c'2| Leading-order (asymptotic) forward/backward speeds.

Agps Ay Inverse widths of forward and backward fronts.

Aof, /12 Leading-order inverse widths from asymptotic analysis.

CFN P Auxiliary combinations in forward speed selection formulas.
0,, P, Auxiliary combinations in backward speed selection formulas.
R Length of the initially excited region used to launch a front.
Niel Nonreciprocity metric based on wave speeds.

Nyidth Nonreciprocity metric based on wave widths.

AE Nonreciprocal energy-transport difference (nondimensional).
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bioinspired adaptability and intelligent responses (Roh et al., 2025; Song et al., 2025; Worrell et al., 2018). This strategy opens avenues
for next generation smart materials with potential in micro and nanorobotics, adaptive structures, and biomedical engineering.

The sarcomere in muscle is a typical example of the active bistable structure (see Fig. 1(a)-(c)) (Caruel et al., 2015). At the onset
of sarcomere contraction, active elements consume energy to generate the primary driving force. As the deformation increases, the
passive force rises while the active force decreases. This interplay enables a bistable mechanism governed by the combined action of
active and passive forces throughout the process. Such systems are widespread in nature, from molecular motors and ciliary arrays
to collective cell migration, and they exhibit distinctive nonequilibrium dynamics (Gerwien et al., 2019). The introduction of activ-
ity also introduces significant dynamical complexity. Accurate modeling requires multivariable coupling that augments mechanical
displacement with additional variables representing active processes, such as active stress or active stiffness (Li et al., 2025b; Sun
et al., 2025; Xing et al., 2024; Zhang and Rudykh, 2025). The resulting governing equations are strongly nonlinear. A prominent
characteristic is the separation of time scales. Because mechanical displacement and unit flipping occur on a fast scale that can reach
the millisecond range, whereas the evolution of active variables and the remodeling of the energy landscape proceed on a slow scale
determined by the rate of the energy injection (Angeli et al., 2004; Goktepe et al., 2014). This coupling of fast and slow dynamics
creates deep analogies with biological excitable media. The FitzHugh-Nagumo model, which combines a fast membrane potential
with a slow gating variable to capture action potential generation and the refractory period, serves as a useful conceptual template.
An active bistable lattice can be viewed as a mechanical counterpart of this excitable recoverable dynamics (FitzHugh, 1955, 1961).
The complex behavior arises from strong nonlinear interactions between fast and slow variables, yielding rich dynamical regimes and
posing significant challenges for theoretical analysis. This analogy offers a fresh perspective on the mechanics of living systems and
guides the design of new classes of intelligent materials.

The intrinsic coupling introduced by a slow recovery variable furnishes a new physical paradigm for realizing nonreciprocal wave
propagation. Nonreciprocity denotes wave behavior that differs for forward and backward transmission and it underpins advanced
platforms for multi-directional asymmetric information flow and directional energy transport (Wang et al., 2025; Shaat and Park,
2023; Tang et al., 2024). Conventional passive metamaterials primarily exploit carefully designed structural asymmetry to break
spatial inversion symmetry, thereby realizing a static, geometry-dependent form of nonreciprocity. In contrast, active metamaterials
enable a dynamic form of nonreciprocity that arises from the breaking of time-reversal symmetry. This behavior is fundamentally
rooted in nonlinear interactions between fast and slow dynamical processes (Li et al., 2018, 2020; Librandi et al., 2021; Nassar et al.,
2020). When a forward traveling front sweeps the medium, it triggers a rapid mechanical response and simultaneously drives an
associated slow variable away from equilibrium. As this slow variable relaxes over a finite time, a nonequilibrium region forms in
the wake that retains a memory of recent activity. A backward-propagating wave initiated during this relaxation stage encounters
a medium reshaped by the evolving energy landscape rather than its initial state. This history dependent interaction leads to a
pronounced difference between backward and forward propagation speeds, even when the geometric layout is perfectly symmetric
(Wang et al., 2024d; Tang et al., 2024).

This intrinsic arrow of time, established by the recovery dynamics of the slow variable, is conceptually analogous to the directional
control of contraction-relaxation signal transmission in sarcomeres. In muscle fiber contraction, a refractory period governed by ion-
channel gating ensures robust unidirectional propagation of contraction and relaxation signals along the muscle fibers, respectively
(Beck et al., 2008; Rubin and Wechselberger, 2008). The proposed dynamic mechanism provides a mechanical realization of this
biological principle. Most importantly, it frees nonreciprocal function from dependence on complex static geometry and enables real
time in situ programmability. Control over the kinetics of the slow recovery variable allows continuous tuning of both the magnitude
and the direction of nonreciprocity, opening a path to reconfigurable and environment-responsive intelligent nonreciprocal devices.

Existing theories in mechanics and materials struggle to unify activity, reversibility, nonreciprocity, and coupling between fast
and slow dynamics. For an active bistable lattice described by a two-variable coupled framework, the propagation of reversible non-
reciprocal transition waves still lacks analytical clarity. Here, we introduce a slow recovery variable, governed by a recovery law
with a time constant that describes the recovery process, where the displacement determines the target stiffness. This law is isomor-
phic to muscle activation dynamics in biomechanics and encodes a memory wake and a transiently inexcitable zone that modulate
macroscopic transport direction. Building on this framework, we construct a lattice of masses connected by linear springs, with each
mass anchored through passive and active bistable elements in parallel. By employing singular perturbation analysis to address the
multiscale nonlinearity induced by fast-slow coupling, we derive bidirectional wave solutions, obtain analytical expressions for wave
speed, width, and their domains of validity, and ultimately couple these solutions with a machine learning model. The results quantify
how speed depends on passive and active stiffness parameters as well as on dimensionless recovery rate of active stiffness. A quanti-
tative metric for nonreciprocal energy transport is established, demonstrating that even in geometrically symmetric media, reversible
and tunable directional energy routing and signal isolation can be achieved by adjusting the timescale and coupling strength of the
slow recovery variable. The theory provides explicit design principles and parameter maps for bioinspired active metamaterials.

The paper is organized as follows. Section 2 introduces the mathematical model of the active bistable lattice, specifies the form of
its energy and the self-resetting mechanism. Section 3 numerically solves the discrete model to visualize reversible and nonreciprocal
transition waves, revealing an intermediate phase during the evolution of active stiffness. Section 4 develops the continuum governing
equations and enables nonreciprocal transition waves with adjustable return positions and the capability of multiple propagations.
Section 5 employs singular perturbation analysis to derive traveling wave solutions in both directions, coupled with machine learning.
Section 6 investigate nonreciprocal energy transmission and the influence of key parameters. The final section concludes the study
and discusses potential applications in active metamaterials.
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Fig. 1. The active self-resetting bistable lattice with tunable energy landscape capable of propagating transition waves, inspired by sarcomere
dynamics. (a) Schematic of a muscle fiber composed of myofibrils. (b) Myofibrillar structure showing periodic arrangement of actin and myosin
filaments regulated by biological energy fields, maintaining stability before and after contraction. (c) Force-deformation relationship in a sarcomere,
where active and passive forces establish bistable states under biological energy field influence. (d) Bistable lattice consisting of active units connected
by elastic elements (stiffness k), with stable state separation 2L. The force-displacement response combines active potential ¢, (field-driven) and
passive potential @, (intrinsic stiffness). (e)-(g) Dependence of potential energy %, and force f; on displacement u; for s, (e) varied from 5e-4 to 5e-3
g-m~2-s72, A, (f) varied from 5e-4 to le-2 g-m~2 - s72, and A, (g) varied from 5e-4 to 5e-3 g - m~2 - s72, where the energy landscape of the active
bistable lattice is reset as s; increases. Active stiffness modulation transforms the energy landscape, creating asymmetric potential distributions
that induce nonreciprocity. (h)-(j) Transition wave propagation for & = 0 (h), & = 0.03 (i), and £ = 0.06 s~! (j). The system sustains transition waves
without energy injection at £ = 0 s™!, while active control enables transition wave propagation of u; and s, at higher ¢ values. Parameters: m =1 g,
k=1g-s2,y=1g-s', N=101,a=0.002m, B, =2g-m2-s2(n=0,1), L=1m,§=2.
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2. Active bistable system and slow-recovery dynamics

We consider a one-dimensional periodic lattice of N identical point masses m with lattice spacing a. Each mass i undergoes
longitudinal motion u,(¢) and is coupled to its nearest neighbors by linear springs with stiffness k. In addition, each mass is attached
to two rigid walls through a pair of bistable elastic elements arranged in parallel (see Fig. 1(d)). The on-site element comprises
a passive component and an active component with instantaneous potential energies ¢” and ¢“, respectively. This construction is
motivated by the fact that many biophysical systems alter their energy landscapes under the interference of injected energy. For
example, muscle realizes contraction and relaxation through the biologically powered automatic regulation of the binding degree
between myosin heads and actin (see Fig. 1(a) and (b)). At its core, this mechanism represents a balance between the active force
determined by biological energy and the passive force of the structure at different stages. Such a balance can give rise to bistable
energy landscapes in many biological structures, including sarcomeres (see Fig. 1(c)). The variable affected by the injected energy is
denoted by s,(r). We define s,(¢) as the active stiffness, in order to represent the active component of the system stiffness coupled to
the mechanical displacement u;(r). Altogether, we arrive at a two-variable coupled model for u;(r) and s;(r). The physical basis and
implications of s,(r) are discussed in Appendix A.

The total on-site potential is denoted %;(u;;s; ). To obtain a bistable nonlinear potential with tunable asymmetry, we model the
restoring force as the derivative of a quartic potential (Veenstra et al., 2024; Khajehtourian and Kochmann, 2021),

Filugssp) = 0, %y s;) = (F = L)(s; + Ao + L6~ (u? — L)(s; — Ay), €y

with constants L > 0 and 6 > 0. For brevity, the derivation of Eq. (1) is given in Appendix A.

We refer to Ay > 0 and A, > 0 as passive stiffness, which represent the intrinsic structural stiffness of the bistable units, in contrast
to active stiffness.

The FitzHugh-Nagumo model (FitzHugh, 1955, 1961) is a phenomenological model originally developed for neuronal excitability.
Within this framework, we adopt its abstract representation of universal fast-activation and slow-recovery cycles observed in excitable
biological systems. This formalism naturally extends to describe the rapid contraction and subsequent slow recovery of sarcomeres
in muscle fibers, where rapid mechanical activation is succeeded by a slower metabolic restoration phase. We posit that the active
stiffness s;(r) evolves on a slow time scale according to

$; = €(ay — aju; — bs;), 0<e<x, ay>0,a,>0b>0, 2)

where the small parameter ¢ encodes the separation of timescales ensuring recovery is slower than excitation. The coupling term
a,u; linearly links recovery dynamics to the fast deformation variable ;. The constants a;, a;, and b govern respectively the baseline
recovery level, sensitivity to fast deformation, and rate of return to equilibrium.

Note that the displacement () is treated as a fast variable, whereas the active stiffness s,(¢) is defined as a slow recovery variable.
This formulation adapts the FitzHugh-Nagumo framework to our bistable mechanical system, where the variation of active stiffness
phenomenologically represents the internal restorative state analogous to that of a muscle fiber following contraction. Rewriting
Eq. (2) as §; = —(eb)(s; — (ap/b — (a; /bu;)) shows that s; relaxes exponentially toward the deformation-dependent target s.,(,) =
ag/b — (a;/b)u; at rate eb. Making the identifications & = €b, B, = a,/b, and B, /L = a, /b leads to the slow-recovery law used here,

s'i=—§(si—BO+BlL_lui). 3)

where ¢ denotes the recovery rate of the active stiffness s;(r). The derivation of Eq. (3) can be found in Appendix A. Note that
Egs. (1) and (3) define a phenomenological model that simulates the evolution of sarcomeres during muscle fiber contraction and the
associated dynamical characteristics of slow recovery. The assumed dynamical form of the phenomenological equations has already
been extensively applied to describing the dynamical processes of active structures (Goktepe et al., 2014).

For any fixed s; the stationary points of %; satisfy f;(u;;s;) = 0 which, according to Eq. (1), gives the three roots

1
ut =—L, uR =1L, uM = (Al - s,-) (AO + s,-)flLé‘*l. (€)]

In the parameter regime of interest the points 4! and u® are local minima and « is a local maximum, hence each site admits two
stable equilibria.

To probe directional transport, we set (u': ilfn’ sf i‘nbil) = "R, B, + B)), such that sif: i‘nbil 2 A,, respectively, where the symbol Z com-
pactly denotes > for the forward case and < for the backward case, and superscripts f|b and L|R indicate forward/backward and
left/right states, respectively. The corresponding initial energy difference at site i is given by

AU = U sl = Ut s 20 (5)
which sets opposite energetic preferences for switching during forward and backward excitations.

