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Bar and joint Framework

Framework

A framework is a pair F = (G , p), where G = (V ,E ) is a simple graph
and p is a map p : V −→ Rd
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Infinitesmal rigidity

Given F = (G , p) with |V | = n and p = (p1, ..., pn). An infinitesimal flex
q = (q1, ..., qn) ∈ Rdn is a vector satisfying 〈p(i)− p(j)〉.〈q(i)− q(j)〉 = o
for all edges ij ∈.
F is infinitesimally rigid if there are no non-trivial infinitesimal flexes.

Rigidity Matrix
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Stress

Stress

Let F = (G , p) be a framework. A stress of the framework F is an
assignment ω : E → R with ωij = ωji .

ωij < 0 ωij > 0
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Self-Stress Definition

Self-stress

Let F = (G , p) be a framework. A stress ω of the framework F is called a
self-stress if for each vertex i ∈ V the following equilibrium condition is
satisfied ∑

j :ij∈E
ωij(pi − pj) = 0

Zero Self-Stress

A stress ω is called trivial or zero self-stress if ωi j = 0 for all ij ∈ E .
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An Example of Self-Stress
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Stress matrix

Stress matrix

Let F = (G , p) be a framework and ω = (..., ωij , ...) be a self-stress of F .
The stress matrix of F associated with ω is a symmetric matrix of size
|V | × |V | with rows and columns indexed by vertices in V such that

Ωij =



−ωij ij ∈ E∑
k∈V :ik∈E

ωik i = j

o Otherwise
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p(2) = (1, 1)
p(3) = (1, 0)

1

p(4) = (1, 0)

1

p(1) = (0, 0)
1

1
−1

−1

Ω =


1 −1 1 −1
−1 1 −1 1
1 −1 1 −1
−1 1 −1 1
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Self Stress and Rigidity Matrix

Observation

A stress ω is a self-stress if and only if in the left null space of the rigidity
matrix, i.e. ωRG (p) = 0.

Independent framework

A framework F = (G , p) is called Independent framework if the rigidity
matrix RG (p) has independent rows. Equivalently,there is only the zero
self-stress.

Isostatic framework

A framework F = (G , p) is called an isostatic if it is infinitesimal rigid and
independent.
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