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Introduction

In this talk, we will discuss a genus two analogue of the Zhu
recursion formula developed by Mason, Tuite and Zuevsky for a
genus one vertex operator superalgebra (VOSA), or equivalently, a
VOSA version of the VOA recursion formula found by Gilroy and

Tuite.
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Vertex Operator Super Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
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Vertex Operator Super Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)[[z,z71]]:

Y(u,z) = Z u(n)z "1

nez

forueV
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Vertex Operator Super Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)[[z,z71]]:

Y(u,z) = Z u(n)z "1

nez

forueV

o A vacuum vector 1 €¢ V
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Vertex Operator Super Algebras

A vertex operator super algebra is a quadruple (V, Y(,),1,w)
consisting of the following data:

@ A vector space V
e Amap Y(,): V — End(V)[[z,z71]]:
Y(u,z) = Z u(n)z "1
nez

forueV
o A vacuum vector 1 €¢ V

@ A Virasoro vector w € V
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Vertex Operator Super Algebras

This data obeys the following axioms:

e Each vector v € V has a parity p(v) € {0,1}. We can then
write V = VG D VI
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Vertex Operator Super Algebras

This data obeys the following axioms:

e Each vector v € V has a parity p(v) € {0,1}. We can then
write V = VG D VI

@ Forall u,vin V, we have:
(z—=w)"[Y(u,2), Y(v,w)] =0

for a sufficiently large integer N, where [,] is the commutator
defined by:

[Y(u,2), Y(v,w)] = Y(u,2)Y(v,w)—(=1)PWPO Y (v, w) Y (u, z)
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Vertex Operator Super Algebras

This data obeys the following axioms:

e Each vector v € V has a parity p(v) € {0,1}. We can then
write V = VG D VI

@ For all u,v in V, we have:

(z— W)N[Y(u,z), Y(v,w)]=0

for a sufficiently large integer N, where [,] is the commutator
defined by:

[Y(u,2), Y(v,w)] = Y(u,2)Y(v,w)—(=1)PWPO Y (v, w) Y (u, z)
o Y(1,z) = ldy
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Vertex Operator Super Algebras

This data obeys the following axioms:

e Each vector v € V has a parity p(v) € {0,1}. We can then
write V = VG D VI

@ Forall u,vin V, we have:
(z—=w)"[Y(u,2), Y(v,w)] =0

for a sufficiently large integer N, where [,] is the commutator
defined by:

[Y(u,2), Y(v,w)] = Y(u,2)Y(v,w)—(=1)PWPO Y (v, w) Y (u, z)

e Y(1,z) = ldy
° Y(u,z)1 =u+ 0O(2)
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VOSAs continued

o Y(w,z) =Y,z L(n)z=""! where the L(n) operators satisfy
the Virasoro Lie algebra:

m3 —
[L(m)a L(n)] = (m - N)L(m + n) + I

where ¢ is a constant known as the central charge.

Om,—nC

Mike Welby, Michael Tuite Genus Two Zhu Theory for Fermionic VOSAs Il



VOSAs continued

o Y(w,z) =Y,z L(n)z=""! where the L(n) operators satisfy
the Virasoro Lie algebra:

m—m
[L(m), L(n)] = (m = m)L(m + ) + =5 e
where ¢ is a constant known as the central charge.

@ The L(0) operator induces a grading on V, i.e.

vz@v,

reR

where V, is defined to be
{veV:LO0)v=rv,reR}

and dim(V) < co. r is known as the (conformal) weight of
the vector wt(v). For our purposes, we will only deal with
integral or half-integral weights.
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VOSAs continued

o Y(w,z) =Y,z L(n)z=""! where the L(n) operators satisfy
the Virasoro Lie algebra:

m—m
[L(m), L(n)] = (m = m)L(m + ) + =5 e
where ¢ is a constant known as the central charge.