Eq. (3) defines the recovery mechanism of the slow variable in the coupled fast-slow system. The displacement executes an excitable
excursion under external or neighbor-induced stimuli, while s; evolves slowly over the time scale O(&™!), driven by its coupling to
the local displacement u;. As a traveling front passes, s; changes the magnitude in a history dependent manner, thereby reshaping
the local potential %;. Consequently the pair (%;,s;) left behind a front depends on the propagation direction and on the sequence of
prior switches at the same spatial location. The mapping R : (u;, s;) = (—u;, s;) does not leave the coupled dynamics invariant because
$; depends affinely on u;. Hence the initial energy landscape for a right-going excitation is not the reflection of that for a left-going
excitation. This lack of time reversal symmetry yields direction-dependent thresholds and wave speeds that are controlled by the
parameters Ay, A;, B, B; and the recovery rate ¢&. Moreover, the variation of the parameters leads to a further increase or decrease
in this asymmetry (see Fig. 1(e)-(g)).
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Fig. 1 illustrates the composition of the active bistable lattice inspired by sarcomere dynamics and its capability to sustain prop-
agating transition waves (see Movie 1). In this lattice, the potential energy of each bistable element is regulated by the active and
passive stiffness parameters, enabling a tunable energy landscape. In addition, the active bistable lattice exhibits an energy self-
resetting mechanism. The slow evolution of the active stiffness under energy injection enables changes in the positions corresponding
to the high and low stable states of the active elements. Specifically, Fig. 1(a)-(c) depict the morphology and composition of a sar-
comere, the fundamental unit of a muscle fiber, whose contraction exhibits bistability under the regulation of active elements. In the
early stage of contraction, energy injection strengthens the active force relative to the passive force; as the deformation increases,
the passive force becomes dominant, gradually driving the system toward the next stable state. In Fig. 1(d), we present the active
bistable lattice inspired by this mechanism along with its fundamental unit. As shown in Fig. 1(e)i, as the active stiffness s; increases
from 5e-4 g-m~2-s572 to 5e-3 g-m~2 - 572, the potential energy at u; = L gradually becomes lower than that at the u; = —L, even-
tually differing by nearly a factor of 25. In Fig. 1(f)i, as the passive stiffness parameter A, increases from 5e-4 g-m~2-s72 to le-2
g-m~2-s72, the potential energy of the entire unit decreases except at u; = 0, where it remains unchanged. Throughout this pro-
cess, the potential energy at u; = —L consistently remains 1.5 times that at u; = L. Fig. 1(g)i shows that as A, increases from 5e-4
g-m~2-s572 to 5e-3 g - m~2 - s—2, the potential energy difference between u; = L and u; = —L increases by a factor of 11. Meanwhile,
as shown in Fig. 1(e)-(g), the lattice remains bistable within the above parameter ranges. We find that as s; increases from 5e-4
g-m~2 .52 to 5e-3 g-m~2 - 572, the positions corresponding to the high and low stable states of the active elements also switch. This
switching underlies the ability of the active bistable lattice to support bidirectional transition wave propagation in the absence of
external forces. The active stiffness s; evolves slowly through energy injection, and the slow-recovery process enables self-resetting
of the energy landscape after completion of the transition wave propagation.

Across a broad parameter space, the proposed active bistable two-variable coupled model can achieve both reciprocal and nonre-
ciprocal dynamics through the tuning of stiffness parameters. It simultaneously maintains a stable bistable potential landscape which
supports the propagation of transition waves. The fundamental driving force of nonreciprocity originates from the difference in the
initial energy landscapes along the two directions. This asymmetry in the energy landscape is realized by the two-variable coupled
model, thereby endowing the system with a time reversal asymmetry. In Fig. 1(h), we verify the capability of an inactive bistable
system to stably propagate transition waves. Next, we introduce the slow recovery variable s;(r) in Fig. 1(i) and assign it a recovery
rate ¢ of 0.03 s!. The result shows that the active bistable lattice is capable of stably propagating transition waves. We observe that
the onset of variation in the active stiffness s;(r) is synchronized with the displacement variable u;(r), while its overall duration is
extended. This is because, in our two-variable coupled model, s; is designated as a slow recovery variable and is regulated by ¢. In
Fig. 1(j), we increase the recovery rate to 0.06 s~'. The transition wave propagates smoothly through the system, and it is clearly ob-
served that the transition duration of s, is shorter than that when & = 0.03 s™!. In summary, the proposed two-variable coupled active
bistable lattice is capable of supporting stable transition waves both before and after energy injection. By tuning the slow-variable
parameters, the energy landscape can be reset, thereby imparting the system with nonreciprocal dynamical characteristics.

Next, we analyze the bidirectional propagation patterns of nonreciprocal transition waves using a numerical model and examine
how the pair (By, B, ), together with &, governs the reversible propagation of nonreciprocal waves in the active bistable lattice. At
the same time, the possibility of realizing the modulation and controlled propagation of nonreciprocal transition waves is explored
through the active self-resetting system. We analyze the existence and admissibility of nonreciprocal traveling wave solutions of the
two-variable coupled model. Finally, we quantify the induced energy flux asymmetry implied by Eq. (5), and explore how the tunable
pair (¢, 6) governs reversible nonreciprocal propagation in the active bistable lattice.

3. Discrete theory of the active bistable system

In what follows, the discrete lattice model is adopted as the primary description of the lattice dynamics and serves as the benchmark
for the continuum formulation, asymptotic analysis, and machine-learning surrogate. To analyze wave propagation in the active
bistable lattice, we next formulate the discrete equations of motion. Throughout this section indicesrunasi =1,..., N.

Defining the forward difference (V, u); = u;,| —u; and the discrete Laplacian (A u); = u;,; — 2u; + u;_y, the discrete Lagrangian is
N1
m
L=T Ve =V, =253—Z (Vu)? — Z%(u,,s) (6)

i=1 i=1
where T denotes the kinetic energy, V,,, the nearest neighbor spring interaction and V,, the on-site bistable contribution.

Energy dissipation occurs in many biological structures and artificially engineered materials during deformation (Raney et al.,
2016). To incorporate nonconservative effects of the bistable lattice, we consider a linear viscous damping with coefficient 5. Then,
the Rayleigh dissipation is given by

% = Z” n>0. 7

I\)I

Hence the Euler-Lagrange equation reads

d
dr

Substituting the Egs. (6) and (7) into Eq. (8) (see Appendix A), we arrive at the discrete equation of motion,

(a 3)—6u,3=—0u,.% ®)

mil; + nu; = k(Ayu); — fi(u;ss;), i=12,...,N, 9
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Fig. 2. Tuning and quantitative analysis of nonreciprocity in active self-resetting bistable lattices. (a)-(c) Spatiotemporal evolution of u,(r) and s,(r)
for inactive (a), reciprocal (b), and nonreciprocal (c) systems. Control of s,(r) enables unidirectional waves (a), constant-speed bidirectional waves
(b), and asymmetric bidirectional waves (c¢) without external resetting forces. (d)-(f) Spatiotemporal dynamics at & = 0.05 s~! (d) with snapshots
at + =250 s (e) and 7 = 750 s (f), revealing distinct waveforms, speeds (forward 3.302e-4 m/s, backward 1.005e-4 m/s), and widths for forward
versus backward propagation. (g) Wave speed versus ¢ showing nonlinear decrease for both directions. (h) and (i) Mechanical wave width (u,) (h)
and active wave width (s;) (i) versus &, exhibiting nonlinear variation with opposite trends for forward and backward waves. Parameters: m=1 g,
k=1g-s?%,y=1g-s', N=101,a=0.002m,24,=B,=2g-m2-s2(n=0,1), L=1m,§=2.

Eq. (9) together with the slow-recovery law Eq. (3) extend the conservative lattice dynamics by a linear viscous term and by

a first order relaxation for s;. For numerical study we adopt a symmetric parameter reduction with A, = A; = A, B, = B, = B/2,
and B/A = 2, which preserves the qualitative physics. Forward propagation is initiated by setting u,(0) = L, u;(0) = —L for i > 1, and
l.f: mie = Bforalli=1,2,..., N. Backward propagation is prepared by the mirrored state uy (0) = —L, u;(0) = L fori < N, with sﬁ’dni =
As shown in Fig. 2, we present the spatiotemporal dynamics of nonlinear transition waves in the symmetric (after self-resetting)
active bistable lattice under forward and backward initializations (see Movie 2). In the bidirectionally reversible system, we find
that the active wave (evolution of the active stiffness s;(r)) propagates through the system at the same speed as the mechanical

wave. In contrast to the mechanical transition wave, such an active wave propagates on a slower time scale than the switching of
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individual units occurs. Specifically, Fig. 2(a) shows that the single-variable discrete model of the inactive bistable lattice supports
only unidirectional transition waves propagating at speed below 1 m/s, such as speed 0.00107 m/s. After introducing the slow
recovery variable s,(r), the two-variable coupled active bistable lattice is capable of propagating bidirectional reciprocal transition
waves with specific speeds such as 0.00105 m/s in Fig. 2(b). Moreover, the nonreciprocal mechanical response of the active system
following excitation is shown in Fig. 2(c). When Ay = A; =1 g-m™2-572, By = B, = 1 g- m~2 - s72, the nonreciprocal behavior arises
and the forward-backward speed difference is nearly twice the forward wave speed.

At the beginning, all units are placed in the lower-energy equilibrium u’ (Phase A) except the leftmost one which is set in the
higher-energy state u® (Phase B). When the system is released at ¢ = 0 this unstable configuration evolves into a forward-propagating
transition wave traveling with constant speed ¢, > 0. At a later time 7 = #,,,.,., the mirrored configuration is released from the opposite
boundary and a backward-propagating wave emerges with velocity ¢, < 0. The observation that ¢, < |c,| demonstrates a pronounced
nonreciprocal behavior even though the lattice is geometrically symmetric and no external forcing is applied. This outcome is con-
sistent with the theoretical model and highlights the role of the coupled slow recovery variable in breaking spatiotemporal reversal
symmetry. Fig. 2(c) also illustrates the evolution of the active stiffness s;(r). As the displacement front advances, s; develops a broad
co-propagating profile referred to as intermediate phase. Unlike the rapid switch of u;, the change of s; occurs on a slower timescale
determined by the recovery dynamics. This leads to a persistent intermediate pattern that trails behind the mechanical front. The
coexistence of a fast displacement front and a slow recovery profile resembles the behavior of classical excitable systems such as
the FitzHugh-Nagumo model. We, therefore, are able to distinguish between the mechanical transition wave, by identifying abrupt
changes in displacement and the active wave, by the trailing evolution of s;. Both of them propagate with identical velocity, forming
a coupled wave pair.

To further investigate the nonreciprocity of forward and backward transitional waves, we shorten the time interval between them
and illustrate the spatiotemporal evolution of u;(r) and s,(¢) in Fig. 2(d). Additionally, we extract the waveforms of the forward and
backward waves at r = 250 s and ¢t = 750 s in Fig. 2(e) and (f), respectively. We find that the forward and backward waves differ not
only in wave speed but also significantly in wave width, with such differences being even more pronounced in the active waves. The
differentiation in wave width between mechanical and active waves indicates that, at any instant, the number of units affected by
the mechanical wave is significantly smaller than that affected by the active wave. This observation corresponds to the results shown
in Fig. 2(c) and (d), as reflected in the extent of the intermediate phase. Fig. 2(e) and (f) also provides a spatial perspective of the
phase distribution during wave propagation. The lattice is partitioned into three distinct regions: the original Phase A or B, the fully
switched Phase B or A, and the intermediate phase. This three-phase organization records the history of wave passage and generates
a direction-dependent reshaping of the energy landscape, which underlies the intrinsic nonreciprocal response of the system.

In Fig. 2(g), as ¢ increases from 0.03 s~! to 0.055 s~!, we find that in the two-variable coupled nonreciprocal discrete model, both
the forward and backward wave speeds exhibit a nonlinear decreasing trend while remaining below 1 m/s. Meanwhile, the ratio of
the absolute values of the backward to forward wave speeds remains nearly constant at approximately 3.04. Fig. 2(h) shows that, as
¢ increases from 0.03 s™! to 0.055 s~!, the width of the forward mechanical wave decreases nonlinearly, while that of the backward
mechanical wave increases nonlinearly. However, the relationship between the wave width and the parameter ¢ shows opposite
trends for the forward and backward waves as shown in Fig. 2(i). This is because the forward and backward wave propagations
are respectively dominated by the active and passive restoring forces, which result from the initial conditions of the discrete model
(according to Eq. (5)). At the same time, we observe that when & ranges from 0.03 s~! to 0.055 s~!, the width of the mechanical waves
lies between 0.04 m and 0.09 m, whereas the width of the active waves lies between 0.09 m and 0.139 m. This further indicates that
the intermediate state of s; is prevalent in the two-variable coupled model across various recovery rates. The results indicate that the
nonreciprocity of wave propagation in the system is indeed closely linked to the energy injection rate (i.e., the recovery rate of s;),
further highlighting the advantages of the two-variable coupled system.

