Biomechanics and Modeling in Mechanobiology (2026) 25:63

https://doi.org/10.1007/s10237-026-02087-1

ORIGINAL PAPER q

Check for
updates

Simple non-invasive in vivo measurement of stress difference
in the skin

Hannah Conroy Broderick'3 - Wenting Shu’ - Aisling Ni Annaidh’ - Michel Destrade’-

Received: 5 January 2026 / Accepted: 21 May 2026
© The Author(s) 2026

Abstract

Accurate, non-invasive quantification of in vivo skin stress would improve surgical planning and objective assessment of
skin mechanics. We present a simple acousto-elastic approach that estimates the in vivo in-plane stress difference from
surface wave speeds measured along two orthogonal directions on the skin. For a large class of incompressible hyperelastic
anisotropic models with one family of parallel fibres aligned with the skin tension lines, we show that the principal Cauchy
stress difference satisfies: o, — 0, ~ p(vfmx - vfnin), where p is the tissue mass density, and v,,,,, v,,;, are the Rayleigh wave
speeds along, and orthogonal to, the direction of greatest tension, respectively, with a relative error below 9 percent. We
validate the formula with finite element simulations in plane strain using the neo-Hookean and Holzapfel-Gasser-Ogden
materials. In the neo-Hookean case, stress differences calculated from simulated wave speeds agree with the ground truth
within 2.3 to 7.9 percent across pre-stretches 4, = 1.05 to 1.20. In the anisotropic case with fibres parallel to the principal
pre-stress, the error is 0.25 to 2.81 percent over the same range. These results provide a proof of concept for estimating the
in-plane stress difference in skin from orthogonal Rayleigh-wave speeds, within the assumptions of a homogeneous fibre-

reinforced hyperelastic model.

Keywords Skin mechanical properties - In vivo testing - Surface wave propagation - Finite element simulations

1 Introduction

The human skin is a complex material that is known to be
(mostly) under tension in vivo. Surgeons currently rely on
qualitative techniques such as pinch tests and palpations
when seeking to evaluate the skin tension. These techniques
can only give subjective estimates of the in vivo stress and
depend on the experience of the surgeon (Lackmann et al.
2023). Tension is also the main factor that influences healing
outcomes, with reducing non-physiological tension a prior-
ity during wound healing (Parikh et al. 2022). Quantitative
knowledge of the in vivo stress in skin would aid in preoper-
ative reconstructive surgery planning, e.g., by providing safe
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limits of skin stress, predicting scar formation, or accurately
estimating the area of skin required for defect repairs. Here,
we propose a method using simple acoustic measurements,
which relies on an acousto-elastic modelling framework.

Like most soft tissues, skin has an inherent residual stress
in vivo (Alexander and Cook 1977; Holzapfel 2005; Flynn
and McCormack 2010). It results from growth and remod-
elling mechanisms (Rodriguez et al. 1994) and is, in gen-
eral, very complex (Holzapfel 2001; Ciarletta et al. 2016).
The level of residual stress can have a significant effect on
material parameter estimation, and yet accurate quantitative
data on the level of in vivo residual stress is still lacking
(although some progress has recently been made for hard
elastic solids such as steel (Li et al. 2020) and for thin iso-
tropic films (Li et al. 2022)).

Skin tension lines are used by surgeons in preoperative
planning to determine the best location and orientation for
an incision. By making incisions along these skin tension
lines, which are parallel to the maximal skin tension (Borges
1984), surgeons reduce scarring and the chance of infection
(Parikh et al. 2022). There is little understanding, however,
of the underlying structural contributions or residual stresses
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related to this effect. It is only recently that the orientation
of collagen fibres was related to the direction of skin ten-
sion lines (Deroy et al. 2017). Further work on mechanical
characterisation of the skin is needed to better understand
these effects.

Determining the underlying tension in the skin has thus
far mainly been focused on the orientation of skin tension
lines. Some proposed in vivo testing methods are similar to
those commonly used for determining material properties,
including tension (Flynn et al. 2010; Paul et al. 2016) and
suction (Laiacona et al. 2019; Song et al. 2022). However,
since the skin tension lines are related to the orientation of
the collagen network, a method that does not deform this
network would more accurately represent the in vivo state.

