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Abstract. We state and prove a fusion system version of Mislin’s theorem [8]

on cohomology and control of fusion, following Symonds’s proof [10] of Mislin’s
theorem using Mackey functors.

1. Mislin’s theorem for fusion systems

A celebrated theorem of Mislin [8] shows that an isomorphism on mod-p coho-
mology (p a prime) implies control of p-fusion among compact Lie groups, and in
particular among finite groups. Cartan and Eilenberg’s stable elements theorem
[5, XII.10.1] tells us that the mod-p cohomology ring H∗(G,Fp) of a finite group
G is isomorphic to the subring of the G-stable elements in the mod-p cohomology
H∗(S,Fp) of a Sylow p-subgroup S of G. In the language of fusion systems, this
fact amounts to that H∗(G,Fp) is determined by the fusion system FS(G) as a
limit:

H∗(G,Fp) ∼= lim←−
FS(G)

H∗(−,Fp).

Here FS(G) is the category whose objects are the subgroups of S and morphisms
are the G-conjugation maps between them, and H∗(−,Fp) is regarded as a con-
travariant functor from FS(G) to the category of Fp-vector spaces.

More generally, a saturated fusion system F on a finite p-group S is a category
whose objects are the subgroups of S and morphisms are group monomorphisms
between them which satisfy some additional conditions formulated by L. Puig mod-
eled on the category FS(G). See the book [1] for precise definitions and more in-
formation on fusion systems, including historical background. Thus it is natural to
define

H∗(F ,Fp) = lim←−
F
H∗(−,Fp)

for any saturated fusion system F on S. With this definition Mislin’s theorem for
finite groups can be generalized to saturated fusion systems as follows.

Theorem 1 (Mislin’s theorem for fusion systems). Let k be a field of character-
istic p. Let F be a saturated fusion system on a finite p-group S and let E be a
saturated subsystem of F on the same p-group S. Suppose H∗(F , k) = H∗(E , k).
Then F = E.

Recently Todea [11] proved the above theorem when p is odd following Benson,
Grodal and Henke’s new algebraic proof [2] of Mislin’s theorem for finite groups
for p odd. We prove the above theorem for all primes p. Consequently Todea’s
results in [11] on block algebras now hold for all primes p. Our approach follows
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closely Symonds’s proof [10] of Mislin’s theorem for finite groups, which uses Mackey
functors. Throughout this paper, p is a fixed prime and all modules are finitely
generated left modules.

2. Simple cohomological Mackey functors and stable elements

First we review the theory of Mackey functors with applications to fusion sys-
tems and group cohomology in mind. Specifically, we will focus on global Mackey
functors. This has been done more thoroughly by Dı́az and the author in [7]. As in
[7], we will mainly use the language of biset functors in our discussion. See [3] for a
systematic treatment of general biset functors, and see [12] for a different approach.

Let k be a commutative ring with identity element. Let I denote the category
of finite groups and group monomorphisms. Consider the pair M = (M∗,M∗)
consisting of a contravariant functor M∗ : I → k-mod and a covariant functor
M∗ : I → k-mod which have common value M(G) := M∗(G) = M∗(G) on each
finite group G and such that M∗(ϕ)M∗(ϕ) = IdM(G) for every group isomorphism
ϕ : G → ϕ(G). Since every group monomorphism decomposes as a group isomor-
phism followed by an inclusion, such a pair is prescribed by a family of k-linear
maps

rGH := M∗(ιGH) : M(G)→M(H)

tGH := M∗(ι
G
H) : M(H)→M(G)

iso(ϕ) := M∗(ϕ) = M∗(ϕ−1) : M(G)→M(ϕ(G))

for all inclusions ιGH : H → G and isomorphisms ϕ : G → ϕ(G) of finite groups,
which satisfy some obvious compatibility conditions. We say that M is a global
Mackey functor over k if it satisfies the following additional conditions:

(1) iso(cx) = IdM(G) if x ∈ G.
(2) (Mackey decomposition) For H,K ≤ G,

rGH ◦ tGK =
∑

x∈[H\G/K]

tHH∩xK ◦ r
xK
H∩xK ◦ iso(cx|K).

Here cx : G → G is the conjugation map given by cx(u) = xux−1 for u ∈ G, and
[H\G/K] denotes a set of double cosets HxK in G. Note that the first condition
ensures that the sum in the Mackey decomposition condition is well-defined. We
say that the global Mackey functor M is cohomological if

tGH rGH = |G : H|IdM(G)

for all finite groups H ≤ G. We denote by Mackk the category of global Mackey
functors over k, and by coMackk the full subcategory of cohomological global
Mackey functors, where the morphism of global Mackey functors M → N is defined
as the family of k-linear maps M(G)→ N(G) for all finite groups G satisfying the
obvious commutativity conditions with the structure maps rGH , tGH and iso(ϕ). For
example, the cohomology functor H∗(−, k) with constant coefficients k belongs to
coMackk where the maps rGH , tGH and iso(ϕ) are the usual restriction, transfer and
isomorphism maps for group cohomology.