In summary, in the geometrically symmetric system with self-resetting energy landscape, we realize the propagation of passive
unidirectional transition waves, active reciprocal transition waves, and active nonreciprocal transition waves. We further quantify
the forward and backward wave speeds and widths of the nonreciprocal transition waves, and find that both vary nonlinearly with
the parameter ¢.

4. Continuum description of nonreciprocal dynamics

To derive analytical results for the active bistable lattice, the discrete model is converted into a continuous approximation. By
assuming that the width of the transition wave is much larger than the lattice constant q, it is reasonable to take N — oo with the
total length Ly, = Na fixed. We set x; = ia and identify u;() — u(x,?) and s;(t) — s(x,1). For fixed ¢, a Taylor expansion of u(-, ) about
the reference position x = ia to the points x = (i + 1)a yields

. a
=u(ia) + au +—u
x=(i+1)a (ia) X|x=ia 2

- +0(@), (10)
X=la
where u, denotes the first partial derivative of u(x, ) with respect to x.

Equivalently, noting u;,; = u(x; + a,1) and setting x = x;, we obtain

2
Uy = u(x,1) + au(x, 1)+ % Uy, (X, 1), (11)

where the truncation error in Egs. (10) and (11) is O(¢) in nondimensional terms.
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Fig. 3. Numerical results of the continuum model: analysis of the relative error field for the two-variable coupled dimensionless continuum model,
variations of waveform, wave speeds and wave width with ¢, B, and B,, and propagation of multiple controllable transition waves. (a)-(c) Relative
error fields in x — 7 coordinates for ¢ = 0.01 (a), { = 0.1 (b), and ¢ = 0.2 (c). The continuous model shows reasonable agreement with ;(r) errors
remaining small, while 5,(r) errors reflect increased sensitivity to backward wave initiation timing at larger ¢. (d)-(f) Waveform and wave speed
analysis of forward and backward transition waves at varying ¢ = 0.1 ~ 0.315 (d), Bo =0.8~ 12 (e), and B, = 0.8 ~ 1.2 (f). (g)-(i) Mechanical and
active wave widths versus ¢ (g), B, (h), and B, (i) for both models when ¢ = 0.35. Nonlinear variations demonstrate tunable nonreciprocity. (j)
Controllable return position of backward transition waves, showing programmable stopping of forward waves and on-demand initiation of backward

waves. (k) and (1) Multiple realizations of bidirectional transition waves, demonstrating two (k) or more (1) cycles with selectable return positions
and stable repeated propagation.
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To obtain a properly scaled continuum limit with ©(1) macroscopic coefficients, we introduce the macroscopic scalings p = m/a,
k' = ka, and ' = n/a. Substituting the Eq. (11) into Eq. (9), we obtain the continuum equations as (see Appendix B)

pii—K u+n'i+a” @ — L ((s + Agu+ (s — ADLS™) = 0, 12)
and
§+&(s—By+B L7lwy=0. 13)

Note that Eq. (13) represents the continuous form of Eq. (3) with u; - v and s; — s.

Furthermore, by introducing the dimensionless variables and parameters x = x/X, f=t/T, i =u/U, 5 =s/S, A, = A,/S, B, =
B,/S (n=0,1), where X> =k'T?/p, T = p/#', U = L, and S = an'?/(pU?), we yield the nondimensional forms of Eqs. (12) and (13)
as

fi—ligg + i+ @ - 1)(G+ Apa+ (- A1) =0, 14)
and
54(G-By+Bin)=0, ¢=T¢ (15)

where 4, (n =0, 1) denote the dimensionless passive stiffnesses and B, determine the steady-state level of the active stiffness. More-
over, ¢ serves as a prefactor, indicating the dimensionless rate at which 5 recovers. The derivation related to Eqgs. (14) and (15) is
given in Appendix B. The system is initialized such that @(%,0) = 1 for 0 < ¥ < R < Ly, and a(x,0) = —1 otherwise, where R denotes
the length of the initially excited region used to launch the front. The active stiffness is prescribed as 5(x,0) = B, + B, > A; > 0.

Fig. 3 summarizes the numerical results, including waveforms, wave speeds and wave widths, obtained from the two-variable cou-
pled dimensionless continuum model. It also demonstrates the agreement between the continuum and discrete models, thereby vali-
dating the effectiveness of the continuum model. Specifically, we solve the continuum model using the semi-implicit Crank-Nicolson
numerical method (Srivastava and Tamsir, 2012) based on finite differences. The relative error field defined by ¢, = |f. — f4| / | f4]
between the dimensionless continuum model and the discrete model is presented in Fig. 3(a)-(c), where f. and f, represent the
numerical results of the continuous and discrete models, respectively. The results confirm the accuracy and validity of the continuum
model described by Egs. (14) and (15).

As shown in Fig. 3(a)-(c)i, the error observed in the displacement variation field arises from the intrinsic differences between
the discrete and continuum models. Therefore the error is mainly concentrated near the mechanical transition front. In contrast, the
error in the active stiffness field shown in Fig. 3(a)-(c)ii primarily originates from the inconsistency in the slow variation of s;(t)
after the continuum approximation. Both types of errors remain within a reasonable range and exhibit excellent agreement with
the theoretical model. Moreover, with the increase of the dimensionless recovery rate ¢ from 0.01 to 0.2, we observe a pronounced
growth of the relative error field near the end of the lattice. This deviation primarily arises from the mismatch between the slow
evolution of s,(¢) and the initiation time of the backward wave, which results in a slight system desynchronization. A detailed analysis
of this phenomenon is provided in Appendix H. Therefore, we focus on the set of parameters ¢, B, and B, that influence the active
stiffness.

In Fig. 3(d), we present the waveforms and their positions at 7 = 150 (forward wave) and 7 = 400 (backward wave) as the dimen-
sionless recovery rate ¢ increases from 0.1 to 0.315. We find that both the forward and backward waves lag in position when ¢ = 0.315,
indicating the slowest propagation speeds. But this lag is substantially more pronounced for the backward wave. This indicates that
the dimensionless recovery rate ¢ of s;(7) influences the forward and backward wave speeds to different extents. The difference con-
stitutes one of the sources of nonreciprocity in the two-variable coupled model. As shown in Fig. 3(e), as B, increases from 0.8 to
1.2, the forward wave speed gradually increases whereas the backward-wave speed gradually decreases, and these distinct trends
make the nonreciprocity of the active bistable lattice more pronounced. We also find that increasing B, promotes the wave speeds
In Fig. 3(f). Both the forward and backward wave speeds grow as B, increases from 0.8 to 1.2, with the backward wave exhibiting a
larger increase. This indicates that the larger the coefficient B, of the first-order term of the dimensionless displacement variable i in
Eq. (15), the stronger the system’s nonreciprocity. Fig. 3(g) shows that as ¢ increases from 0.1 to 0.15, the width difference between
the forward mechanical wave at 7 = 150 and the backward mechanical wave at 7 = 400 gradually decreases from 1 to 0. As ¢ further
increases to 0.315, this width difference gradually rises to 0.5 and then remains stable. In Fig. 3(h), we find that when B, ranges from
0.8 to 1 (¢ = 0.35), the widths of the forward and backward mechanical waves are identical. When B, increases to 1.2, the width
difference grows from 0 to 0.8. As B, increases from 0.8 to 0.9 (¢ = 0.35), the width difference between the forward and backward
mechanical waves decreases from 1.3125 to 0.3125 in Fig. 3(i). During the increase of B, to 1, the width difference remains constant;
as B, continues to increase, the width difference rises again to 1 (corresponding to B, = 1.2). Based on the above analysis of the active
bistable lattice dynamics, we find that the ranges of ¢, B, and B, influence the propagation speeds and widths of transition waves.
Thus these three parameters constitute key factors in determining the system’s nonreciprocity in the two-variable coupled model.

For better characterizing the spatiotemporal dynamics of the bistable lattice, we employ the continuum model and control the
initiation time of the backward wave to achieve the optimal outcome in the subsequent analysis (see Movie 3). By using numerical
methods, we achieve the forward stopping and backward initiation of transition waves at the intermediate position X = 50 in the
active bistable lattice in Fig. 3(j). The implementation of this case provides a foundation for realizing arbitrary return positions in the
lattice. As shown in Fig. 3(k) and (1), building on the controllable return positions, we achieve multiple back-and-forth propagations
of transition waves within 25 units over the time intervals from 7 = 0 to 7 = 700 and 1400, respectively. Taken together, both variables
transition from phase A to B and then return by waves that travel at uniform velocities ¢, and ¢,, establishing robust nonreciprocity
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quantified by ¢, — |,|. In this section, unless otherwise specified, the following dimensionless parameter values are used by default:
¢=00l,6=2andA, =B, =1n=0,1).

When the recovery rate ¢ is sufficiently small, both the shape and the width of the nonreciprocal transition waves converge to
steady values as illustrated in Fig. 3. Guided by this observation and in the large system limit L — oo, we introduce the traveling
wave coordinate

z=HE®)(x-¢1) + (1 - H®)(lgl7 — %), (16)

where H(-) denotes the Heaviside step function, i.e. H(x) = 1 for x > 0 and H(x) = 0 for x < 0. This representation enables a unified
analysis of forward- and backward-propagating waves.

5. Asymptotic multiscale theory for nonreciprocal active waves

We develop a unified matched-asymptotic framework to describe forward- and backward-propagating transition waves in an active
bistable lattice. The analysis exploits the intrinsic separation of fast and slow scales. A narrow inner front region is resolved, where the
mechanical variable i switches over a spatial scale z ~ O(1). And a broad outer recovery region is identified, where the active variable
5 relaxes on a scale z ~ O(¢~!). Asymptotic matching of these two layers yields uniformly valid composite profiles. The analysis also
determines direction-dependent speed selection to first order in the small parameter ¢. In principle, higher-order corrections (e.g.,
O(¢?)) could be derived. However, such terms would lead to prohibitively cumbersome expressions. More importantly, the regular
perturbation framework still has difficulty enforcing a globally smooth connection between the inner front and the outer recovery
region. The separately constructed inner and outer solutions typically exhibit a finite mismatch, particularly in the far recovery zone.
This discrepancy arises because the active stiffness retains a long-range memory of the loading history.

Rather than pursuing analytically unwieldy higher-order corrections, we adopt a hybrid strategy. The first-order matched-
asymptotic analysis provides an accurate and physically interpretable description of the inner front and the leading-order wave
speed. A machine-learning surrogate is then introduced to account for the residual mismatch in the outer region. This surrogate
completes the waveform and restores global continuity. The resulting framework preserves the physical insight of the asymptotic
analysis while achieving the numerical accuracy of a data-driven model.

5.1. Matching and boundary-layer structure of forward waves

We study a forward-propagating traveling wave with coordinate z = % — ¢,7 and speed ¢, € (0, 1). Introducing the traveling-wave
variables i (z) = #(%,7) and 5,(z) = 5(%,), and substituting them into Egs. (14) and (15)(see Appendix C), we obtain the reduced
system for the forward front. Specifically, the governing equations take the form

iy ~ q(zﬁ - 1)*‘1;’/. + (55. - 1)*1(173 - D)(G,+Apis + G, —ApsTt) =0, a17)
and
§, + & (By— By —5,)=0. (18)

subject to the heteroclinic boundary condition & £ (x00) = F1 and § £(+00) = By + B,.The evolution of the active stiffness is governed
by a first-order balance involving the small parameter ¢.
For ¢ < 1, the problem is singularly perturbed, and we seek regular expansions of fields and speed:
iy =d)+ ¢y +0E%), 5, =5 +5,+0¢D, & =& +Le+0E). (19)

At leading order, Eq. (18) constrains 5(z) to the constant value E(} = By + B, and Eq. (17) then reduces to a scalar front problem
(see Appendix C). The corresponding heteroclinic orbit is

@)(z) = - tanhu(}z), (20)
where
A9 = (%(AO+§(})+(§§—Al)za‘z)‘/z, (21)

is the leading-order inverse width, determined by the cubic nonlinearity evaluated at the asymptotic states.

The corresponding leading-order wave speed c‘? is fixed by the traveling-wave balance (see Appendix C) and satisfies 0 < c‘?