Recent efforts have focused on acoustic techniques to
characterise the skin, including its mechanical properties
(Kirby et al. 2022; Luo et al. 2015; Pitre et al. 2019; Feng
et al. 2022) and the orientation of skin tension lines (Nagle
et al. 2023; Deroy et al. 2017; Elouneg et al. 2025), but there
has been little work in quantifying the in vivo stress in skin.
Reihsner et al. (1995) excised skin from cadavers and used
biaxial stretching to stretch the sample to its original size,
measuring the resulting tension. They also showed that the
in vivo stress is anisotropic. This measurement is likely not
representative of the in vivo setting, due to the differences
between living and preserved non-living tissue (Joodaki
and Panzer 2018). As regards in vivo methods, Diridol-
lou et al. (2000) and Flynn et al. (2011) both treated the
pre-stress as a parameter and fitted it to their experimental
data. Diridollou et al. (2000) used a suction-based method
and predicted an “average” pre-stress value, which does not
account for the inherent anisotropy in the skin and the stress.
Flynn et al. (2011) used a tensiometer, which deforms the
collagen network, and they then fitted the data to an iso-
tropic model. Lackmann et al. (2023) measured forces in
dog cadavers using by creating wounds of increasing sizes.
Recently, Nagle et al. (2024) used a Gaussian process model
trained on finite element simulations to predict the stress
and pre-stretch of skin using measurements of surface wave
speeds, namely the Rayleigh and Supershear wave speeds.
However, this method did not include the anisotropy of the
skin and has yet to be robustly validated against experimen-
tal data. An in vivo, non-destructive, non-invasive testing
method that quantifies the pre-stress in the skin and takes
into account both material and stress anisotropy has yet to
be proposed.

Here, we use an acoustic surface wave based technique
to measure the in vivo stress difference in skin, i.e. the dif-
ference in stress magnitude along the two principal direc-
tions. We derive an expression relating the in vivo stress
difference in two orthogonal directions to the surface wave
velocity (Sect. 2.1). This relationship is valid when the pre-
stretch is aligned with the fibres and for a large class of

@ Springer

material hyperelastic models, where the strain energy is the
sum of an isotropic neo-Hookean term and a generic convex
function of the first anisotropic invariant /, (one family of
parallel fibres). Other than these assumptions, our expres-
sion assumes no mechanical properties (only the mass den-
sity of the skin), and so the in vivo stress difference can be
measured independently of a specific (hyperelastic) material
model. We then validate this expression using Finite Ele-
ment (FE) simulations (Sect. 2.2).

We show that the maximal (minimal) in vivo stress is
related to the fastest (slowest) speed of the measured surface
Rayleigh wave and that our expression is accurate within a
9% error when compared to the measured stress difference.
The finite element simulations highlight the feasability of
the method, where the error between calculated and actual
stress difference confirms that it is within the range predicted
by the analytical model.

In the present study, this validation is performed numeri-
cally within the same idealised constitutive and geometric
assumptions used in the derivation, rather than in a fully
physiological model of skin.

2 Methods
2.1 Analytical modelling

We model the region of interest in the skin as a semi-infinite,
homogeneous, hyperelastic, anisotropic, incompressible
material subject to a large homogeneous pre-strain, result-
ing from the application of a uniform pre-stress. We take the
skin tension lines (defined as the lines of greatest tension in
the body) to be aligned with a family of parallel fibres.

We assume that the material’s strain energy density W
follows the following class of functions,

W = g(z1 -3) + ). )

where u is the infinitesimal shear modulus of the isotropic
matrix (it is equal to E/3, where E is the infinitesimal Young
modulus in the absence of fibres), I; = tr C is the first prin-
cipal invariant of C (the right Cauchy-Green deformation
tensor), and fis a yet unspecified convex function of the
anisotropic invariant I, = M - CM, where M is the initial
orientation of the fibres, such that f(1) = f’(1) = 0. This
model includes the standard reinforcing model (Merodio
and Ogden 2002),

H 4

W=z2(l=3)+ 2, - 1, @
2 4

where y > 0 is a measure of the fibre stiffness. We take

2y > 3pu to ensure that the fibres are stiffer than the matrix
in the small uniaxial deformation regime (see the appendix).
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It also includes the Holzapfel-Gasser-Ogden model (HGO)
with one family of fibres (Holzapfel et al. 2000),

2 [ ] o

W=3 ak

5 -3)+

where k > 0 is a stiffening parameter (for k small, Eq. (2)
is recovered).

Here, the usual 2y > 3 condition is introduced as a suf-
ficient small-strain uniaxial criterion ensuring that the fibre
contribution dominates the isotropic matrix response. We do
not claim that this threshold is unique under all multiaxial
loading paths, and stricter conditions may arise in particular
loading specialisations.