It is useful to view the global Mackey functors as linear functors on the bifree
biset category as follows. For finite groups G and H, let B(H,G) denote the bifree
double Burnside group, i.e., the Grothendieck group of isomorphism classes [X]
of (H,G)-bisets X which are free as left H-sets and as right G-sets. (Note the
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nonstandard notation. Usually in the literature B(H,G) is used for the full double
Burnside group, without any freeness condition.) It is a free abelian group on the
isomorphism classes of transitive bifree (H,G)-bisets which are of the form

H ×(ϕ,U) G := H ×G/ ∼, (hϕ(u), g) ∼ (h, ug), h ∈ H, g ∈ G, u ∈ U,
where U ≤ G and ϕ : U → H is a group monomorphism. The bifree biset categoryD
(over k) is the category whose objects are the finite groups and whose morphisms
are given by HomD(G,H) = kB(H,G) := k ⊗Z B(H,G). The composition of
morphisms is induced by the tensor product of bisets: for a (H,G)-biset X and
a (K,H)-biset Y , the tensor product Y ×H X is defined as the set of H-orbits of
Y × X where H acts via (y, x).h = (yh, h−1x) for x ∈ X, y ∈ Y , h ∈ H. It is
well-known that the global Mackey functors M = (M∗,M∗) over k can be viewed
as k-linear functors F : D → k-mod and vice versa by the following corresponence:

M∗(ϕ) = F ([G×(ϕ−1,ϕ(G)) H]),

M∗(ϕ) = F ([H ×(ϕ,G) G]),

F ([H ×(ψ,U) G]) = M∗(ψ)M∗(ιGU ),

for group monomorphisms ϕ : G→ H and ψ : U → H with U ≤ G.
As the category k-mod is abelian, so is Mackk, where a sequence of global Mackey

functors L→M → N is exact if and only if its evaluation L(G)→M(G)→ N(G)
at every finite group G is exact. Thus we can talk about simple global Mackey
functors, which we describe in the following. This is a standard fact which can be
found for example in [3, 4.3] in a more general form.

First we introduce the global Mackey functor LH,V , for a finite group H and a
kB(H,H)-module V , given by

LH,V (G) = kB(G,H)⊗kB(H,H) V

for each finite group G and such that the functor structure is induced by the tensor
product of bisets. It is well-known that the functor LH,− : kB(H,H)-mod→ Mackk
is left adjoint to the evaluation functor at H, evH : Mackk → kB(H,H)-mod, which
sends M to M(H).

It is a standard technique in representation theory to mod out ‘things coming
from below’. We adopt the idea and notation from [4] as follows. For finite groups
G, H, let

I(G,H) =
∑
K<H

kB(G,K)kB(K,H),

and set IH = I(H,H) for simplicity. Let kB(G,H) = kB(G,H)/I(G,H). It turns
out that IH is the submodule spanned by the basis elements [H ×(U,ϕ) H] with

U < H and kB(H,H) ∼= kOut(H). Thus we may view a kOut(H)-module as a
kB(H,H)-module by inflation.

We say that a finite group H is a minimal group for a global Mackey functor
M if M(H) 6= 0 and M(K) = 0 for all K < H. In this case IHM(H) = 0 and so
M(H) is a module for kB(H,H) ∼= kOut(H).

Proposition 2 (Simples in Mackk, [3, 4.3]). Let k be a field.

(1) For a finite group H and a simple kB(H,H)-module V , the global Mackey
functor LH,V over k has a unique simple quotient functor SH,V . We have
SH,V (H) ∼= V . Moreover, if V is a simple kOut(H)-module, then H is a
minimal group for SH,V .



4 SEJONG PARK

(2) If S is a simple global Mackey functor over k and H is a finite group
such that S(H) 6= 0, then V = S(H) is a simple kA(H,H)-module and
S ∼= SH,V . Moreover, if H is a minimal group for S, then V = S(H) is a
simple kOut(H)-module and the pair (H,V ) is uniquely determined by the
isomorphism class of S up to the obvious isomorphism of such pairs..

The assumption that k is a field is not a real restriction because every simple
Mackey functor is defined over a field. See [3, 4.4.4] for a proof and see also [7, 3.3]
for a reduction of a part of the argument.

Simple objects in coMackk are precisely simple objects in Mackk which are coho-
mological. This is because every subfunctor and quotient functor of a cohomological
Mackey functor is again cohomological. There is a particularly nice description of
simple objects in coMackk when k has characteristic p.

Proposition 3 (Simples in coMackk). Let k be a field of characteristic p. Let
H be a finite group and let V be a simple kOut(H)-module. The simple global
Mackey functor SH,V is cohomological if and only if H is a p-group, and every
simple cohomological global Mackey functor is of this form.

This proposition can be proven using the explicit description of the simple global
Mackey functors SH,V in [12, 2.6]. It is also proven in a different way in [7, 5.4] as
a consequence of a stronger statement, which we make a separate lemma for later
use as follows. We modify LH,V and define the global Mackey functor LH,V , for a
finite group H and a kOut(H)-module V , by

LH,V (G) = kB(G,H)⊗kOut(H) V.