@ The L(0) operator induces a grading on V, i.e.
v=@@Ppv
reR

where V, is defined to be
{veV:LO0)v=rv,reR}

and dim(V) < co. r is known as the (conformal) weight of
the vector wt(v). For our purposes, we will only deal with
integral or half-integral weights.

o Y(L(-1)v,z) = d%Y(v, z)
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Modular forms and Elliptic functions

We now define modular forms. A modular form is a function f(7)
on the upper-half complex plane H which:

@ is holomorphic on H and at infinity
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Modular forms and Elliptic functions

We now define modular forms. A modular form is a function f(7)
on the upper-half complex plane H which:

@ is holomorphic on H and at infinity
@ satisfies the transformation law

f (ZIZ) = (c7 + d)*f(2)

where a, b, c,d, € Z and ad — bc = 1, for some non-negative
integer k (called the weight of the form)
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Modular forms and Elliptic functions

We now define modular forms. A modular form is a function f(7)
on the upper-half complex plane H which:

@ is holomorphic on H and at infinity

@ satisfies the transformation law

f (ZIZ) = (c7 + d)*f(2)

where a, b, c,d, € Z and ad — bc = 1, for some non-negative
integer k (called the weight of the form)

@ has a Fourier expansion

f(r) =2 a(n)q"

n=0

where g = exp(2miT). This converges for |q| < 1 (i.e.
() > 0)
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Modular forms and Elliptic Functions

The examples of interest here are the Eisenstein series

By 2 & ,
T + k=1 nzz;)akl(n)q

where g is as before, By is a Bernoulli number and oy_1(n) is the
divisor function ox_1(n) = > 4, dk-1.
The Ej also have an alternative series representation:

Bk n 2 rk=lq"

K —1)! —qr

k!l (n—1)! = 1—g

Ex(1) =

Ek(T) =

Following on from the Ej above we define:

Po(z,7) = Zi + i <ﬁ - 1) Ex(r)z*""

k=2
Note that there is no contribution from the odd k cases as then
the Ej are trivial forms.



Twisted Functions

We can add additional parameters to these functions, which now
become twisted Eisentein series and elliptic functions:

2= Lo car$s (e [ o
where
{20 e

(-Df (=N Hg

MTEEY) 1_ g

! r>1
where ¢,0 € U(1), ¢ = exp(27mi)). Note that if we set 6, ¢ =1

then Ey [g] (1) becomes the classical Eisenstein series.
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n-point Functions for VOSAs

The n-point function for a VOSA V is defined by

Z\(/l)(g; V1,215 Vs Zni T)
= STru(gY (arOvi, q1) - Y(ar Vv, gn)g-O~/2%)

where g € Aut(V) and STry(A) = Try,(A) — Try,(A) for an
operator A. It can also be naturally defined for a VOSA module M.
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Zhu Recursion for VOSAs

n-point functions undergo Zhu recursion and can be expressed in
terms of (n — 1)-point functions:

Z\(/l)(g; V,Z VA, 215} Vs Zn; T)

= 041091STrv(go(v)Y (vi,q1) -+ Y (va, qn)q@—c/24)

+ Zn: Z p(v,Vk—1) - Pmi1 [ ] (z— 24, 7)

k=1 m>0

X Z\(/l)(g; Vi, Z15 - v[m)Vi, Zk; oo Viny 2y T)

where gv = 07 1v, ¢ = exp(2miwt(v)) and
p(v, vik_1) = (—1)PMIlp(v)++p(vi1)] for r > 1.
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Genus Two

The idea is to use a sewing scheme introduced by Yamada and
expanded on by Mason and Tuite to develop a genus two version
of the above.

2’1:0 2’2:0

<
S ("A, 6“,‘, S,
lel/r2 |el/m

Fig. 1 Sewing Two Tori

We will refer to &1 and &> as the left and right tori respectively.
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Genus Two n-point Functions

We then build up the genus two n-point function (n =L+ R+ 1)
from genus one data:

2
Z\(/)(g17g2; v, X; al7xl|br7yr7Tl7T27 6)

Z Z\(/l)(gl; Y[V, X] Y[al’ XI] u, 7—l)Z\(/l)(g2; Y[bra yr]ﬁa 7_2)
ueV
where g1, g2 € Aut(V), a;, b, are states and

aj, x; = ay, xi;...;a,xe, Y([a,x] = Ya,x] - Yia, x|,
Y[br,yr] = Y[br,xgr] - Y[b1,x1] and the sum is over a basis for
V.
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Genus Two Zhu Recursion

To develop a genus two Zhu recursion formula, we can substitute
our genus one version into the left L + 1 point function. For
convenience, we will streamline notation greatly. We obtain the
formula:

Z/ﬁjl)’/\/lz(glagz v, X, al’xl|br,yr)
0
= (5;{;51 O + piR |:¢i:| (X)Xl
L
0 .
+> > p(v,a-1)Pryy Lbj (x = %1, ) Zg) gy (-5 vl ;)

