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Approximating a solution

The modified partial differential equation is a technique used in
numerical analysis to investigate the dispersion or dissipation of a
finite difference scheme from the true solution of a partial
differential equation.
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Approximating a solution

The modified partial differential equation is a technique used in
numerical analysis to investigate the dispersion or dissipation of a
finite difference scheme from the true solution of a partial
differential equation.

In essence the method involves finding a function u(x , t) that
satisfies our finite difference scheme and building a PDE from this
which is then compared to our original PDE using dissipation and
propagation analysis.[2]
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Convection equation

As an illustrative example, consider the following 1d convection
PDE

vt + avx = 0 (1)

subject to some initial / boundary conditions.
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Convection equation

As an illustrative example, consider the following 1d convection
PDE

vt + avx = 0 (1)

subject to some initial / boundary conditions. We chose the finite
difference scheme to approximate a solution at the grid point
(x = k , t = n + 1)

un+1
k

= unk −
a∆t

∆x
(unk+1 − unk ) (2)
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Taylor expansion

We set u(x , t) to be a solution to equation (2) at the appropriate
lattice points and peform a Taylor series expansion of u(x , t) about
the point (k∆x , n∆t) to obtain

0 = (ut)
n

k +
∆t

2
(utt)

n

k +
∆t2

6
(uttt)

n

k + . . .

+ a(ux)
n

k +
a∆x

2
(uxx)

n

k +
a∆x2

6
(uxxx)

n

k + . . . (3)
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Tidying up

Next we eliminate the time derivatives in equation (3) by
differentiating (3) with respect to t, tt, x , xx and xt and
systematically substitute back in. After a bit of work we can
simplify equation (3) to

0 = (ut)
n

k + a(ux)
n

k +
a∆x

2
(1 + R)(uxx)

n

k

+
a∆x2

6
(2R + 1)(R + 1)(uxxx)

n

k + . . . (4)

where R = a∆t

∆x
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Approximating a solution

Finally using the notation

v1 = −
a∆x

2
(1 + R)

and

c =
a∆x2

6
(2R + 1)(R + 1)

we can write the solution to our modified PDE as [3]

u = ûe−v1β
2
te iβ(x−at+cβ2

t) (5)
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We next use the modified PDE method and the
dissipation/propagation analysis to look at a more difficult
advection-diffusion PDE of the form

ut + βux = αuxx , 0<x<1, 0<t ≤ T , (6)

with initial condition

u(x , 0) = f (x), 0 ≤ x ≤ 1, (7)

subject to boundary conditions

u(0, t) = g0(t), 0<t ≤ T , (8)

u(1, t) = g1(t), 0<t ≤ T . (9)
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New fourth order scheme

Mehdi Dehghan [1] has proposed a fourth order scheme to solve
equations (6)-(9) of the form

ut =
un+1
i

− un
i

∆t
(10)

ux =
12s + 2c2 − 3c − 2

12

un
i+2

2∆x
+ ... (11)

12s + 2c2 + 3c − 2

12

un
i
− un

i−2

2∆x
− ... (12)

c2 + 6s − 4

3

un
i+1 − un

i−1

2∆x
(13)
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