Next we use Lamb’s result (Lamb 1904) about the far-
field wavefront generated by a point-load impact, namely
that it propagates at the speed of a (Rayleigh) surface wave.
We call v, and v, the extreme values of that speed, tak-
ing place along, and at right-angle to, the skin tension lines.
Then, a straightforward analysis, detailed in the appen-

dix, reveals that 6, — o, = p(v2, —V?. )+ ue, where

le] < 0.0874, irrespective of the choice of the function fin
the model (1). It follows that, taking (6, — o,)/u as a non-

dimensional measure of the stress difference, the formula
_ 2 2
0 —0p = p(vmax - vmin) (4)

is valid within an error of less than 9%.

2.2 Finite Element simulations

We validate the equation (4) with FE Simulations using
Abaqus/Standard and Abaqus/Explicit. We test both an iso-
tropic neo-Hookean model (nH) (f(I,) =0 in (1)) and an
anisotropic Holzapfel-Gasser-Ogden (HGO) model with one
family of fibres (3) (Holzapfel et al. 2000) The fibres in the
anisotropic model are initially aligned along the x,-direction.

The parameters for both models are listed in Table 1. For
the isotropic part we take the value for ¢ from Ni Annaidh
et al. (2012) based on uniaxial tensile tests on human skin.
For the anisotropic model we use the one-fibre-family HGO
form as implemented in Abaqus, with Abaqus parameters
k, and k, corresponding to the parameters in (3) through
k, =y/2 and k, = k. Ni Annaidh et al. (2012) reported
k,; = 245.3 kPa, but this value led to very strongly elongated

Table 1 Material parameters and dimensions used in FE simulations.
The shear modulus u (kPa), material density p (kg/m3) and Poisson’s
ratio v are the same for both models. The HGO model in Abaqus has

wavefronts in our wave-propagation simulations, which
reduced the usefulness of the directional comparison for
the present validation study. We therefore used the reduced
value k; = 24.53 kPa, which retains a clear anisotropic
response while allowing more informative comparison of
the propagating wavefronts. We take k, sufficiently small so
that the HGO response remains close to that of the standard
reinforcing model (2) over the deformation range consid-
ered here, while retaining the Abaqus implementation of the
HGO law. Additionally, we specify the initial Poisson ratio
as v = 0.495, as simulations using Abaqus/Explicit require
some compressibility, and noting that the default Abaqus
value of 0.475 allows for too much departure from the near
perfect incompressibility of biological soft tissues and may
introduce modelling innacuracy (Destrade et al. 2012).

We model the skin as a homogeneous rectangular block
undergoing a pre-stress (Fig. 1). We are interested in meas-
uring the wave characteristics in a small range, say up to 5
mm from the impact site, but we simulate a larger sample
to avoid the effects of the wave reflecting off the boundaries
(see dimensions in Table 1). Note that the dimensions for
the HGO model are larger than the nH model, so to better
avoid these reflection effects, as the stiffer fibres present in
the HGO material lead to faster waves (see Sect. 3).

We use the symmetry of the system and model one quar-
ter of the sample, with symmetry boundary conditions on
the appropriate faces.

To induce a pre-stress in the skin, we impose a plane-
strain pre-deformation during the Abaqus/Standard step, in
the sense that the x,—direction is fixed kinematically, so that
A, = 1.0, while four different levels of pre-stretch are applied
in the x,—direction, namely 4, = 1.05,1.10,1.15,1.20. In
addition, because the relevant boundary is traction-free in
the thickness direction, the out-of-plane normal stress satis-
fies o33 = 0.

Note that the pre-stretch is parallel to the initial fibre ori-
entation in the HGO model (see Fig. 1), as in in vivo human
skin (Deroy et al. 2017).

The resulting stress state and nodal deformations from
Abaqus/Standard are imported into Abaqus/Explicit for the
dynamic analysis (Fig. 1).

This two-stage procedure was adopted as the most effi-
cient procedure to simulate a static analysis (applying pre-
stress) followed by the dynamic analysis (wave propagation).

two additional material parameters: a measure of the fibre stiffness k;
(kPa), and a stiffnening parameter k,. The sample has side length L
(mm) and thickness H (mm)

1 (kPa) p (kg/m?) k, (kPa) k, v L (mm) H (mm)
neo-Hookean 201.4 1100 - - 0.495 30 5
HGO 201.4 1100 2453 0.0001 0.495 40 5
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(a) Full Model
P
direction of fibres
|
H —
X3 L A
L=
X1

Fig.1 Boundary Conditions of the FE Simulations. a The full
model with side length L and thickness H. A pre-stress is induced in
the sample by a stretch A4, = 4 in the x|-direction (along the fibres)
while the sample is prevented from expanding in the x,-direction by
lubricated fixed rigid plates (grey shaded planes), so that 4, = 1.0.