<l

&= (1 + 262(Ay + 595 ~ Al)—2)—‘/2. 22)

At order O(¢), integrating Eq. (18) with a‘} given in Eq. (20) and determining the constant by boundary matching rule (see
Appendix C) yields the inner correction for the stiffness field:

§4(2) = =B (€} A" (In(cosh(4%2)) = A}z +1n2). (23)

To select the wave speed, we multiply Eq. (17) by dii,/dz and integrate across the entire domain (see Appendix D). Using a
localized front ansatz in the evaluation then produces the inner balance:

126(6,4p)" = 126 = A))ep Ay + (36 + 10)By¢ = 0. 24
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Fig. 4. Perturbation solutions of the forward and backward waves coupled with machine learning, and the spatiotemporal evolution of the traveling-
wave variables i, @, 5, 5,. (@)Asymptotic expansion solution of the forward mechanical wave ii, at 7 = 2500. (b)-(c) Standalone asymptotic expansion
solution of the forward active wave 5, and asymptotic expansion solutions (b) coupled with Random Forest, Neural Networks, Support Vector
Regression, and Polynomial Regression, along with their mean squared errors (c). (d) Perturbation expansion solution of the backward mechanical
wave i, at 7 = 4800. (e)-(f) Standalone perturbation solution of the backward active wave 5, and perturbation solutions (e) coupled with Random
Forest, Neural Networks, Support Vector Regression, and Polynomial Regression, along with their mean squared errors (f). Random forest best
captures active wave details with minimum error (c, f) when combined with asymptotic solutions. (g)-(i) Spatiotemporal evolution of forward and
backward waves coupled with random forest for 5 = 2 (g), 6 = 4 (h), and § = 6 (i). (j)-(1) Spatiotemporal evolution for ¢ = 0.005 (j), ¢ = 0.05 (k), and
¢ =0.1 (). The hybrid method accurately reproduces continuous model results and captures intermediate active stiffness states.
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Independently, a linearization of Eq. (17) about the far field with the leading exponential ¢, = exp(—4,z) (see Appendix D)
furnishes a dispersion-like constraint:

2545 = 284787 — 68,4y — (5= 13 — 84y — A = 0. (25)
Solving Eqgs. (24) and (25) perturbatively with ¢, = c‘? +¢ c‘} +0@¢%) and A, = Ag +¢ Alf + O(¢?), and eliminating 4!, we obtain

the first-order speed correction:
& =) +(36+10) B; W) 770,/ L + 0O, (26)

where 0, = 4(29)24% + &% — 449 denotes the inner balance contribution arising from the front profile, and ® , = 48(26 2949 — 5% + 4))
represents the far-field constraint associated with the stiffness-field coupling. For the derivation associated with Eq. (26), refer
to Appendix D. In summary, Egs. (20)-(22) provide an exact heteroclinic front at { = 0, characterized by width (A‘})‘] and speed
E?, € (0, 1). The inner correction Eq. (23) captures the O({) modulation of the active stiffness across the interface, while the coupled
constraints Egs. (24) and (25) uniquely determine the perturbed speed Eq. (26) in the singular limit { < 1.

5.2. Singular perturbation method of backward waves
We consider a backward-propagating front with coordinate z = —x + |¢,|f, where ¢, < 0. The traveling-wave fields are defined as
ii,(z) = a(x,7) and 5,(z) = 5(x, 7). The displacement field evolves according to
(& — Dty +16,la@), + @ — 1)(Gy + Ay + 5, — As™H) =0, 27)
while the active stiffness satisfies
16,15, — £(By — Byity, — 54) = 0, (28)

with boundary conditions &, (¥o0) = +1 and §,(—o0) = E(b). The derivation related to Egs. (27) amd (28) can be found in Appendix E.
To analyze the singular perturbation structure, we introduce regular expansions: the displacement field is written as i, = ﬁg +

i, + O(?), the active stiffness as 5, = 52 +¢ 5} +0O(?), and the wave speed as |¢,| = |E,?| +121¢ + O(?). At leading order, Eq. (28)

gives Eg = B, — B,. Substituting this into Eq. (27) reduces the problem to a scalar front with heteroclinic orbit ﬁg(z) = —tanh(/lgz)

(see Appendix E). The corresponding inverse width is

_ _ 2 1/2
1= (5 +5+ (4 -5))°62) 7. (29)
and the leading-order speed is
- _ —2\~1/2
el = (1+ 38°(Ao +5D(A, =) 7). (30)

At O(¢), integration of Eq. (28) with the profile ﬁ(b) given yields the stiffness correction (see Appendix E)

552) = (B, (1%149) " )(In(cosh(192)) + 4%z + In 2). (31)
Finally, combining the inner and outer balances determines the backward speed as
& =—18 - 36 — 10)B,AN 2 0, @, ¢ + O?), (32)

where ©, = 449 — 4(%)? 40 — |&?| represents the inner balance contribution arising from the front profile, and @, = 48 (25(0| 49 — A, +
52) encodes the far-field constraint associated with the stiffness-field coupling. For the derivation associated with Eq. (32), refer to
Appendix F, while the explicit expressions for alf and ic}) are lengthy and deferred to the Appendix G.

Fig. 4 presents the perturbation solutions of the forward and backward mechanical waves, as well as the perturbation solu-
tions of the active waves coupled with machine learning. It also shows the spatiotemporal evolution of the forward and backward
traveling-wave variables for 6 = 2,4 and 6 as well as ¢ = 0.005,0.05 and 0.1. Specifically, Fig. 4(a) shows that, at 7 = 2500, the for-
ward mechanical-wave profile @, obtained by the asymptotic expansion method agrees closely with the numerical solution of the
dimensionless continuum model. This agreement demonstrates that the asymptotic expansion solution accurately captures the key
features of the forward mechanical wave. In contrast, the asymptotic expansion for the forward active wave accurately resolves only
the inner region of the profile 5, namely the vicinity of the wave front. Its accuracy deteriorates in the outer region. Details are
provided in Appendix C. Fig. 4(b) shows the forward active wave profile 5, obtained from the asymptotic expansion method coupled
with four machine learning algorithms: Random Forest, Neural Networks, Support Vector Regression, and Polynomial Regression. In
Fig. 4(c), we present the mean squared errors of the four algorithms and the asymptotic expansion solution alone. The results show
that Random Forest yields the smallest mean squared error, which is 2.0112e-5.

Next, in Fig. 4(d), we present the singular perturbation solution of the backward wave at 7 = 4800 and compare it with the
backward wave profile @, captured from the continuum model at the same time. The result shows that the perturbation solution is
accurate across the entire domain. At the same time, we find that the perturbation solution of the backward active wave also exhibits
insufficient accuracy in the outer region. Fig. 4(e) similarly presents the backward active wave profile 5, obtained from the singular
perturbation method coupled with four machine learning algorithms: Random Forest, Neural Networks, Support Vector Regression,
and Polynomial Regression. The results indicate that solving the backward active wave is more challenging than the forward wave.
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In Fig. 4(f), we present the mean squared errors of the four algorithms. The results show that Neural Networks yields larger mean
squared errors than that for the forward active wave, whereas Random Forest, Support Vector Regression and Polynomial Regression
yield smaller errors. Among them, Random Forest remains the algorithm producing the smallest mean squared error 1.2614e-6 for
solving the backward active wave 5,. Therefore, in the following analysis, we employ the perturbation solution coupled with Random
Forest to resolve the forward and backward active waves 5, and 5,. Notably, the front of the active wave always coincides with
the front of the mechanical wavein the perturbation solution. This behavior is in strong agreement with the numerical results (see
Fig. 3(d)-(f)). This result indicates that, within the active bistable lattice, the mechanical and active transitional waves occur and
propagate synchronously. The perturbation solution further reveals that both the mechanical wave and the active wave exhibit an
intermediate phase. The transition details between phase A and phase B are accurately captured in both waves. The difference in the
spatial scale of the intermediate phase between the two waves is also in strong agreement with the numerical results (see Fig. 3(d)-
(). Specifically, the intermediate state of i (representing &, and &) scales as z ~ O((4%~1), where A° denotes /1(} and /l(b), and the
corresponding region of 5 (representing 5, and 5,) scales as z ~ O(§ -1y,

In Fig. 4(g)-(i), we show the temporal evolution of i 1> S5 and 5, in the traveling-wave coordinate z for § = 2,4 and 6, respec-
tively. As shown in Fig. 4(g)-(i)i, we find that variations in 6 have little effect on the width of the mechanical wave, that is, the
range of the intermediate state of 7, and #,. This is consistent with the designation of i, and , as fast variables. It indicates that the
energy landscape of the active bistable unit exerts only a weak influence on the switching speed between the stable states. As shown
in Fig. 4(g)-(1ii, as 6 increases from 2 to 6, the intermediate state of 5, and 5, progressively diminish. This trend indicates that in the
two-variable coupled model, the dimensionless slow recovery variables 5, and 5, are strongly influenced by the energy landscape. In
particular, § determines ™ and thereby affects the energy structure of the active bistable unit, as defined in Eq. (4).

Fig. 4(j)-(1) presents the temporal evolution of i > Sps Gy and 3, in the traveling-wave coordinate for ¢ = 0.005, 0.05, and 0.1,
respectively. In the two-variable coupled model, the intermediate states of i, and #, are insensitive to the injected energy. This
behavior is illustrated in Fig. 4(j)-(D)i, where ¢, as the dimensionless recovery rate, also characterizes the rate of energy injection. In
Fig. 4(j)-(Dii, the intermediate states of 5, and 5, decrease markedly as ¢ increases from 0.005 to 0.1. This effect is more pronounced
than that associated with 6. A larger intermediate phase corresponds to a stronger hysteretic response induced by energy input, which
is clearly evident in the spatiotemporal diagrams. Moreover, as is shown in the Fig. 4(g)ii-(1)ii, the intermediate phase of the backward
wave is significantly larger than that of the forward wave. This asymmetry primarily arises from the potential energy function and
initiation conditions specified in Section 2. In this section, unless otherwise specified, the following dimensionless parameter values
are used by default: { =0.02, 6 =2and A, = B,=1(n=0,1).

Finally, by employing asymptotic expansion, perturbation analysis, and machine learning, we derive analytical expressions that
accurately capture the dynamics of forward and backward transition waves. The validity of these results is verified against numerical
solutions. This framework provides a theoretical basis for the subsequent analysis of the nonreciprocal energy transmission in active
bistable lattices.

6. Energy flux asymmetry in nonreciprocal active waves

In the preceding analysis, we noted that the primary nonreciprocal features of forward and backward transitional waves arise
from differences in wave speed and width. The nonreciprocal wave speed represents the most direct characteristic, while the width
nonreciprocity not only serves as a measure of the nonreciprocity of the system but also fundamentally influences the coupling within
the bivariate system. Therefore, we define the nonreciprocity N, (£, $) and the width nonreciprocity N4, (¢, 8) as follows

Neat(©.8) = 11E] = 18102, + 16D Nyiam (@ 6) = 147" = 411G+ 4,H7" (33)

where ¢, ¢, 1, and 2, are defined by Egs. (26), (32), (21) and (29), respectively.

During the propagation of transition waves, the energy released by the phase transformation is transported through the lattice.
Nonreciprocal energy transfer underlies the asymmetry of wave speeds in the forward and backward directions. To elucidate this
mechanism in the active bistable lattice, we introduce a formal definition of the nonreciprocal energy difference given by

AE = ||E/| - |Eb|). (34)

The asymmetry of kinetic flux carried by transition fronts originates from the fast-slow coupling between the configurational
displacement i and the recovery variable 5. A propagating front converts a potential drop into kinetic transport while dissipating
through viscous drag. The kinetic energy per density transported at the transition wave front consistently follows the following scaling
relationship (Nadkarni et al., 2016b)

Ey=3cn 'A%, (35)

From the quartic on-site potential, and using the previously defined far-field stiffnesses S(} and 52, the initial energy gaps are
(according to Eq. (5))

AU = -LGh-A) <0, AZ=-Z)-Ap>o, (36)

so the forward front is energetically downhill whereas the backward front must overcome an active uphill barrier. Moreover, since
d|A%|/05 < 0, the magnitudes |A%/| and A%® both decrease as the active stiffness increases. For 0 < { < 1, the effective kinetic
energy is therefore bounded by the initial gaps. Consequently, ¢, < c*f) <land|¢)| < |c*b)| <1
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Fig. 5. Dynamic nonreciprocity and nonreciprocal energy transmission in active self-resetting lattices. (a)-(c) Forward dimensionless wave speed
(a), backward dimensionless wave speed (b) and the nonreciprocity (c) in the active bistable lattice over the parameter domain of ¢ and 6. (d)-(f)
Forward wave width (d), backward wave width (e) and the width nonreciprocity (f) in the active bistable lattice over the parameter domain of ¢ and
5. The perturbation solution was found to accurately describe both the forward and backward wave speeds and widths, as well as the nonreciprocity
of the system with respect to wave speed and width. The nonreciprocity N, and the width nonreciprocity N4 of the active bistable lattice
exhibit a complex nonlinear distribution over the parameter domain (¢, ). The region of strongest nonreciprocity is concentrated near § = 1.5
(excluding 6 = 1.5 itself), and the wave speed is much less sensitive to ¢ than to 5, while the width shows the opposite behavior. (g)-(j) Variation
of nonreciprocal energy transmission with § and with (B, + B,)/A4, (g), (B, — B,)/A, (h), A,/ A, (i) and B,/B, (j), respectively. The nonreciprocity
of energy transmission in active bistable lattices exhibits a localized distribution within the parameter domain and is concentrated at the boundary
regions of the parameter space.

