MAA410 Artificial Intelligence - Review of Logic

1 Symbols (BTEX code given in brackets)

1.1 Logical connectives

A (\wedge): meet, and, conjunction

V (\vee): join, or, disjunction

- (\neg): not, negation

— (\rightarrow): if ... then ... , implication

— (\leftrightarrow): ... if and only if ... , double-implication

1.2 Less common logical connectives
1 (\uparrow): nand, alternative denial, not both
| (\downarrow): nor, joint denial, neither ... nor ...

@ (\oplus): xor, eor, exclusive or, one or the other but not both

1.3 Other symbols
T,1 (\top): true, tautology
1,0 (\bot): false, contradiction
= (\models): entails, models, logically follows from
F (\vdash): can be derived by using a proof procedure
= (\equiv): is equivalent to
(\therefore): therefore
vV (\forall): for all, universal
3 (\exists): there exists, existential
< (\leq): less than or equal to

2 Boolean Algebra

aset: A  binary operators: V,A unary operator: = elements: 0, 1

for all elements a, b, c € A, the following axioms hold:

associativity aV(®Vve)=(aVb) Ve aN(bAc)=(anb)Ac
commutativity aVb=0Va aANb=bAa

absorption aV(anb)=a aN(aVvbd)=a
distributivity aV (bAc¢)=(aVb)A(aVe) aN(dVe)=(anb)V(aAc)
complements aV-a=1 aN—-a=0

Partial-order relation < can be defined, where

a<b iff a=aANb orequivalently a <b iff b=aVbd



3 Summary of Propositional Logic

Based on simple truth-definite statements.

3.1 Axiomatic System

An axiom is a proposition that is not proved or demonstrated but whose truth is taken for
granted. It serves as a starting point for deducing and inferring other truths.

> Alphabet of symbols
wil: Set of well-formed formulae
A € wif: Set of axioms

R: A set of rules of deduction.

3.2 Acceptable statements (Well-formed Formulae - wff for short)
e every atomic proposition

e =P PVQ@, PNQ, P— @ given that P, Q are wff

e those found by finitely many uses of the above rules.

3.3 Deduction and Proof

Given a knowledge base, we can prove things to be true by using:
e A truth table
e Axiomatic logic (Modus Ponens) : ((A— B)AA) — B

e Resolution (Proof by contradiction, Reductio Ad Absurdum): (mAA---A---—0) — A

3.3.1 Some truth table examples

plalp—yq plalpve| (Ve Vip—29q plal-q|-arAp—q) |pA-gA(p—q)
0]0] 1 0jo| 0 1 o]0 1 1 0

0l1] 1 0[1] 1 1 0[1] 0 0 0

1lo|l o 1lo] 1 1 1lo] 1 0 0

1l1] 1 1l1] 1 1 1[1] o0 0 0

3.3.2 Results from Truth Tables

Tautology All values in truth table give 1.
Contradiction All values in truth table give 0.

Contingency Neither a tautology nor a contradiction.



3.4 Some rules and definitions

Let ¢,1, x be some wifs.

3.4.1 Some Basic Rules

Bl: ¢V =1
B2: ¢ A-p=0
B3: ¢vi=1
Bd: pA1=¢
B5: ¢V 0=¢
B6: ¢A0=0

3.4.2 Involution

IV: () = ¢

3.4.3 Idempotency
Iml: NG =0
Im2: ¢Vo=0¢

3.4.4 Implication Conversion
I ¢ — ¢ ==¢ Ve
12: ¢t = (~d V) A(SV )
3.4.5 DeMorgan’s laws
DML: =(¢ V) = =6 A =)
DM2: =(¢ A 9h) = =6 V )

3.4.6 Breaking up into clauses

CNF: If C4, ..., C,, are clauses of the form d; V ... V dy, (1 < i < n) where each d; is a literal®,
then C1 ACs A ... AC, is said to be in the Conjunctive Normal Form.

DNEF: If Dy, ..., D,, are clauses of the form ¢1 A ... A ¢k, (1 < i < m) where each ¢; is a literal,
then Dy V Dy V...V D, is said to be in the Disjunctive Normal Form.

3.4.7 Resolution rules
RL: ¢A(-dVY)EY also A (d— ) o
R2: (@ V) A (= VX) EY VX

Lan atomic proposition or its negation



4 Summary of Predicate Logic

4.1 Logic Formulae

constant (e.g. m, m, pat, mary, ...)

predicate (e.g. smart, will_pass, ...)

variable (e.g. x, y, Student, Example, ...)

function (e.g. f(x), g(z,vy, ), family(pat, mary, john), ...)
quantifiers (universal V, existential 3)

logical connectives (A,V,, —, <)

term: a variable, constant or function

atom: p or p(ty,...,t,) where p is a predicate and each t; is a term

4.2 Well-formed Formulae (wff)
e cvery atom
e P PVQ, PNQ, P— @ where P,Q are wif
e Vxr P, dx @ are wif where z is a variable and P, ) are wff

e those found by finitely many uses of the above rules.

4.3 Negation and Quantifiers
o (V2 A@) = (2)(~A@) o ~(Gr A@)) = (va) (-A()

4.4 Types of variables
Bound variable x: Vz f(...x...).

Free variable x: Where it is not bound to a formula.

4.5 Types of formulae
Closed formula no free variables (also called a sentence)

Ground formula a proposition (i.e. no variables)

4.6 Knowledge Base (KB)

e the set of all clauses, axioms
e mapping of domain and predicates to real world (true or false)

e KB |= g meaning g logically follows from KB. It is true in every model of KB.

4.7 Proof Systems

e A proof procedure is a way of proving theorems

e KB g means that g can be derived from KB by using a proof procedure
e A proof procedure is sound if KBFg = KBEg

e A proof procedure is complete if KB=g — KBty

Bottom-up, top-down proof procedures