We also apply encastré conditions on the bottom face of
the sample to ensure that the wave propagates during the
dynamic analysis. The wave is generated via an applied pres-
sure on a small surface (radius ~ 0.1 mm) at the centre of
the stressed sample for a short time. Here, we applied a 100
kPa pressure for 10 ps at the centre of the sample. After the
pressure is removed, we track the resulting wave propagat-
ing for 500 ps.

The mesh must be chosen appropriately so that the
simulation converges; here we chose a mesh size that is
approximately 1/15th of the surface wave wavelength (see
for instance Li et al. (2020)). For the isotropic model simula-
tions, a mesh size of 8 X 10~3 m with about 1080k elements
meets this criterion for all cases. To reduce computational
cost, a coarser mesh (size = 3.75 X 10~ m) was used far
from the region of interest. For the anisotropic model simula-
tions, a mesh size of 1.6 x 10~* m with about 490k elements
was used to meet the criterion for the A = 1.05,1.10,1.15
cases. This was chosen as a compromise between computa-
tional cost and wave resolution. However, due to the increase
in wave velocity, a finer mesh was needed for the 4 = 1.20
case to meet the 1/15th of the surface wave wavelength cri-
terion. For this case, a mesh size of 1.1 x 10~* with about
1490k elements was used. All cases were meshed with 3D
8-node rectangular elements (C3D8).

‘We measure the wave velocity by tracking the arrival time
of the first significant wave at two measurement points (see
Fig. 2).

Here, we measured the out of plane displacement at 2
and 3.5 mm from the centre of the sample and tracked the
minimum corresponding to the Rayleigh wave at each point
(see Figs 3, 4 in Sect. 3). We selected these values because
the points should be far enough away from the impact to
avoid spurious oscillations due to the impact, but close
enough to the impact to avoid interference from reflections
at the boundaries. Additionally, the distance between the
points should not be too large, to avoid errors due to wave
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(b) Quarter Model

direction of fibres

L
2

An instantaneous pressure P = 100 kPa is applied at the centre of
the upper face. b The quarter model is simulated by exploiting the
symmetry indicated by dashed lines in (a). Symmetry conditions are
applied on the relevant faces

attenuation, or so small that the faster waves cannot be meas-
ured (e.g. at higher stresses with the HGO model).

3 Results

The simulations show that there is more than one type of
wave propagating in the material as a result of the impact.
On the surface, the first wave observed is a supershear wave,
a shear wave with a high speed and low amplitude (see for
instance Nagle et al. (2024)). The Rayleigh wave is the ellip-
soidal front that follows, indicating that it is fastest along the
principal pre-stress and fibres. The simulations also high-
light that the Rayleigh wave is the highest amplitude wave
generated, and thus the easiest to measure experimentally.

An example of the displacement contours for the HGO
model with a pre-stretch 4 = 1.10 is given in Fig. 2. The
circle indicates the distance 2 mm from the centre of the
sample, i.e. the impact zone. The wave reaches the 2 mm
circle first in the parallel direction at ~ 66ps (Fig 2a) and
later arrives perpendicular to the fibres and maximal pre-
stress at ~ 166ps (Fig 2b).

We extract the out of plane displacement 2 mm and 3.5
mm from the centre, in both the parallel and perpendicular
directions (i.e. maximal and minimal speeds) at each level
of stress. The Rayleigh wave is identifiable by the global
minimum in all cases. We then calculate the time taken to
travel this known distance, and calculate the Rayleigh wave
velocity. We note that the out of plane displacement cannot
be used to calculate the velocity directly, as the Rayleigh
wave propagates in plane. Here, we identify the wave by the
propagation of the wave front as seen on the surface (Fig. 2).