Substituting the perturbative speeds and the initial gaps into Eq. (35) yields the nonreciprocal energy difference
I T =
AE~ 5 e A% | — || A%, (37)

where all symbols in Eq. (37) are already determined by the perturbation analysis. This expression offers not only a mechanistic
explanation of flux asymmetry but also a quantitative handle for designing nonreciprocal metamaterials with tunable energy transport
properties.
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Fig. 5 first presents the perturbation solutions for the speeds and widths of the forward and backward transition waves. Based
on these results, the variations of the nonreciprocity N, (¢,5) and the width nonreciprocity N;q,(¢, ) with respect to § and ¢ are
obtained. We further provide the dependence of the nonreciprocal energy difference on the combinations of active-passive stiffness
parameters Ay/A,, B, /B, (B, + B,)/A, and (B, — B,)/A, as well as on §. Specifically, as shown in Fig. 5(a)i-(c)i, for § = 1.5, both the
forward and backward dimensionless wave speeds, ¢, and ¢,, decrease as ¢ increases to 0.08. The forward wave speed ¢, lies in the
range 0.375-0.5, whereas the magnitude of the backward wave speed ¢, ranges from 0.625 to 0.75. Meanwhile, the nonreciprocity
Ni(¢,6) increases gradually. In Fig. 5(a)ii-(b)ii, we examine the variations of ¢ 1 and ¢, in the parameter space (¢, §). The results
indicate that the forward wave speed changes more rapidly with respect to ¢ and 6 than the backward wave. In contrast, the backward
wave speed is more sensitive to § than to ¢. This behavior suggests that ¢, is governed primarily by the passive stiffness parameter
A, and A,. Consequently, it is only weakly influenced by the recovery rate of the active stiffness 5,. When & decreases to 1.5 and ¢
approaches zero, the forward wave speed reaches its maximum 0.475 nonlinearly; when 6 decreases to 1.5, the absolute value of the
backward wave speed attains its maximum 0.675 approximately linearly.

As shown in Fig. 5(c)ii, the nonreciprocity of the active bistable lattice exhibits a complex nonlinear distribution over the parameter
domain (¢, §). The region of the strongest nonreciprocity is concentrated near § = 1.5, excluding 6 = 1.5 itself. As ¢ increases toward
0.07, the range of § corresponding to the high-nonreciprocity regime broadens. This regime develops into ray-like structures that
extend asymmetrically on both sides of 6 = 1.5. In Fig. 5(d)i-(f)i, the widths of both the forward and backward transition waves increase
with ¢. Consequently, the width nonreciprocity Ny;qm, (¢, 8) also increases. This trend arises because the forward and backward wave
widths grow at different rates as ¢ gradually increases from near zero. As shown in Fig. 5(d)ii-(e)ii, within the parameter domain (¢, ),
the widths of both the forward and backward waves are essentially insensitive to §. In contrast, as ¢ increases to 0.07, the widths of the
forward and backward waves grow approximately linearly, reaching maximum values of 2.325 and 1.4875, respectively. In Fig. 5(f)ii,
the variation of the width nonreciprocity over the parameter domain (¢, §) is qualitatively similar to that of the nonreciprocity. This
correspondence enables the simultaneous tuning of wave speed and width in the bistable lattice. The above results therefore provide
a parameter map for controlling dynamic nonreciprocity in active bistable lattices.

Note that, although the forward and backward wave speeds defined by Egs. (26) and (32), as well as the nonreciprocal energy
difference defined by Eq. (36), involve complex parameter dependencies, they are effectively governed by a limited set of parameter
combinations Ay/A;, B,/B,, (By+ B,)/A, and (B, — B,)/A,. As shown in Fig. 5(g) and (h), for A, = A,, the nonreciprocal energy
difference value reaches its extremum nonlinearly when the ratio of the initial active stiffness to the passive stiffness for the forward
or backward wave is at its minimum or maximum. This result indicates that the nonreciprocity of the bistable lattice is strongest
under these conditions. In addition, this regime requires 5 to be minimal. The above variations reflect the influence of the relationship
between active and passive stiffness on the system. In Fig. 5(i) and (j), the nonreciprocal energy difference values reach their extrema
nonlinearly when the ratios A,/A; and B,/B, attain their minimum and maximum, respectively. This behavior indicates that the
nonreciprocity of the bistable lattice is strongest under these conditions when B, # B, and A, # A,. Unlike the previous two cases,
when the nonreciprocal energy difference reaches its extremum, § must also attain either its minimum or maximum value, consistent
with the other two ratios. Notably, the observed variations in wave speed align closely with the predictions from the numerical results.
Consequently, the maximum of the nonreciprocal energy difference AE in the active bistable lattice exhibits a localized distribution
within the parameter space defined by A,/A,, B,/B,, (B, + B))/A;, (By— B,)/A, and 6, and is concentrated near the edges of the
domain. To maximize the system nonreciprocity while ensuring successful initiation and propagation of both forward and backward
transition waves, B, /B, (B, + B))/A,, (B, — B;)/A, should be increased as much as 4;/A; and § should be minimized as far as
practicable. The analysis of the initial time is provided in Appendix H. In this section, unless otherwise specified, the following
dimensionless parameter values are used by default: A, = B, =1 (n=0,1).

In summary, by employing analytical expressions for the wave speeds and widths, we characterize both the nonreciprocity and
nonreciprocal energy transmission in the active bistable lattice. This analysis provides a parameter map for the controlled tuning of
nonreciprocity in active bistable systems.

7. Conclusions and discussions

Insights into how biological systems achieve nonreciprocal energy transport and reversible state transitions through coupled
fast-slow dynamics have long informed the design of intelligent synthetic materials. Passive bistable metamaterials are limited by
irreversibility and a lack of tunability after fabrication. This study addresses the need for a unified analytical framework to describe
the reversible tunable nonreciprocal transition waves in self-resetting active bistable lattices. To this end, we construct a two-variable
coupled model that integrates a slow, energy-injection-modulated signal with intrinsic mechanical bistability. The resulting framework
emulates the dynamics of biological excitable systems while remaining analytically tractable.

First, we establish the mathematical foundation by introducing a slow recovery variable governed by displacement-dependent dy-
namics. This mechanism encodes a memory wake that modulates the energy landscape in a history-dependent manner. The on-site po-
tential comprises passive and active components in parallel, with active stiffness dynamically resetting the double-well structure. This
absence of spatiotemporal reversal symmetry constitutes the fundamental origin of nonreciprocity and enables direction-dependent
energy barriers. Second, we perform numerical simulations to visualize spatiotemporal dynamics of reversible nonreciprocal transi-
tion waves. Three distinct phases are identified during propagation. The intermediate phase forms a refractory zone that selectively
suppresses returning waves. The numerical results reveal pronounced nonreciprocity, with forward and backward wave speeds differ-
ing significantly despite perfect geometric symmetry. The wave width also exhibits strong nonreciprocity, with forward and backward
waves displaying distinct dependencies on the dimensionless recovery rate. Third, we derive the continuum description by taking the
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long-wavelength limit and introducing dimensionless variables. Validation against discrete simulations confirm excellent agreement
across wide parameter ranges. The continuum framework enables systematic investigation revealing that recovery rate and active
stiffness targets jointly control nonreciprocal response. We demonstrate position-controllable transition waves and multiple round-trip
propagation cycles, showcasing programmable reversible operation without external resetting forces. Fourth, we develop a unified
matched-asymptotics framework for forward and backward propagating waves by exploiting singular perturbation structure. At lead-
ing order, active stiffness freezes and displacement admits a heteroclinic orbit connecting two stable states. And the final solutions are
coupled with machine learning which provide accurate descriptions of both forward and backward waves. Speed selection emerges
from coupled constraints including inner balance and far-field dispersion relation. Asymptotic solutions accurately reproduce numer-
ical wave profiles and speeds, demonstrating that the recovery rate exhibits a nonlinear relationship with nonreciprocity. Fifth, we
establish rigorous metrics to quantify nonreciprocal energy transport based on wave speed and width. Parameter space exploration
reveals that nonreciprocal energy difference attains extrema when ratios of active to passive stiffness and potential-shape parameters
reach their boundary values. These results provide explicit design maps that link microscopic parameters to macroscopic directional
transport.

In summary, we have developed a comprehensive analytical framework for reversible nonreciprocal transition waves in active
bistable lattices. The two-variable coupled model uncovers a fundamentally new mechanism for nonreciprocity arising from time-
reversal symmetry breaking rather than spatial asymmetry. The slow recovery variable leaves a history-dependent memory wake that
reshapes the energy landscape, enabling tunable nonreciprocal transition waves and transport in geometrically symmetric structures.
Singular perturbation analysis coupling with machine learning yields analytical expressions for wave speed, width, and profiles,
together with rigorous metrics for nonreciprocal energy flux.

The analytical tools developed here provide a powerful foundation for investigating more complex scenarios. The singular per-
turbation framework can be extended to systems with nonlinear recovery kinetics, multistable potentials, and higher-dimensional
lattices (Schaeffer and Ruzzene, 2015; Shan et al., 2015). We envision that the theoretical principles established here will elucidate
reversible wave propagation in active mechanical metamaterials for adaptive structures and soft robotics, phase-change materials
where phase transitions induce macroscopic volumetric changes, and multifunctional materials subjected to coupled fields (Zheng
et al., 2024; Shi et al., 2025; Shan et al., 2025; Sun et al., 2011; Wang et al., 2024b). Future directions include experimental real-
ization using shape-memory alloys (Kellaris et al., 2018; Liang et al., 2022; Ni et al., 2023), electroactive polymers (Terzic et al.,
2019; Xu et al., 2025), or magneto-rheological elastomers (Lou et al., 2025; Yan et al., 2021) with feedback control, exploration of
wave interactions in the presence of refractory zones, and extension to stochastic and spatially heterogeneous active media. From an
experimental perspective, the idealized lumped mass-spring chain considered here could be realized as a planar or additively man-
ufactured lattice. In such a system, rigid blocks or reinforced nodes serve as the masses, while slender curved or pre-buckled beams
function as the passive bistable springs. Active stiffness modulation can be incorporated by integrating shape-memory alloy wires,
electroactive polymer bands, or magneto-responsive elastomer segments in parallel with these ligaments. Their activation can then
be controlled using electrical or magnetic stimuli. A table-top prototype comprising a finite number of units would enable direct mea-
surement of forward and backward transition waves and allow experimental quantification of nonreciprocal energy transport. Such
a setup would directly link the present theoretical framework to practical active mechanical metamaterial devices. The integration
of activity, reversibility, and nonreciprocity provides a pathway toward next-generation intelligent materials that bridge biological
principles with engineered systems.
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Appendix A. Discrete model

To establish the mathematical foundation for the analytical results, we present the detailed formulation of the discrete model.
The restoring force model of the active bistable unit is given by Eq. (1) as follows

fi(“i§5i) = aui%i(ui;si)
= (ul.z—Lz)(si+A0)u,-+L6_'(u‘.2—Lz)(s,-—Al) (A1)
= (u? = L) ((s; + Ag)u; + L™ (5, — A})),

where Ay >0, A; >0, L >0 and 6 > 0. The benchmark passive stiffness, A, characterizes the symmetric component of the bistable
energy potential well. It represents the energetic contribution of passive material components that are independent of activity in
active structures such as sarcomeres. The reference passive stiffness, A, controls the symmetry of the bistable energy potential well.
It corresponds to the asymmetric energy contribution of passive materials in active structures. The bistable displacement scale, L, is
defined as the distance between two stable equilibrium points. It measures the actual bistable displacement difference of the coarse-
grained sarcomere unit. The shape parameter, &, controls the degree of asymmetry of the bistable potential energy and the location
of the potential barrier. It is used to fine-tune the accuracy of the phenomenological model. The restoring dynamics model of the
active stiffness is defined by Eq. (2) as follows

§;=&(By—s;— BiL™'w;) = —&(s; — By + B,L™'w;), (A.2)

where ¢ denotes the energy input rate, while B, and B, are constants. The parameter ¢ sets the time scale of energy injection into
the system. It characterizes the rate of external energy uptake by active structures, such as muscles. The constants B, and B; govern
respectively the baseline recovery level and the sensitivity to fast deformation.

