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Introduction

In this talk we will discuss work towards discussing genus one
Zhu recursion on free bosonic vertex operator algebras,
examining a paper of Mason and Tuite.
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VOAs Reuvisited

Recall the (ring-theoretic) commutator [-,-] : R x R — R with
[A, B] = AB — BA for A, B € R. We will consider this in the
context of the ring of linear operators End(V/') acting on a
vector space V. End(V) is also a vector space, and with [-, -]
forms a Lie algebra.
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VOAs Reuvisited

We first recall the definition of a vertex operator algebra
(V,Y,1,w):
@ A space of states V
@ Amap Y :V — End(V)|[z, z7]] which takes v € V to
ZneZ V(”)Z_n_l
@ A (unique nonzero) vacuum vector 1 € V with
Y(1,z) =Idy and Y(u,z)1 = u+ O(z) forall u e V
@ A Virasoro vector w € V with Y(w,z) =", L(n)z="2
where the L(n) operators satisfy the Virasoro algebra:

m —m

[L(m), L(m)] = (m — n)L(m + n) + ——

Om,—nC

where c is a constant known as the central charge.
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VOAs Reuvisited

This data satisfies the following axioms:

@ Each vector has an integral eigenvalue for the operator
L(0) (known as the weight) which puts the vector into a
weight space V,,. We then have

V=V,
neZ

where the V,, all have finite dimension.
o [L(—1),Y(v,2)] =0.Y(v,2)
@ There exists an integer N such that:

(w— Z)N[Y(u, w), Y(v,z)] =0

for N sufficiently large. These operators are then said to
be local of order N.
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VOAs Reuvisited

The bracket on the vertex operators is defined:

[Y(u,w),Y(v,2)] = [Z u(m)w—mL, Z v(n)z‘”_1]

meZ nez

= 3 fu(m), v(mw

m,n€Z
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Modular Forms

Recall also the modular group

SL(2,Z) = {(i 3) ta,b,c,d €7, ad — bc = 1}
with the usual multiplication. This group acts on the complex

upper half plane H as follows:

ar + b
ct+d

VT =

for v = <i Z) € SL(2,Z), T € H.
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Modular Forms

Following this we define a modular form. A modular form is a
function f on H which:

@ is holomorphic on H

o satisfies f(7y-7) = (cz + d)kf(7) where v is as above and
k is a non-negative even integer known as the weight of
the form

o has a Fourier expansion (1) = »_ -, a,q" where
q = exp(2miT).
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These Fourier coefficients are of nhumber-theoretic interest.
The modular forms we will encounter here are the Eisenstein
series

By 2 .
Ek(T) = F + m Zoak_l(n)q

where oy (n) = 3=, d¥ is the divisor function and By is the
kth Bernoulli number.
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The Dedekind Eta function

Another function with modular properties is the Dedekind eta

function: .
H (1-4q")

This function will appear across our studies of the the n-point
functions of the Heisenberg VOA. It is not exactly a modular
form but a modular function of weight %

A‘H
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Elliptic Functions

We will now discuss elliptic functions. The main functions we
will be concerned with here are:

1 [ee]
Pi(z, 7)==+ Z El(T)z" !
=2

z
and its successive derivatives:

These will feature in our discussion of Zhu recursion.
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The Square Bracket

Zhu also defined a coordinate change to an isomorphic VOA,
known as the square bracket formalism, defined by:

(V,Y(,),l,w) = (V,Y][],1,0)
where

Yiu2] =) ulnz" = ¥(q:v.q, — 1)

nezZ

where g, = exp(z) and

c
S~ 4
YTY T
This space is also integer graded (by L[0]) but the grading
itself is different.
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n-point functions

We define an n-point function on the torus as
1
Z\(/)(Vla 21, V2,225 -+ Vn, Zn)

= va(y( L(O)Vl Q1)Y(q2L(O)V27Q2) Y(qﬁ(O)Van)q ﬂ)

followmg Zhu, where g; = €7, ql =30 (Z'L,E?)) The

g"©== factor is present to enhance the modular properties of
the function. Letting v; = 1 for all / we get
Zy(7) = Try(Idgg" O =2y = Try (qt® )

as we know 1 € V.
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A Combinatorial Approach

Recall the rank one Heisenberg VOA M with generator a. We
can then write any vector v € M as

v =a[-1]% .- a[—p]*1
We then have a labelled set

o ={1,1,....,1,2,....2,....p....p}
—— — ~——

er e ep

corresponding to each v; € M. Then for an n-point function
we consider the (disjoint) union ® = (J_; ®; which is also a
labelled set.
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Fixed Point Free Involutions

On an arbitrary finite set S we can define the group of
permutations ¥(S). A subset of this group is the set of
involutions, i.e. permutations that can be written uniquely as
a product of disjoint 1- and 2-cycles. If we look at the set of
permutations with no 1-cycles we get the set of fixed-point
free involutions of F(®). This will appear several times in our
discussion of Zhu reduction.
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We will bring these notions together to examine some n-point
functions and the Zhu reduction on these functions.
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