In Fig. 3, we plot this out of plane displacement for the
(initially isotropic) nH model for two stress cases, A = 1.10
and A = 1.20. The highlighted point indicates when the wave
arrives at the specified location and direction. We calculate
the Rayleigh wave velocity in both directions using these
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(a) Arrival in parallel direction

(b) Arrival in perpendicular direction

Fig.2 The Rayleigh wave propagating for HGO simulations with
pre-stretch A = 1.10, in the x;-x, plane on the surface of the material,
zoomed in to an approximately 12 mm square to focus on the area of
interest. The arrow indicates the direction of the fibres and maximal
pre-stress and the circle is 2 mm from the centre of the impact. The
contours represent the displacement in the x;-direction (out of plane)

plots, and then calculate the stress difference Ao, predicted
by equation (4). The actual stress difference Ao, can be
determined from the simulations. The velocities, stress dif-
ferences, and resulting errors calculated from the nH simula-
tions are given in Table 2. The Rayleigh velocity is always
larger in the parallel direction (direction of applied stress),
and increases as the pre-stress increases. The error between
the simulated and calculated stress difference is below the
9% threshold determined by the analytical model (Sect. 2.1)
in all four cases, indicating the relevance of the proposed
formula in this simple case.

We then move to validating the formula in the anisotropic
HGO case, which includes both a pre-stress and aligned
fibres. We plot the out-of-plane displacement for HGO sim-
ulations with pre-stretch A = 1.10 and 4 = 1.20 in Fig. 4.
Here, the difference between the wave speeds and ampli-
tudes in the parallel and perpendicular direction is much
larger, so care must be taken when determining the features
related the the Rayleigh wave. We see from the simulations
that the global minimum still represents the Rayleigh wave,
although it is more difficult to identify in Figs. 4b,d. The
time for the wave to travel between 2 and 3.5 mm is shorter
in the parallel direction, indicating that the wave is faster in
that direction. The plots also show that the Rayleigh wave
speed increases as the pre-stress increases. We again use the
calculated velocities to calculate the stress difference Ao,

cal
with equation (4), the results of which are given in Table 3.

and have range from approximately —0.52 (dark blue) to 0.27 ym (red)
(see Fig 4). a Arrival of the Rayleigh wave parallel to fibres and the
maximal in vivo stress at ~ 66 ps. b Arrival of the Rayleigh wave in
the direction perpendicular to the fibres and maximal pre-stress at
~ 166 ps

The Rayleigh wave speed again increases in the principal
direction as the principal pre-stress increases. Additionally,
the presence of fibres that are stiffer than the surrounding
matrix significantly increases the Rayleigh wave velocity
in the direction of the fibres, as expected. Finally, the error
between the stress difference calculated according to equa-
tion (4) and that measured from the simulations is less than
the 9% limit determined by the analytical model.

These two sets of simulations highlight the feasibility of
the proposed formula (4). In practice, the Rayleigh wave
velocities can be easily measured in vivo non-invasively (see
for instance Nagle et al. (2023)), and the stress difference
can be calculated using the formula. We note that the plane
strain conditions imposed in the simulations may be differ-
ent to those in skin in vivo (Reihsner et al. 1995). However,
both in-plane stresses were tensile in the simulations, as in
the biaxial conditions of the formula.

4 Discussion

4.1 Principal findings and significance

We show that the difference between the two in plane
principal stresses can be estimated directly from a pair of

Rayleigh wave speeds, without prior identification of con-

. . . _ 2 _ 2
stitutive parameters. The relation oy — o, =~ p(v  — V.. )

@ Springer
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Out of plane displacement (m)

(a) Parallel, A\ = 1.10 -

Out of plane displacement (m)
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(b) Perpendicular, A = 1.10 1
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(c) Parallel, A = 1.20 -

0 1 2 3 4 5
Time (s) 1074

Fig.3 Out of plane displacement 2 mm (solid/black) and 3.5 mm
(dashed/blue) from the centre of the impact, from FE simulations
using a pre-stressed neo-Hookean model. The dot indicates the time
at which the wave arrives at the relevant in plane location. a Parallel

Table2 Summary of neo-Hookean FE Simulations. The simulated
stress difference Aoy, (kPa), simulated Rayleigh velocities parallel
and perpendicular to the principal stress v |, stress difference calcu-
lated from the simulated Rayleigh velocities using Eq (4) Ao, and
the resulting percentage error between the actual simulated and calcu-

lated stress difference for different levels of initial pre-stretch

A vy(m/s) v, (m/s) Ao, (kPa) Ao, (kPa) % Error
1.05 13.25 12.55 20.61 19.74 422
1.10 14.02 12.61 42.16 41.20 2.27
1.15 14.67 12.69 64.65 59.55 7.88
1.20 15.35 12.69 88.12 82.08 6.85

follows from acousto-elasticity under broad assumptions
on the strain energy, and finite element analysis support its
accuracy. Errors stay below 9% for neo-Hookean materials
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Out of plane displacement (m)

(d) Perpendicular, A = 1.20 1

0 1 2 3 4 5
Time (s) 1074

to the maximal pre-stress with pre-stretch 4 = 1.10, b Perpendicular
to the maximal pre-stress with pre-stretch 4 = 1.10, ¢ Parallel with
4 =1.20, and d Perpendicular with 4 = 1.20

and below 3% for anisotropic HGO materials with fibres
aligned to skin tension lines.