Egs. (A.1) and (A.2) together constitute the key restoring force equations of the bivariate coupled system. Next, through detailed
derivations, we progressively establish the governing equations of the discrete system. First, the generalized Euler-Lagrange equation
(see Egs. (6)-(8)) of the discrete system is expressed as follows

d
dr

where the Lagrangian is

(a :z) —0,% = -0, R, (A.3)

Z=T-YV,

total

-V,

Mz

I_T Vspr on

N- N
% : 2 g(vdu),?— DI ACEEN (A4

i=1

i

T denotes the kinetic energy, V;,, is the nearest neighbor spring interaction, V, is the on-site bistable contribution and ¥, represents
the total potential energy. Define the forward difference (V,u); = 4, —u; and the discrete Laplacian (A u); = u;.; — 2u; + u;_;. The
Rayleigh dissipation is defined as

Z p n>0. (A.5)

I\)I

We find that only the kinetic energy and the Rayleigh dissipation are functions of #;, while V,,, and V,,, are functions of u;, with

V,, not involved in the specific partial derivative simplifications. Substituting Egs. (A.4) and (A.5) into Eq. (A.3), we obtain
mil; — k(Agu); + fi(u;s ;) = —niy;, i=1,2,...,N, (A.6)

where 9, (V,u); = —(8gw);, filu;s) = au, U;(u;; s;) and 0, # = nu;. By further performing simple rearrangements on Eq. (A.7), one of
the governing equations of the discrete system can be obtained, as shown in Eq. (9).

mii; + ni; = k(Agu); — fi(u;;s;), i=1,2,...,N. (A7)
Substituting Eq. (A.1) into Eq. (A.7), we obtain
mii; + ity + @2 = L2)(s; + A, + L6~ 2 — L2)(s; — A)) = k(Aqu); =0, i=1,2,...,N, (A.8)
and we keep Eq. (A.2) unchanged. Egs. (A.2) and (A.8) together constitute the governing equations of the discrete system.
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The parameters in the model can be correlated through common mechanical tests, thereby enabling our model to be directly
applied to quantitatively predict the dynamical characteristics of relevant biological systems. The positions of bistability can be
determined by measuring the force-displacement curve of the bistable unit (Raney et al., 2016). Therefore, for the coarse-grained
sarcomere model we constructed, this method can also be used to measure the distance 2L between the two coarse-grained stable
configurations. The equation A, +s; = (k, + k_)/4L? is obtained by the local tangent stiffness according to Eq. (A.1) (i.e., Eq. (1)):
ky = (0*%; fouD), = = 2L*(Ag +s;+ 67 (s; — Ap)) and k_ = (0*%;/0u})|, —_y = 2L*(Ag +s; — 57" (s; = A)). To obtain the local target
stiffness, we need to measure the Young’s modulus. And the Young’s modulus of single muscle fibers can be measured by atomic force
microscopy (AFM) (Ogneva et al., 2010). In this way, the associated measured value of A, can be obtained under the condition of
temporary deactivation by k, = (A./I)E,, where A, is the cross-sectional area of the coarse-grained unit, / is the unit length and E,
are the Young’s modulus.

A, can be calculated through Eq. (36) , that is, the magnitude of A, is equal to the magnitude of the active stiffness when the
energy difference between the two steady states is zero (Pal and Sitti, 2023). According to Eq. (4) in the manuscript, the unstable
point of the bistable potential energy is located at uM = (A, — 5,)(A, + 5;)"! L6~!. Therefore, on the basis of experimentally measured
L, Ay, and A,, it is necessary to measure the force-displacement curve of the sarcomere and determine the position of the unstable
point. This procedure then yields the measured value of § (Pal and Sitti, 2023).

When u; does not change temporarily, according to Eq. (3), we can obtain: s;(f) = By — B; L™'u; + [5;(0) — By + B, L™'u;]e™%". & can
be directly obtained by fitting the exponential recovery curve (Buonfiglio et al., 2024). When the displacement is equal to L and
—L, respectively, the target values of the active stiffness are B, — B, and B, + B, respectively. B, is the average value of the target
active stiffness , while B, is half of the difference between the two target values. Therefore, the measured value of B, and B, can be
obtained by measuring the active stiffness at the two steady states (Song et al., 2021).

The previous study has shown that the thin filament in the half-sarcomere contains 90 nodes, with each minimal unit accounting
for 1.108% of the total length (Fenwick et al., 2021). This provides a reliable basis for selecting model parameters when similar active
systems, such as muscles, are considered. Specifically, the mass spacing and total system length can be prescribed according to the
physical characteristics of the system under study, thereby determining the number of masses N.

To extend the applicability of the discrete model, we nondimensionalize it as follows:

Substituting (A u); = u;,; — 2u; + u;_; into Eq. (A.8) yields:

mii; + nut; + @ = L((s; + Agdu; + L7 (s, — A))) — k(uppy — 2u; +u;_;) = 0. (A.9)
By setting u;,; = UpU,,, u; = UpU;, u;_; = UpU,_; and s; = SpS;, we obtain

1

mUpU,; + qUpU,; + (UpU,)? = LY(SpS; + A)UpU; + L~ (SpS; — A)))

(A.10)
—k(UpUyy —2UpU; + UpU;_y) = 0,
and Eq. (A.2) becomes
SpS; +E(SpS; — By + B LT'URU) = 0. (A.11)
Let Up = L and divide both sides of Eq. (A.10) by U, we have
mU; +qU; + UAU? = 1)((SpS; + AU, + 671 (SpS; — A))) (A12)
—k(Uyy —2U; 4 U;_;) =0,
and
SpS; +&(SpS; — By + BU,) = 0. (A.13)
Next, by normalizing the parameters A, = 4,/Sp, and B, = B,/Sp, where n = 0, 1, we obtain:
mU; +nU; + UA(U? = DU(SpS; + SpAgU; + 67 (SpS; — SpA)) (A14)
— k(U = 2U; + U,_)) = 0,
and
SpS; +E(SpS; — SpBy +SpBU,) = 0. (A.15)
Egs. (A.14) and (A.15) simplify to
mU; +nU; + UASp (U2 = D((S; + AU, +67(S; — 4))) e
—k(Upyy —2U; +U_y) =0,
and
S; +&(S; — By + BiU) = 0. (A.17)
By setting 7 = /T, we have
mT =20, + qT7'0; + URSp(U? = D((S; + AYU; +67(S; — 4)) A18)

—k(Upy, —2U; +U,_)) =0,
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and

7718, + &S, — By + ByU) = 0. (A.19)
Setting T = m/n, k = m/T? and S}, = #* /(U2 m), yields

U; + U; + (U2 = D((S; + AU, + 671(S; = A)) = Uy —2U; + U;_) =0, (A.20)
and

S, +E&(S;,— By+ B,U)=0. (A.21)

Egs. (A.20) and (A.21) are the dimensionless discrete model with two-variable coupling.

Appendix B. Continuous model

We take the limit N — oo, and therefore we have a — dx, u;(t) — u(x,?) and s;(f) - s(x,7). We then substitute the above transfor-
mation into the following expansion (see Eq. (10)) :

. (12 3
il u(x =ia) + au, —ia + X | i + O(a’), (B.1)
and obtain (see Eq. (11))
22
Uy — u(x,1) £ au(x,1)+ 7 U, (x, 1), (B.2)

where u;, | = u(x; + a,t) and we neglect higher-order infinitesimal terms. Substituting these parameter transformations together with
Eq. (B.2) into Eq. (A.8), we obtain

mii — ka*u + i+ @ = L2 ((s + Ag)u + (s — APLs™') =0. (B.3)

Next, to improve the accuracy of the continuous model, we perform parameter scalings as p = m/a, k' = ka, and ' = n/a such that
the macroscopic parameters of the system remain O(1). Dividing both sides of Eq. (B.3) by a, we obtain

ma~Lii — kau,, + na~Yu+a 'GP - Lz)((s + Agu+ (s — Al)Lé_l) =0. (B.4)

We find that the parameters in Eq. (1) can be replaced by the new parameter combinations introduced above, then we have (see
Eq. (12))

pii—K u. +n i+ al@? - Lz)((s + Agu+ (s — AI)L(S_I) =0, (B.5)
and Eq. (A.2) becomes (see Eq. (13))
§+E(s—By+ B L™'w)=0. (B.6)

To simplify the governing equations, we introduce dimensionless variables by setting x = x/X,7=1¢/T, i =u/U, and 5 = 5/.5, and
normalize the stiffness parameters as A, = A, /S and B, = B,/S, where n = 0, 1. Substituting all the transformations into Egs. (B.5)
and (B.6), we have

pUT 2l — K UX iy + 1 UT i+ a™ (U@ — LY ((S5+ SAYUa + (S5 - SA)Ls™') =0, (B.7)
and

ST 5+ &(S5—SBy+SB,L™'Ui) = 0. (B.8)

Setting U = L, Egs. (B.7) and (B.8) simplify to

pT 25— K X2y +0 T i+ a 'U2S@ - D(G+ Aa+ (G —ADs~') =0, (B.9)
and

5+ ET( - By+ Bii) =0, (B.10)
then setting X2 = k'T?/p, T = p/n’, S = an'? /(pU?) and ¢ = T, we have (see Egs. (14) and (15))

fi—igg +i+ @ - D(G+AYa+G-A)5") =0, (B.11)
and

5+¢(—By+ Bi)=0. (B.12)
Egs. (B.11) and (B.12) constitute the nondimensional governing equations of the active bistable continuum system.
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Appendix C. Boundary-layer matching theory

We introduce the traveling wave coordinate (see Eq. (16))

z=X-¢/, X€RTandé, >0,
zZ= - _ _ _ _
z=|g|f—-%, x€R” and¢, <0, €1

= H®)(x—¢,0) + (1 - H®)(Ig]f - x).

where H(-) denotes the Heaviside step function, i.e. H(x) = 1 for x > 0 and H(x) = 0 for x < 0. Substituting the forward traveling-wave
coordinate into Eqgs. (B.11) and (B.12), we obtain

g — g + 0+ @ = DG+ A+ (G —A)87) =0
@) -] —epil, + @ — Gy + Aty + Gy — A5~ =0 (C.2)
(6 - Vi - ¢, + (a§ — G, + Ay +(Gp— AP =0,
and
5;+¢(3 - By+ By =0,
@—Ef§’f+C(§f—l§0+Blﬁf)=0, (C.3)
@Efi’f +{(By — Byiiy —57) =0.

Meanwhile, considering 0 < ¢ <1, the equation can be further simplified as (see Egs. (17) and (18))

iy - c-f(ai —-1n7! i, + (5§ - 1)*1(.z§ -G, + Ay s+ G- ApsTh =0, (C.4)
and
E’f +C5j71(1§0—]§1ﬁ/- -5,)=0, (C.5)
where i £(2) = a(x, f)and § £(2) =3(x, 7). The first-order expansions of the field and wave speed are given by (see Eq. (19))
dp=d)+ ¢ +0C, 5,=5+5,+0¢D, & =& +Le+0E), (C.6)
To obtain the zeroth-order solution, we substitute Eq. (C.6) (¢ = 0) into Egs. (C.4) and (C.5) and obtain
@) =)@’ = D @Y + (@ = DTN@Y? = DGY + A + G - ApsTH =0 (€7)
and
(5(})’ =0. (C.8)
The solution of this system of equations (see Egs. (20)-(22)) is
@(2) = —tanh(292), A% = (%(Ao +59) + (5 - )2 5—2)1/2, &= (1 + 162 (A + 59 — Al)—z)—l/z, (C.9)
Asymptotic === Continuum === Outer region == ==
(a) 1 i 1 (b)z.g 2.05
05} —» 0.5 2 ;
“~ \1 5 4
s 0 0 o 1 1.95
-0.5 -0.5 05
- : =l 0 1.88
-400 -200 0 200 400 -2 -1 0 1 2 -400 -200 0 200 400 -5 0 5
(©) 1) = (@) 2
0.5 15 i 0.1
IS 0 los 1 0.05
-0.5 0.5 4
0 e
-1 ) 0 -
-400 -200 O 200 400 -2 -1 0 1 2 -400 -200 0 200 400 -5 0 5
Traveling wave coordinate Traveling wave coordinate Traveling wave coordinate Traveling wave coordinate

Fig. C.1. Asymptotic solutions for the inner and outer regions of mechanical and active waves. (a) Waveform of i e (b)Waveform of 5 7 (©) Waveform
of i,. (d) Waveform of 5,. The green line represents the asymptotic solution in the inner region, the red dashed line represents the numerical solution
of the dimensionless continuum model, and the blue line represents the solution in the outer region. The parameters: 4, =B, =1(n=0,1), § =2
and ¢ = 0.01.
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where 3% = B, + B, which is determined by the initial condition. To further solve the first-order term, we substitute Eq. (C.6) into
Eq. (C.5) to get

_ _ -1 -2
GO + LG +C(By - Bty = Byt - 5% = 5,0((&))  —j(&9) o+acd=o,

-1 _ _
S +LGhy + C(E?) (By - Byi) = 5) + A2 = 0, (C.10)
-1 _ _
S+ + (&) By - Bilh - )+ AL =0,
The O(¢) term in Eq. (C.10) can be directly integrated. We thus consider
-1 _ _
GhY + (c‘}) (By— By} ~59) =0, (C.11)
which yields (see Eq. (23) )
§h(2) = =By (€A™ (In(cosh(4%2)) = A}z + ay), (C.12)

where «, is to be determined by matching solutions in the intermediate and the outer regions on both sides to O(¢). In Fig. C.1, the
waveform solutions in the traveling-wave coordinate exhibit distinct profiles between the two scales z ~ O(¢~!) and z ~ (9((/1(})‘1),
which originate from the difference in time scales induced by the fast-slow dynamics. Therefore, we define the coordinate Z = ¢z, z ~
O(¢7!) corresponding to the outer region. Meanwhile, Egs. (C.4) and (C.5) are transformed as follows