The functor LH,V is a nonzero quotient of LH,V and hence LH,V also has SH,V as
a unique simple quotient.

Lemma 4. Let k be a field of characteristic p. If Q is a finite p-group and V is a
kOut(Q)-module, then the global Mackey functor LQ,V is cohomological.

Finally we discuss stable elements for cohomological global Mackey functors. Let
k be a commutative ring with identity element in which every integer prime to p is
invertible. Let M = (M∗,M∗) ∈ coMackk. As for H∗(−, k) in Section 1, for any
finite group G with a Sylow p-subgroup S, we have

M(G) ∼= lim←−
FS(G)

M∗.

Therefore, for any saturated fusion system F on a finite p-group S, it is natural to
define

M(F) = lim←−
F
M∗.

When F = FS(G), the group G viewed as the obvious (S, S)-biset determines the
value M(G) as M(G) ∼= [G] · M(S). In general, every saturated fusion system
F on S has an idempotent element ωF ∈ Z(p)B(S, S) which plays the role of the
(S, S)-biset G for FS(G), called the characteristic idempotent of F . See [9] for more
details. We record the following well-known fact for later use.

Lemma 5 ([6, 2.8, 2.9]). Let k be a commutative ring with identity element in
which every integer prime to p is invertible. Let M = (M∗,M∗) be a cohomological
global Mackey functor and let F be a saturated fusion system with characteristic
idempotent ωF .
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(1) M(F) ∼= ωF ·M(S).
(2) The evaluation functor

coMackk → k-mod, M 7→M(F),

is exact.

3. A proof of Mislin’s theorem

Now we prove Theorem 1 following Symonds’s argument in [10] closely. Recall
that, in Theorem 1, k is a field of characteristic p, F is a saturated fusion system
on a finite p-group S, and E is a saturated subsystem of F on S. Symonds [10,
1.2] showed that every simple object in coMackk occurs as a composition factor of
H∗(−, k). If

0→ L→M → N → 0

is a short exact sequence in coMackk, by Lemma 5 we have a commutative diagram
with exact rows:

0 // L(F) //
� _

��

M(F) //
� _

��

N(F) //
� _

��

0

0 // L(E) // M(E) // N(E) // 0,

and an easy diagram chase shows that

M(F) = M(E) ⇐⇒ L(F) = L(E), N(F) = N(E).

Therefore the following statements are equivalent:

(1) H∗(F , k) = H∗(E , k).
(2) M(F) = M(E) for every simple M ∈ coMackk.
(3) M(F) = M(E) for every M ∈ coMackk.

Since LQ,kOut(Q) = kB(−, Q) belongs to coMackk if Q is a finite p-group by
Lemma 4, the assumption of the theorem that H∗(F , k) = H∗(E , k) implies that

kB(F , Q) = kB(E , Q) ∀Q ≤ S,

which is equivalent to that

ωF · kB(S,Q) = ωE · kB(S,Q) ∀Q ≤ S

by Lemma 5. Ragnarsson [9, 5.2] gives a k-basis for ωF · kB(S,Q), and from it
one can easily deduce a k-basis for ωF · kB(S,Q). In particular, the k-dimension
of ωF · kB(S,Q) is equal to the number of group isomorphisms ϕ : Q → L with L
a subgroup S, up to composition with F-isomorphisms. Since AutF (L) acts freely
on the set Iso(Q,L) of isomorphisms from Q to L by composition and any group
isomorphism ϕ : Q→ L ≤ S gives a bijection from Iso(Q,L) to Aut(L) by sending
ψ ∈ Iso(Q,L) to ψ ◦ ϕ−1, we have

dimk ωF · kB(S,Q) =
∑

Q∼=L≤S
up to F-iso.

| Iso(Q,L)|
|AutF (L)|

=
∑

Q∼=L≤S
up to F-iso.

|Aut(L)|
|AutF (L)|

,
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where L runs over the subgroups of S which are isomorphic to Q, taken up to
F-conjugacy. Summing up these dimensions over the subgroups Q of S up to
isomorphism, and comparing it with that for E , we get an equality∑

Q≤S
up to iso.

∑
Q∼=L≤S

up to F-iso.

|Aut(L)|
|AutF (L)|

=
∑
Q≤S

up to iso.

∑
Q∼=L≤S

up to E-iso.

|Aut(L)|
|AutE(L)|

.

Since the right-hand side has at least as big summands and at least as many terms
as the left-hand side does, the above equality forces that F and E have the same
number of isomorphism classes of subgroups of S and the same automorphism
groups AutF (L) = AutE(L) for each subgroup L of S. By Alperin’s fusion theorem,
it follows that F = E .

Remark 6. Note that the above proof is all algebraic except for the quoted fact
[10, 1.2], which has been proven using stable homotopy theory, including (proven)
Segal’s Burnside ring conjecture. See [10, §4] for more details. Thus an algebraic
proof of [10, 1.2] would give an algebraic proof of Theorem 1.
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