The reported differences between the proposed analyti-
cal solution and the directly measured finite element solu-
tion reflect a combination of wave-picking uncertainty,
discretisation and transient effects. We also note that the
larger directional separation of wave speeds in the ani-
sotropic case may in some cases make the arrival times
easier to identify, which could help explain why the ani-
sotropic errors appear to be lower.

The results suggest a possible route towards quantify-
ing stress anisotropy in vivo with minimal instrumenta-
tion, which could inform incision orientation, safe closure
limits, flap and graft design, and prediction of scar risk
where high residual tension persists. At present, however,
this study should be viewed as a proof of concept within
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Fig.4 The out of plane displacement at 2 mm (solid/black) and 3.5
mm (dashed/blue) for the FE simulations using the HGO model. The
red point indicates the arrival time of the wave at the relevant location
and in the relevant direction (a) Parallel to the fibres and the direc-

Table 3 Summary of HGO FE Simulations. The simulated stress dif-
ference Ao, (kPa), simulated Rayleigh velocities parallel and per-
pendicular to the principal stress and fibres v |, stress difference cal-
culated from the simulated Rayleigh velocities using Eq (4) Ao, and
the resulting percentage error between the simulated and calculated
stress difference for different levels of initial pre-stretch

A vy(mfs) v, (mfs) Ao, (kPa) Ac,, (kPa) % Error
1.05  25.19 12.67 528.56 521.53 1.33
1.10 3442 13.00 1150.02 1117.70 2.81
1.15  42.65 12.38 1863.44 1832.40 1.67
120 51.22 14.01 2663.72 2670.42 0.25

an idealised modelling framework. Further validation in
more physiologically realistic computational models and
in experiments will be needed before quantitative clinical
use can be established.

%1077
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)
3
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°
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)
o
Rl ]
3 sl (b) Perpendicular, A = 1.10 |
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2} -
4t -
6F J
sl (d) Perpendicular, A = 1.20 |

0 1 2 3 4 5

Time (s) x10™

tion of applied pre-stress, with pre-stretch A = 1.10, (b) Perpendicu-
lar to the fibres and direction of applied pre-stress with pre-stretch
A=1.10, (c) Parallel with A =1.20 and (d) Perpendicular with
A=120

4.2 Limitations

The analysis assumes a semi-infinite, homogeneous, incom-
pressible body with one dominant fibre family aligned with
the lines of tension, and the finite element validation was
intentionally performed within the same idealised frame-
work. Real skin is thin, layered, heterogeneous, viscoelastic,
residually stressed, and attached to subcutaneous tissues.
Accordingly, when the acoustic wavelength is not small
compared with tissue thickness or structural length scales,
departures from the semi-infinite homogeneous assumption
may alter the measured Rayleigh-wave speeds.

In addition, the FE validation uses a single representa-
tive material parameter set for each constitutive model. A
broader parametric exploration would be useful to assess
the robustness of the proposed relation more systematically.

Finally, the wave identification relies on singling out the
Rayleigh wave arrival from surface signals, which may be

@ Springer
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Fig.5 Several protocols allow for the measurement of the speed of
elastic waves on the surface of soft matter. (a): The 3D wave field
generated by a spherical probe hitting a thin rubber membrane, as
captured by Optical Coherence Tomography. The initial membrane’s
dimensions were 40 X 16 X 0.5 mm; its initial shear modulus was
~ 180 kPa and it was stretched in the x; direction by a 200 kPa stress.
The vertical displacements were of the order of 0.1 ym and are mag-

complicated by overlapping transient waves, shear waves,
attenuation, and noise. The current validation is numerical,
with idealised loading and boundary conditions.