2O - cep(@)? = )7 O+ = D7, = (S, + AT, + (S — Aps™) =0, (C.13)
and
¢S, +¢e By - BU; - 8p) =0,
S (C.14)
&S+ (By- BU; - S =0,
where U (Z) and S +(Z) are the solutions in these outer regions for Z ~ O(1). Evidently, for Uf(Z ), we have
7 _ 0N 0.y _ _ 017\ o i U (D=1, Z <0,
U,(2)= uf(z) = tanh(lfz) = tanh(ﬂfC Z)~ —sign(Z) = {Uf,R(Z) -1 z>o0. (C.15)

where the subscript L denotes the left outer region, and R denotes the right outer region (the same applies below). Furthermore, we
expand S, ; (Z) as follows

S;(Z2)=8), +8} ,¢+0E), (C.16)
while S, x(Z) = By + By, Z > 0, which is defined by initial condition. Substituting Egs. (C.15) and (C.16) into Eq. (C.14) yields
(S50 +4(S) )
+(@) = e @+ AN(By - B - 59, - S} £+ 0 =0,

_ _ _ _ (C.17)
(87 ) + @) (By - B -5 )
+C((S),) —@N7'S), — e @) (By - By = §7 )+ 0OE) =0.
We first solve for the O(1) term of Eq. (17) as follows
($9) +@)7'(By—B; =89 ,)=0, S) (~o0) =By~ By, (C.18)
which yields
S}L(Z) =By-B +a exp((c-jl)-l Z), (C.19)
where «a, is the integration constant. Substituting Eq. (C.19) into the O(¢) term of Eq. (C.17) yields
(S —@E)7'S), —e ;@ (By— By =59 ,)=0, S}, (-00) =0, (C.20)
which yields
S‘}, (2)= -5}(5})—2%2 exp((c‘?)_l Z)+ a3 exp((c-;’.)-l Z), (C.21)

where a5 is the integration constant. Next, we apply boundary matching rules to match the inner and outer regions and determine
the integration constants as follows
SS im0 (-1 ol (g1 c0 G0 qi <0 (el P R |
é%Sf_R—g}Lrg(sf(g Z)+s/.(C Z)0), élf}[})Sf’L—ClLrgsf(g z), él_r)r(l)Sf‘Lé’—Can;sf(ﬁ z)e,
=>a;=In2,a, =2B;, a3 =0, (C.22)

=8;1(Z) = By — By +2B, exp(¢)) ™' Z2) + (=€, () 2B, Z exp((e)) ™ 2))¢ + O&D),
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Meanwhile, owing to a; = In2, we obtain
§p = By+ By — (B (€) A" (In(cosh(492)) — 4%z +In2) + OC?). (C.23)

From this point, the expression of field i,(z) and 5,(z) is obtained through a multiscale asymptotic expansion. We present the
asymptotic matching results of the inner and outer regions for the forward and backward waves in Fig. C.1. The results indicate that
the asymptotic solutions in both regions match well with the dimensionless continuum model within their respective ranges, but the
matching performance is unsatisfactory in the transition region.

Appendix D. The integral condition and far-field theory

Based on Eq. (C.6) , we further expand the other parameter A ras follows
_ 50 1 2
Af—lf+/1f§+(9(C ), (D.1)

First, to obtain the integral condition as the first equation for solving the wave speed, we multiply both sides of Eq. (C.4) by ﬁ’f
and integrate over the entire domain as follows

/m @] —ep @ - 7', + @ = D7 @ - DGy + A iy + 5y — A~ )i dz =0,

0 o0 2
@/m 7, dz - [w @ -1 (u’/) dz (D.2)

-1 o0 _ _
+ (c? - 1) /_00 @ = (G + Ag) iy + (5, = A5l dz = 0,

where
5} o 1 -
/_oo u;u’fdz = z(u’f)2 |*,=0, (D.3)
and
/ (@) = DAy — Alé-l)a’fdz =—A;57! / (@p)* - Vi dz, (D.4)

Substituting Eqs. (D.3) and (D.4) into Eq. (D.2) gives
(s} o0 2

/_w wfa,dz — /_oo c‘f(c‘} - (ﬁ'f) dz
-1 o [+

+ (5} - 1) (/ (ﬁi - D5, + 5—1),;’fdz +/ (ﬁ? - D(Ayii, — Alg—l),;}dz) =0,

1,2 0 © 1)

@5(14/) [l —/_w cf(cf -1 (uf) dz (D.5)

_l o) (o]

+ (c? - 1) (/ (u§ - D5 @, + 5—1)a}dz — A7 / ()" - ity dz =0,

© 2 © o
‘i’éf/ (%) d“finﬁ'l/ <<ﬁf>2—1>ﬂ_’fdz=/ /(@) = Dl + 6~ dz.

According to Egs. (C.6) and (C.9), we set i7(z) # —tanh(4,z) ; then Eq. (D.5) becomes

¢ / (—tanh'(/lfz))zdz + A5 / ((— tanh(A £ 2))* — 1)(— tanh' (4 z))dz
= 0 (D.6)
= /_ §((—tanh(4,2))* — 1)(— tanh(A;z) + §)(— tanh’(4; 2))dz,

where 5 is defined by Eq. (C.23). Also, — tanh(4z) = -4 sech’(4,z), (~tanh(4,2))* = A2sech*(4,2) and 1 — tanh®(4,2) = sech’(4;2).
Therefore, Eq. (D.6) simplifies to (see Eq. (24)) ’

125(2,47)° =125 = )¢ Ay + (36 + 10)B £ = 0. (D.7)

Next, in order to determine the wave speed, we require an additional equation. Here we propose the far-field expansion of the forward
traveling wave solution as follows

ip(z) = =1+ 2exp(—24z) + O(exp(—44z)) D.8)
~—1+2exp(-24,2), |27 <1,

which is found from setting #i,(z) = —tanh(4,z) = (exp(=24,z) — 1)/(exp(=24,z) + 1). Substituting Eq. (D.8) into Eq. (C.5) yields
5+ gc-;l(BO — Bi(—1+2exp(-24;2)) - 5,) =0,

o 1= 1.5 . B = (D.9)
<5 —Ccf 5p= —Ccf (By + By — 2B, exp(-24,2)),

24



Y. Zhang et al. Journal of the Mechanics and Physics of Solids 215 (2026) 106697

which, subject to 5,(+c0) = By + By, yields
5,(2) = By + By — 2B,£(2¢, 4+ )7 exp(=24, 2). (D.10)
Substituting Eq. (D.8) into Eq. (C.4) yields
(=1 +2exp(=24,2))" = &, = )7 (=1 +2exp(~24,2))'

+(@ = 7N (=1+2exp(=24,2))” = (G + A)(=1 + 2exp(=24,2)) + (5, = A)6 1) = 0,

s R 1 (D.11)
@8/1f exp(—=24,z) + 4Ef/1f(c'f — 17 exp(=24,z)
+4(67 = 17 (exp(—4472) — exp(=24, 25 + Ag)(=1 +2exp(=24,2)) + (5, — A4))6™") = 0.
Next, substituting Eq. (D.10) into Eq. (D.11) and omitting O(exp(—44 12)), we obtain (see Eq. (25))
4(211?((@)2 —D+¢Ap — (=(By+ By + Ay)+ 67" (By + By — A,)))exp(=24 z) =0,
®245(@Ep)* =D+ ¢pdp + [(By+ By + Ag) =571 (By + By — A))] =0, (D.12)
©2647 = 264787 — 56,4y — (5 - 1)) =64y — A; = 0.
Finally, substituting the expansions of ¢, and 4, into Egs. (D.7) and (D.12) gives
2 2 -
125(e9 + ¢+ 0D ) (A9 + A4 +0ED)) =126 = A + £ &) +OENUY + 4L + OE)
+ (38 +10)B ) =0, (D.13)
©(126(e)49)” - 12(By + B, — ADehAY)
+ (248D AT A +246808(A))° — 12(By + By — A)(E) 4} + ¢, 4)) + (36 + 10)B)) = 0,
and
25(/10 +ale+ (9(c2))2 - 25(5) yeel 0(;2))2(,10 yales (9@2))2
) rreC 1Ay
= 8(E) + L e+ OENAY + AL+ 07 = (6 - D) — 64— 4, =0, (D.14)
©(25(49)7 —26(6)49)? — 68045 — (6 - D3 — 64y — A}
=0 1,702 0,1 041,042 =0 11 =170y _
+08(—4e)e L (A7 +44%4% — 42025 - ha) —epa) =o.
By combining Egs. (D.13) and (D.14), we obtain (see Eq. (26))
_ -2
& =) +(36+10) By (/1‘}) 0,0} ¢+ 0. (D.15)

2 _
where ©, = 4(%) 4 + ¢ — 429 and ®; = 48(6 8929 — 5 + A)).

Appendix E. Asymptotic multiscale theory

First, we perform a first-order expansion of the forward wave speed ¢,, displacement ii,(z) = (%, 7) and active stiffness 5,(z) = 5(x, 1)
with respect to the small parameter ¢ in the backward traveling-wave coordinate, as follows

,(2) = @)(2) + B (D + 0D, z~O(AD™),
5,(2) = V@) + 51+ O, z~ O, (E.1)

25| = l2p] + 12,1 + O&?),

where the backward traveling-wave coordinate (see Eq. (16)) is defined as z = —X + |, |7, ¢, < 0. Note that the initial condition for
the backward wave is given by

Ay(Foo)=+1,  §(—00)=5) =By — By. (E.2)

which arises from the use of the original spatial coordinate that endows the system with time-reversal characteristics. Similarly, by
substituting the backward traveling-wave coordinate into the dimensionless continuum model (see Eqs. (14) and (15)), we obtain
(see Egs. (27) and (28))

{(Eg — D) + (el + @ — )5y + At + (5, — A)61) =0, (E.3)

€p15, — {(By — Byity — 55) = 0,
Next, we sequentially solve each term in the asymptotic expansion. By setting { = 0 and substituting Eq. (E.1) into Eq. (E.3), we obtain

_ R 12
an equation that admits an analytical solution for ﬁg(z) =— tanh(ﬂgz), /12 = (%(AO + Eg) + (4 - 52)25‘2> (see Eq. (29)), which can
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be expressed as follows
{((653)2 = D@ + [e)l@) + (@) = DG, + Ay + (5) = A))6™") =0,

9 =5,(—0) = By - By, (E.4)
(@) = D@ + 1@ + (@)* = )Y((By — By + Ag)iay + (By— B, — A)s™") =0,

s

from which we can also obtain a key solution corresponding to the asymptotic expansion (see Eq. (30)) of the backward wave speed
as follows

- _ —2\~1/2
10| = (1 +16%(Ag + 5 (A, - 59) 2) . (E.5)
To solve the remaining terms in the expansion, we further expand the reciprocal of the wave speed and substitute it into the
second equation of Eq. (E.3), yielding
{52 — €167 (By — Byii, — 5,) =0,
eI~ = 180171 = |2, 1@ 2¢ + AL, (E.6)
=5 — (e = 16 1EN X + AL B, — By, — 5,) = 0.
Substituting Eq. (E.1) into Eq. (E.6) and simplifying, we obtain
iy(2) = @)(2) + 1, (2)§ + O&?),
S =5@+5,@0+0¢), B
5 — (10| — 181 1(E0)72¢ + AC)(By — Byiiy — 55) = 0 (E.7)
SE) + () — 1817 (By — By — 59) + O =0,
from which we obtain the following system of equations (see Eq. (31))
G =0, &) =)™ (By— By - 5)) =0,

o i (E.8)
=59 =5,(-00) = By - B, 5,(2) = B (1¢)]14)™" (In(cos h(492)) + 49z + In 2).

Appendix F. Singular perturbation method

In the preceding analysis, we have demonstrated the integral condition and far-field relations satisfied by the active bistable lattice,
which indicates that the backward-wave dynamics model is applicable to singular perturbation theory. Therefore, we introduce a
two-parameter expansion with respect to 0 < ¢ <« 1 as follows

hy= A+ ACHOED, 1G] =]+ 16,1 + 0K (F.1)
We first derive the far-field relations for the backward-wave system.

i1y(z) = — tanh(4,2) = (1 — exp(24,2))/(1 + exp(24,2))

(F.2)
=1-2exp24,2) + O(exp(d1,2)) = 1 — 2exp(24,2), |z|7! <« 1,
substituting Eq. (F.2) into Eq. (E.3) yields
{ 16,15}, — £(By — By1 —2exp(24y2) = 5,) = 0, = 5, = 5 +2B,£ (2,4 + )™ exp(24,2).
(& — Dty + 18|, + @ — (G, + Agy + (5, — A)6™") =0, (F.3)
= 2642(1 = (&)%) — 618514, — (6 + D5) — (54 — A)) = 0.
Substituting the expansion (see Eq. (F.1)) into the first equation yields (see Eq. (F.3))
(26(A* = 26(2) A% = 8le) | A) — (6 + 1)3) — 64y + A})
=01 042 0,1 =042 7041 =071 =170y _
+8(—4120e} 1(AD? + 44040 — 4@H2A9 AL — 120 A, — |21 A9) = 0. (F4)

{25(/12)2 — 2890 — 8180|149 — (6 + 1)5) — 64y + A, =0,
—4|e)e | (AN? +4404) — 4@ 2921 — 1e0ak| - |e} |49 = 0.