=1 j>0
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Genus Two Zhu Recursion

where p; = (_1)P(V)[P(31)+...+P(3L)],

O1 = O1(v, ar, x| by, yr; 71, 72, €)
=) ST, (glo(V)Y(qu,(o)a/, ) Y (a5, qo)ar O~/ 24)

ueV
X 2/5412)(3'2? Y[br, y.]u, 12)
and R(x), X, (a=1 2) are infinite row and column vectors

(indexed from m= O) given by:

R [Z} (x;m) = €2 Pmy1 [(ﬂ (x,7)

Xo(m) = 2> Z{ (e Ylar, xilvimlu, 1) Z) (g2: Y [by, ye]U, 72)

ueV
Xo(m) = % Y ZU)(gu; Ylap, xi]u, 1) Z{}) (g2: Y [br, ye]vIm]a, 2)
ueV
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The Method

The process of developing the formula is similar to that employed
by Gilroy and Tuite, relating X; to X5 (i.e., the left to the right)
and using this to obtain the final Zhu reduction formula.
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A Genus Two Zhu Recursion Formula

We eventually obtain the formula:

(2) : : :
Zyy m, (81,82 v, X @1y Xi| by, yr; 71, 72, €)

p(2)
= Ogr.g, "1 [¢(z>] (x)O1

9(2)
2

p(2)
o | Gl

+ p15;2”1¢2 N]:Q |: :| (X)02

L
62 .
+ Z Z p(v,a_1) Py me] (X,X/)Z,%{Mz(. avllan X

I=1 j>0

R
6(2) .
o130 p(vbrn) YPras | 0 ZE i VUl

r=1 j>0
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A Genus Two Zhu Recursion Formula

where
(2)
2

NPy { ( )} (x,y) =

0
¢
N [—

a
0
- 5;;::[‘253 <P1 [¢a

§2N ( NQ(X)Pl

- (M0IRana) (K))) . xeSyeds

(x,72) — 7N (N@(X)/\g) (K)) . x,yes,

03

0
(v, 7a) — 5é;,1¢,a7w <6K/2PK+1 [;] (x,7a)

a

fora=1,2, N=wt(v), K=2N—-2and my =1 —0pn,1 — Op 1.
’2
The & factor is a branch cut chosen in the sewing process.
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Genus Two Objects

The other objects are given by X‘lS = M%Xy, where
1) 1,1 1,1
ne=mn- 591«251 Eoo — 592#32 Exx

where 55;21 = 04,p0¢,4 is @ product of Kronecker deltas, with I1 an
infinite projection matrix with an initial K non-trivial entries along
the diagonal, and Ej; are infinite elementary matrices with entries
given by

Eij(m,n) = 5;',,*’;,,

and

02 = OQ(V, aj, Xl‘br, Yr: 11, T2, 6)

= Z Z/Sl)(gl; Ylay, xj]u, 71) ¥
ueVv

x STrp, (gZO(V)Y(qJI/_,(O)aI, ay,) Y(qé(o)ﬂ, qo)q2L(0)—c/24>
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Genus Two Objects

Also

(2 1 (2
MPryj [Z(z)] (x,y) = ﬁay <NP1 [Z(g)} (Xa)/))

P | 2] (= vom) + MR [ 2 0m) xv e,
&M Q0P | 7] (7). €Sy e
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Genus Two Objects

The boldface objects in these formulas are infinite vectors similar
to those defined above (and analogous to those defined by Gilroy
and Tuite), with some parameter and indexing changes:

P1yj [Z] (x; m)

(_1)mHics (m +Jj ~ 1) (pm+j_1 m (—x,7) = °41E (7)) ,
~! m>1

0,m=0

2)
for m,j >0, 7€ Hand 6,¢ € U(1). "Q [2(2)] (x) is given by

R {Z“”] (X)A< —As Lﬂ s [ZaD_l, xeS, (1)
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Genus Two Objects

The infinite matrices A [0} a = 1,2 are described by

¢

A m (momy— 4 €T (m +: = 1) £ m (1).m>1
0
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Genus Two Objects

We believe that the VF, {gﬂ (x), NFf {gﬂ (x) objects are related
to the space of forms living on the genus two Riemann surface.

The NFT object is nontrivially either a (K — 1)-, K- or

(K + 1)-dimensional vector, depending on the various values of 6,
and ¢,. These objects seem to conspire so that the dimension of
this space is always preserved, in compliance with the
Riemann-Roch theorem.
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Sewing g handles to a sphere, the Schottky group etc....
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