In reality, biological skin has many characteristics which
are not captured by the simple model (1) such as viscoelas-
ticity, inhomogeneities, residual stresses, fibre misalignment
or multiple fibre families, etc., and which will complicate
greatly the computation of the Rayleigh wave velocities v,
and v,;,. We nonetheless note that the stress difference equa-
tion (4) has also been established and validated computation-
ally and experimentally for bulk waves in pre-stressed steel
(Li et al. 2020) and soft tissues (Zhang et al. 2023) and for
Lamb waves in animal skin (Li et al. 2022), see Fig. 5, so
that it might prove robust to further refinements.

4.3 Future work

Immediate future work should concentrate on experimen-
tal validation via synthetic skin surrogate materials under
controlled boundary conditions. Building on this, controlled
in vivo studies, for example on the forearm, can be used to
measure the Rayleigh wave velocities, v, and v,;,, with
sensor, optical or ultrasound based surface wave elastogra-
phy (see examples in Fig. 5). The validity of the resulting
stress difference can then be tested against reference meth-
ods such as tensiometers and compression-based devices.

Alongside these experiments, the modelling framework
can be extended to layered, viscoelastic, and heterogeneous
skins, to quantify thickness and depth-dependent structure
effects on the Rayleigh relation, and update the error bounds
accordingly if needed.

A further direction is to move from estimating only the
stress difference to recovering the full in-plane stress field
by combining multiple propagation directions. It would turn

min?®
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nified to an arbitrary unit to be visible. The color scale for these dis-
placements goes from —1 (blue) to +1 (red) (Li et al. 2022). (b): A
similar experiment, generating Lamb waves on the stretched sheep
skin of a Bohrdn, an Irish traditional drum. (¢): For bulk (body) shear
waves propagating inside a muscle with one preferred direction of
parallel fibres, a formula linking wave speeds to stress gives excellent
agreement (Zhang et al. 2023)

the method into a tool for complete, quantitative preopera-
tive stress mapping.

Appendix: Stress formula from surface wave
speeds

Here, as in the main text, we model the region of interest
in the skin as being made of a semi-infinite, homogeneous,
hyperelastic, anisotropic, incompressible material subject to
a large homogeneous pre-strain, resulting from the appli-
cation of a uniform pre-stress. We call p its constant mass
density. We assume that the greatest tension is aligned with
a family of parallel fibres (Alexander and Cook 1977; Deroy
et al. 2017).

We call 6 the Cauchy (true) stress measure of this pre-
stress, with o, and o, the largest and least principal compo-
nents in the plane of the skin, while o; = 0 in the direction
normal to the skin (free surface). We assume that the mate-
rial’s strain energy density W has the form,

W = g(ll =3) +1U,), )

where u is the infinitesimal shear modulus of the isotropic
matrix, I, = tr C is the first principal invariant of C (the right
Cauchy-Green deformation tensor), and f is a yet unspeci-
fied convex function of the anisotropic invariant /, (here
I, = C,y), such that f(1) =f'(1) = 0.

Consider that the solid is homogeneously deformed along
the Eulerian principal axes (x;, x,, x3) so that it occupies the
x3 > 0 region. Once the large pre-deformation has taken
place, the principal axes of stress are aligned with the prin-
cipal axes of strain, and the principal stresses are related to
the principal stretches through (Merodio and Ogden 2002)
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0y = —p+ uil,

(6)
where p is a Lagrange multiplier introduced by the constraint
of incompressibility, A, is the principal stretch in the
direction of greatest tension, also the direction of the fibres,
A, is the in-plane stretch in the direction at right angle to the
direction of greatest tension, A, is the in-depth stretch, and
A1AyA; = 1by incompressibility.

Specialising now to uni-axial tension in the direction of
the fibres (direction of the skin tension lines): o, = ¢ > 0,
0, =03 =0, leads to an equi-biaxial deformation, with
Ay = A, Ay = A3 = A71/2, by symmetry and incompressibility.
Then I, = A? and, solving for p, we find

o1 =—p+uAi +2f' A3, 0y = —p+ A2,

o=pu(A* =271 + 21 22, ©)

where the prime denotes the derivative with respect to /.

In the infinitesimal regime, A = 1 + ¢ where |e| <« 1
is the elongation, and at first order, this equation gives
6 = 3ue + 4f"(1)e, confirming that the ratio 2y /3u for the
parameters of the neo-Hookean reinforcing model (1) and
of the HGO model (3) measures the relative stiffness of the
fibres compared to the matrix.