Next, we derive the integral condition (according to Eq. (E.3)) for the backward-wave system to obtain the second equation of
the singular perturbation problem.

@ -0 [ aladz— [ 16| (@) dz+ [ @2~ DG, + Ag) iy + (5, — A6~ itz = 0,

[ aladz = %(a;)z | =0, (F.5)

J50 (@) = D(Agit, — A5~ Vitydz = —A,671 [ (@)% — Ditdz.
It follows from Eq. (E.5) that

S 5@, = )@, + 57Dy dz = 467 [2, ()" - Dz - & [, (7)) dz,
ity(z) % —tanh(4,z), (F.6)

= 126(|Eb|/1,,)2 = 124, — 5)1&,| 4, + (36 — 10)B,¢,
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Substituting Eq. (F.1) into the second equation (see Eq. (F.6)) yields
(126(c) A0)* — 12(A, + B, — By)|e)|A))
+ (248D 04, + 24880, 1(AD? — 12(A, + B, — By)(|e)| 4, + 12} 149) — (36 — 10)B)) = 0,

(F.7)
{5(52,12)2 — (A + B, - Byl&)|A) =0,
248(8) A0 4, + 248|202, (A2 — 12(A, + By — By)([&0] A} + e} 4D) — (35 — 10)B, = 0.
By combining Eq. (F.4) and Eq. (F.7) as follows
26(A0)% = 28(8) A0 = 8120140 — (6 + 1)5) — 6Ag + Ay = 0, 6(6) A% — (A} + By — By)|e|A) =0,
—4|2)e |(A0? + 4204} — 4@ 2941 — |e) Ay — |ep 149 =0, (F.8)
245(E9)? A0 40 + 24622, |(A)* — 12(A; + By — By)(|2p) A} + 1€} 149) — (36 — 10)B; =0,
we finally obtain the expression of the backward-wave speed (see Eq. (32)):
= -2
& =—le)] — 36 —10)B,(49) "0, ®;' ¢ + O, (F.9)
where ©, = 44 — 4(0)* A — || and ®, = 48 (26]e%]40 — 4| +50) .
Appendix G. Numerical solution for the first-order term
According to the asymptotic expansion method, we consider the following system of equations (see Egs. (19) and Eq. (17))
-1
- = (=2 - =2 12 < 1 \ii S 1s—1) —
W =ep(E 1) @+ @ = D7@ - (G, + Ay + G, - A5 =0, ©.1)
iy =)+ al + 0%, 5p=5)+5 +0@P), & =) +Le,+0C),
To solve for ﬁ'f and Elf, we simplify Eq. (G.1) as follows
@)+ = @ @) - (1 =@ TNED? = DG + A} + (5 - ApsT)
=¢(1 = @EH7NGE? = D@ +67D5% + c@hy” + S - @M@y
~(1= @)Y + A + (55 — Aps~hiy + (@) = DG + Ap) (G.2)
+ @) @1 = @D+ 2@ e (1 - @D
—2{6?5}(1 - (55’,)2)—2((12(})2 - 1)((53 + Ao)ag, + (s(} —ApsH+0oE? =0.
Similarly, for the backward wave (see Eq. (27)), we also have the following
{(ag — D) + &l + @ — D5y + Ag)iy, + (5, — A)6™1) =0,
iy =)+ B+ 0, 5 =5+50+0E, 15 =8| +18 ¢+ 0D,
=(1 = @)@ = 11@) - (@) = DGY + Al + (50 — A))s™")
=(@)? = Dy + 675, + (1 = (@))@,)" = £ley| @) (G.3)

=iy () + Ap) + (59 — A))s™) + (@)* - DG + Ay))
—(ley) + 2@ le; 11 = D He@)y
=2¢1e)e, [(1 = @)™ (@) = DG + A + () — A~y + 0¢?) = 0.

Since the zeroth-order terms are known, we find that Egs. (G.2) and (G.3) actually represent the following two boundary value
problems

N —1y -1 =1 _ E -
(uf) "+ h/-(z)(uf) + I/-(z)uf + p/-(z)cf +4,(2)=0, Zgrinwuf =0,

(G.4)
and
@,)" + hy(2)@,)" + 1,2y + py(2)IEy | +(2) =0, lim iy =0. (G.5)
where
hp =e)(1= @D, qp = =(1 = @D (@) - D@ +67H5),
lp == =@ QENGY + Aga) + % = A6~ + (@) = DGY + Ay)), ©6)
py =) (1 =@

+280(1 = @@ ) = (@) = D(GY + Ay} + (5 — A)Ds™").
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and
hy == 1g1(1 =@M, gy = =1 = @D~ @)* = D@y +57"5,,
ly=—1 =@ Qa)G + A + () — A6~ + (@)% - DG + Ay)).
py===@E)H @)
=2101(1 = @)@ 1&0] + (@ND* - D(ED + Ag)a) + (50 — A))s™1)).

(G.7)

For better tractability, the boundary value problems defined over an infinite domain are transformed into those on a finite domain,
while maintaining the desired level of accuracy, as follows

@" + h@'y +1at +pé' +q=0, il(z=%10)=0 (G.8)

where we find that setting the nondimensional finite-domain length to 10 is sufficient to maintain the accuracy of the results. Note
that @' represents both ', and ;.

Next, we employ the central difference method to perform the discretization. First, the domain is divided into uniformly spaced
subintervals with a width of d, and the boundary of each subinterval is denoted by n =0,1,2, ..., N’. The central difference scheme
is then applied as follows

@'~ @,_, -2a, +a,, )/d> @) =@, —a,_)/2d. (G.9)
Substituting Eq. (G.9) into Eq. (G.8) yields

1 I L P N L T | _
(”n—1_2”n+“n+1)d + (@, a, )d= +la +pc +q=0,

2Vl T
o[d2+ %hd’l)ﬁiﬂ +(=2d72 4 D + (@2 - %hd*l)a}H +pel+q=0, (G.10)
1 1

ed?+ Ehd—l)u;+l +(=2d7 + D)+ (d ™ - Ehd‘l)ﬁj’_l +pe' =g,
where ﬁ:, =i'(nd), 1 <n < N’ — 1. Thus, Eq. (G.10) is equivalent to the following underdetermined matrix system

T
AU=B, U=la,...a\, .| ARV DN B=[g,~g....~Gn_y]|" (G.11)

We solve the above underdetermined system using our in-house Python code, which computes the Moore-Penrose pseudoinverse
based on singular value decomposition and yields the solution with the minimum norm among all possible solutions. We find that,
in the normalized null space, the component associated with the free parameter ¢! is merely ©(1075), indicating that the influence
of this free parameter on the solution is negligible. Consequently, all solutions of the system corresponding to small @' values have
very similar ¢! values. This suggests that, in our system, fluctuations in ¢' have little effect on the nonreciprocity associated with the
wave speed.

Appendix H. Backward wave initiation

In Fig. H.1, we show the critical initiation times of the returning wave under different energy injection rates & = 0.005 s~!, 0.01
s71,0.02 s7! and 0.04 s~ , beyond which the backward wave can be successfully initiated and propagated (see Movie 4). It can be
observed that as ¢ increases from 0.005 to 0.04 s~!, the forward wave speed gradually decreases, i.e., the time for the forward wave
to reach the end of the bistable lattice increases from 484.4 to 562.25 s. The critical initiation time 599 s in Fig. H.1(d) is later than
that 587s in Fig. H.1(c) because of the delayed arrival of the forward wave. But the difference between the forward wave arrival time
and the backward wave critical initiation time decreases from 313.6 to 36.75 s, which follows the expected trend. The origin of this
anomalous behavior lies in the intermediate phase of s;(r), which is clearly observed in Fig. H.1. As ¢ decreases from 0.005 to 0.04
s~1, the range of the intermediate phase of s;(f) becomes smaller, which weakens the delayed effect on the critical initiation time
of the backward wave. The same intermediate state can be observed in Fig. C.1. These observations collectively demonstrate that
the proposed two-variable coupled dynamical model of active bistable lattices accurately and effectively captures the slow recovery
variable, with the synchronized recovery of the slow variables illustrated in Movie 4.

It should be noted that the machine-learning approach was chosen instead of conventional numerical methods for the following
reason. Although conventional numerical methods are well established and can solve the model for specific parameter sets, our model
is a general two-variable coupled framework. Therefore, the relevant parameter combinations may vary across different application
scenarios.

In this case, continuing to use conventional numerical methods would greatly increase the computational cost and would be far less
efficient than the general solution model established by the machine-learning method. Therefore, once trained, the machine-learning
model used in the manuscript provides substantially faster evaluations than conventional numerical methods. It is particularly useful
for parameter sweeps, sensitivity analysis, nonreciprocal energy mapping, and inverse design.

In addition, the manuscript provides exact analytical solutions over most regions of interest. The machine-learning approach can
incorporate these solutions and preserve their accuracy to the greatest extent possible. Further optimization based on this framework
can yield solutions with improved accuracy.
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Fig. H.1. Spatiotemporal variations of u,(f) and s,(r) corresponding to different critical initiation times of the backward wave. (a) Spatiotemporal
variations of u;(t) and s, () for the critical initiation time of 798 s (¢ = 0.005 s™!). (b) Spatiotemporal variations of u;(¢) and s,(¢) for the critical initiation
time of 648 s (¢ = 0.01 s™!). (c) Spatiotemporal variations of u;(f) and s,(r) for the critical initiation time of 587 s (¢ = 0.02 s™!). (d) Spatiotemporal
variations of ;(7) and s,(t) for a critical initiation time of 599 s (¢ = 0.04 s™!). The parameters: A, = B,=1g-m™2-s2(n=0,1), and 6 = 2.

Appendix I. Machine learning algorithm

To accurately reconstruct the full traveling-wave profile of the slow recovery variable 3(z), four representative machine learning
algorithms are employed to correct the residual between the first-order asymptotic solution and the direct numerical simulation in
the outer recovery region. The implementation for forward and backward waves follows the same algorithmic structure, with the
following key distinctions.

Forward waves: The training interval is chosen in the left-hand outer region of the traveling coordinate. An anchor point located
at the inner-layer boundary, where the residual is prescribed to vanish, is added to the training set to enforce smooth matching
between the inner and outer solutions.

Backward waves: The training interval is chosen in the right-hand outer region of the traveling coordinate. In the same way,
an anchor point at the inner-outer interface with vanishing residual is included to guarantee continuity across the interface. The
backward-wave profile is then reconstructed by combining its leading-order asymptotic approximation with the first-order correction
obtained from the singular-perturbation analysis.

The four algorithms are implemented as follows.

Polynomial regression expands the input coordinate z into monomials up to degree 5 using PolynomialFeatures, and fits the
coefficients via ordinary least squares (LinearRegression). This yields a simple, interpretable correction that captures smooth trends
but may lack flexibility for sharper variations.

Neural-network regression is built with a fully connected architecture (input layer, three hidden layers with 64 neurons and
tanh activation, and an output layer) using TensorFlow and Keras. The network is trained for 10* epochs with the Adam optimizer
(learning rate 10~3) on standardized residuals. The trained model is saved and reused to avoid retraining, providing a flexible nonlinear
approximator that can capture complex residual patterns.

Support-vector regression (SVR) with a radial-basis-function kernel (C = 50, y = 0.05, € = 1073) is applied to the augmented
training set that includes the anchor point at z = 0 with #(0) = 0. In this case, the anchor is assigned a sample weight 10° times
larger than the other points to enforce the matching condition at the inner-layer boundary. This kernel-based approach offers strong
generalization while explicitly imposing the asymptotic constraint.

Random-forest regression uses an ensemble of 200 decision trees with maximum depth 10 (RandomForestRegressor with the
random state fixed at 42). By averaging over many trees grown on bootstrap samples, the method reduces variance and robustly
handles local fluctuations without overfitting.
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For both forward and backward waves, the performance of the algorithms is evaluated by the mean-squared error (MSE) over
their respective training intervals. Among the four candidates, random-forest regression consistently achieves the lowest MSE while
maintaining smooth and physically plausible waveforms, and is therefore adopted as the preferred surrogate for completing the
outer-region profile within the hybrid asymptotic-data-driven framework described in Section 5.
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