In the case of biaxial tension (as in in vivo skin (Reihsner
et al. 1995)), with o, applied along the direction of the fibres
to stretch them by 4,, o, applied at right-angle to the fibres
with corresponding stretch ratio A,, and the surface being
free of traction so that o3 = 0, we find that
o= u(AT— A7) 42723, oy =pu(43 - A77A57).

®)
A Rayleigh surface wave travels along the x;-direction with
speed v, given by pv? = y;3 — #7y3,, where 7, is the root of
the cubic (Destrade et al. 2005)

3

2813 + 2731 — 713
P+ =2 "y,

-1=0. 9
V31 ©)

Similarly, a surface wave travels along the x,-direction with
speed v, given by pv2 = y,3 — 13 ¥3,, where 7, is the root of
the cubic Eq. (9) with the index 1 replaced by the index 2.
Here

By = (Agiiis + Aoy /2 = Avigsi — Aoy

(10)
where A, are the instantaneous elastic moduli. These
equations are valid when the principal axes of the Cauchy
stress are aligned with those of Eulerian strain, which is the
case for an initially isotropic material, and also for aniso-
tropic solids when the fibres are aligned with those direc-

tions, as here. It is also the case for in vivo human skin
(Deroy et al. 2017).

Vi = Ao

Now, calling 4; the principal stretches, we have

F =diag(A, Ay, 43), L=+ A5+, L =4,
an

where F is the deformation gradient and A, 4,4; = 1 due to

incompressibility. For this model (Merodio and Ogden 2002;

Destrade et al. 2008),
Agji = 16y By + 2 6mmy + 4" mmmymy, (12)

where g — fFT is the left Cauchy-Green deformation tensor
and m is the stretch vector along the fibres (here m; = 4,4;)).
Hence we find

Ao = uA3 + 21" 47 + 41" 4,
Aosizt = Agszzs = HA; = pa? 257,

A013l3 = Hl% + 2f’),2,
A01133 = A01331 =0.
(13)

We then find that 28,3 = y,3 + 73, + 4f” A} and the cubic (9)
reduces to

1
A+ <3+4f7/1?/1§>n—1:0. (14)

Similarly we find

— — — 2 —
AOZIZI - A02323 - A02222 - ”'12’ A03232 - A03333

= ﬂ’%’ Apzay = Agozzn = 0,

(15)
and then 25, = y,3 + 73, so that, in this case, the cubic (9)
reduces to

"+ +3n—1=0. (16)

The real root of this latter cubic is

(26 4+ 64/33)1/3 8 1
Mo = - — = ~0.2956,
3 3(26 +61/33)13 3
(17)
and the root of the cubic Eq. (14) is
v 28/3+x) 1 here
==, W v
1 6 vi/3 3 (18)

=208 + 36.x + 12 V/528 + 360x + 10522 + 123,

and x = 4(f”/,u)ﬂ?l§. Notice that x > 0 because fis convex.
Plotting # against x shows that it is a decreasing function,
starting at 7, and tending to zero in the x — oo limit. Hence
we establish the bounds 0 < |5| < #,, which hold for any
reinforcing model (1), irrespective of the actual form of f
and of the pre-stress.

Now the speeds along x; and x, are given by

@ Springer
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—0.06 reinforcing
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—0.07+

2v/3u

Fig.6 The formula ¢, — 6, = p(v?

2N e .
ax — Vi) 18 valid within a relative

error € of less than 9% when skin is modelled by any neo-Hookean
reinforcing model. Relative error for increasing ratios of fibre-to-

pvi = WA+ 2 A muATAY, vy =y = mopd Ay

19
and the combination of Eqs. (8) and (19) yields the stress
difference as

where e=* - 115)/11_2/1;2.

(20)
It follows that the formula 6; — 6, = p(vi — v3) is valid up to
arelative error of |7* — | A724;2. The skin is under in-plane
extension strain (4; > 1, 4, > 1); it follows that €, accord-
ing to the bonds on 7, is always less than 113 = 0.0874. It is
important to note that in our simulations we only considered
the A, = 1 or plane strain case. However, this leads to tensile
in plane stresses (o, and o,), as required by the analytical
model and as in in vivo skin (Reihsner et al. 1995).

Figure 6 shows how & varies with 4242 > 1 for the stand-
ard reinforcing model (2) and for the HGO model (3). For
this latter example we take k = 2.0 which is an extreme
value, as typically k is less than 1.0 (see Ni Annaidh et al.
(2012) for example, where it was estimated as k = 0.1327
for the human skin.)

0, — 0y = p(v% - vg) + ue,
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